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Psychometricians working in factor analysis and econometricians working in regression with 
measurement error in all variables are both interested in the rank of dispersion matrices under 
variation of the diagonal elements. Psychometricians concentrate on cases in which low rank can 
be attained, preferably rank one, the Spearman case. Econometricians concentrate on cases in 
which the rank cannot be reduced below the number of variables minus one, the Frisch case. In 
this paper we give an extensive historial discussion of both fields, we prove the two key results in 
a more satisfactory and uniform way, we point out various small errors and misunderstandings, 
and we present a methodological comparison of factor analysis and regression on the basis of our 
results. 
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1. In t roduc t ion  

Suppose E is a symmetr ic  posit ive definite matr ix  of  order  m. In this paper  we study 

the function rank ( E -  f~) as f2 varies over  the diagonal  matr ices  satisfying 0 < f~ < '£. 

This inequal i ty  no ta t ion  is convenient  shor thand  for the requi rement  that  both  f~ and 

E - f~ must  be positive semidefinite. In par t icular  we are s tudying:  

mr(E) --- min {rank(E - f~)10 < f~ < E;  ~ diagonal}. (1) 

Invest igat ion of this matr ix  function is impor t an t  in at least two data analytic fields. 
The  first field, which is very familiar  for most  readers of the psychometr ic  li terature, is 

factor analysis. In this context  mr(E) corresponds  to the number  of  c o m m o n  factors. The  

older factor analysis l i terature concent ra ted  on studying condi t ions  for mr(E) --- 1, while 

later cont r ibut ions  were mainly  concerned with finding bounds  or  est imates of  mr(E). In 

our  first historical section we shall review the most  impor t an t  algebraic  results f rom the 
factor analysis literature. 

The  second field, which has had far less a t tent ion  in the psychometr ic  l i terature,  is 
regression with errors  of  measurement  in the variables. This  mode l  has been mainly  
s tudied in econometr ics ,  with the ma jo r  emphasis  on condi t ions  for mr(Y.) = m -- I. We 

shall also review the most  impor t an t  cont r ibu t ions  f rom econometr ics .  This will also give 

us the oppor tun i ty  to contras t  the factor  analysis mode l  with the regression model.  

2. The  Spea rman  Mode l  

As we remarked in the in t roduc t ion  mos t  of  the early factor analysis l i terature 
concent ra ted  on the character iza t ion of  matr ices  for which the Spearman  model  with a 
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single common factor was appropriate. In the present context we might say that the early 
literature concentrated on finding conditions for mr(E) = 1. We briefly review this work 
which is riddled with errors and imprecisions. 

In his famous paper on general intelligence Spearman (1904, p. 274) used the hier- 
archy o f  correlations as a criterion. Tests should have the property that, after rearrange- 
ment, correlations were decreasing in each row, and that rows were proportional.  This 
turned out to be somewhat too subjective and informal. 

Krueger and Spearman (1907, p. 84-85) derived a new criterion from the correction 
for attenuation formula. It was 

(P~ P~t P~k Pie) ~/4 = (P~j P~t) t/2, (2) 

which had to hold true for all quadruples (i # j ,  k, d; j ~ k, d; k #- d). Observe that we 
have formulated the criterion in terms of the correlation matrix R, with elements Pu, 
which are tacitly assumed to be nonnegative. From the Krueger and Spearman formula it 
is easy to derive 

P,k __ Pig (i # j ,  k, d ; j  # k, d; k # d). (3) 
Pie Pie' 

This formula Was published for the first time by Burt (1909, p. 159). He did not publish a 
proof, but he indicated that he derived it from the Krueger-Spearman formula, probably 
with help from Spearman. The actual (one-line) proof  was not published until Spearman 
(1927, appendix, p. ii). Har t  and Spearman (1912, p. 58, footnote) derived (3) from the 
partial correlation formula of Yule. Garnet t  (1919a, 1919b) referred to the conditions as 
Burt 's  equations, and he stated that there were only ½ m ( m -  3) independent equations 
among the m!/(m - 4)! possible ones. This was proved in Garnet t  (1920, p. 245), where the 
name he had proposed for the Conditions was formally withdrawn. Perhaps this was one 
of the seeds thai grew into Burt's later attempts to rewrite the history of factor analysis 
(Hearnshaw, 1981, chap. 9). The conditions (3) were called the vanishing of the tetrad 
differences by Spearman and Holzinger (1924, 1925), who also wrote them in the more 
convenient form 

PigPje -- PlePjk = O, (i # j ,  k, d ; j  ~ k, ~; k ~ E). (4) 

It  is clear that in the earlier formulations the possibility of negative and zero corre- 
lations was sometimes overlooked. In fact one often has the impression that positivity of 
the correlations was treated as part  of the definition of the Spearman hierarchy. There is a 
second imprecision, which is perhaps more serious. If  we define 

mr,(x;) -- min {rank(X; -- n) l n  diagonal}, (5) 

then the vanishing of all tetrads (or of ½m(m -- 3) independent tetrads) is necessary and 
sufficient for mr.(x;) < 1. However, in general, 

mr.(•) <_ mr(X), (6) 

and there is no guarantee of equality. Remarks to this effect were already made by 
GarneR, but it was pointed out for the first time by Wilson (1928) and Camp (1932) that 
the conditions 

P~k > PikPji, (7) 

were necessary as well for mr(E) = 1. 
It  is remarkable that the formulation of the conditions for mr(x;) = 1 took about  

thirty years. In fact, the results can be summarized in a single comprehensive theorem. 
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Once it is formulated, the proof is almost immediate. In order to do so we assume, 
without loss of generality, that E is irreducible, i.e. E cannot be brought, by permutations, 
into block-diagonal form. We also say that E is a Spearman matr i x  if mr(~,) = 1. 

T h e o r e m  1. A positive definite, irreducible matrix E is a Spearman matrix if, and only 
if, after sign changes of rows and corresponding columns, all its elements are positive and 
such that 

and 

a ~k tr ~e -- aie trjk = 0, (8) 

trik a~i -- a ,  ask < O, 

for all quadruples (i ~ j ,  k, E ; j  ~ k, f ;  k ~ f). 

(9) 

P r o o f  Necessity is obvious. For  sufficiency, let q = (ql . . . . .  q~ '  be an m-vector. It  will 
be shown that q exists such that E - qq' is diagonal with nonnegative elements. As we 
may assume that all elements of E are positive, it follows from (8) that q~ - (trek trjJaik) 1/2 
exists independently of the choice of k and j, (i ~ j, k; j ~ k). Hence, trij-~ qiqi" It follows 
from (9) that t r , >  q2. Q.E.D. []  

There have been various attempts to generalize the approach of this theorem, and the 
kind of result we have obtained, to various other combinations of m and p (with 
p = mr(E): the numbers of common factors). Kelley (1928), Wilson (1929), Wilson and 
Worcester (1934, 1939) study special cases such as (m, p) equal to (4, 2), (5, 2), or (6, 3). 
Many  different special cases must be distinguished, and very little has been achieved in 
terms of general results. 

3. The Ledermann Bound 

Kelley (1928) also tries to provide much more general results, which are true for all 
(m, p). If we write the factor model as E = AA' + f~, then we find ½m(m + 1) equations in 
m + m p -  ½ p ( p -  1) unknowns (taking rotational indeterminacy into account). The 
number of unknowns exceeds the number of equations if 

p > p(m) - ½{2m + 1 - (8m + 1)1/2}. (10) 

Kelley (1928), and later Thurstone (1935), therefore suggest that mr(Z)_< p(m) for all Z. 
This despite a warning from Wilson "There is perhaps no more tricky part of mathemat-  
ics than that involved in counting equations and variables to determine whether or not 
the equations can in general be solved. Today this kind of mathematics is, among pure 
mathematicians, taboo except as a heuristic device" (Wilson, 1929, p. 156). 

Ledermann (1937) has tried to put the bound mr(Z)<  p(m) on a somewhat more 
rigorous footing. Not  with much success though. "Nous offrons un p6tale de rose a 
quiconque ~6noncera clairement et d6montrera surement les resultats que Ledermann a 
voulu nous communiquer" (We offer a rose petal to anyone who clearly enunciates and 
positively demonstrates the results that Ledermann has wanted to communicate to us; 
Hakim, Lochard, Olivier, & Terouanne, 1976, p. 24). We shall make an attempt. Leder- 
mann writes mr.(Z) < p as a system of ½(m -- pXm + 1 - p) determinantal equations with 
the elements of f~ as the m unknowns. Of  course each determinant can be expanded, 
which gives a system of ½(m - p)(m + 1 -- p) polynomial equations in m unknowns. Again 
the number  of unknowns exceeds the number of equations if p > p(m). Ledermann proves, 
in addition, that at least for some choices of Z these equations are independent, that is, 
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none of  them is a consequence of the others. Of  course this still does not  imply much 
about  their solvability, or  about  the number  of  solutions they have. 

Perhaps  the mos t  general result about  the Lederman bound,  which has been proved 
rigorously, is due recently to Shapiro (1982a). He  proves that  mr.(E) >_ p(m) almost  surely, 
that  is, the dispersion matrices Z for which mr,(X) < p(m) form a set of  (Lebesgue) measure 
zero. Al though this result is theoretically of  some interest, it does not  give any valuable 
information for specific matrices Z. 

4. Beyond  The Ledermann  Bound  

We  first mention,  as an impor tan t  step ahead, the work  of  Albert (1944a, 1944b). He  
defined #(Y~), the ideal rank of  Z, to be the rank of  the largest nonsingular  square off- 
d iagonal  submatrix. Obviously  mr.(Y~)> p.(Y~). Albert gives necessary and sut~cient con-  
dit ions for equality in his first paper, and he gives a sufficient condi t ion for equali ty in the 
second paper. Tumura  and Fuku tomi  (1968) give another  sut~cient condition. 

G u t t m a n  (1954, p. 160) observed that  "merely s tudying the minors  outside the main  
d iagonal  was not  sufficient" for determining mr(Y-), and he showed that  mr(Y.) = m - 1 for 
correlat ion matrices with two different latent roots, the largest of  which with a multiplici- 
ty of  m - 1. 

G u t t m a n  (1956, Theorem 1) argued that  m__r(Y~) _< m -- k if Z -  1 has a k x k diagonal  
principal submatrix. G u t t m a n  (p. 283) also gave a lower bound,  which was a correct ion of  
an earlier given bound  (Gut tman,  1954, p. 153). Let D ~- i be the diagonal  matr ix formed 
by the diagonal  elements of  Y~- 1 and let it(. ) denote  the number  of  positive roots. Then a 
lower bound  is given by mr(Z) >_ zc(Z -- D). In  the same paper  he presented an interesting 
inequality which may  be reformulated as follows: 

Theorem 2. If  Y, is irreducible, then 

mr(Y.) + mr(Y~-1) > m. (11) 

Proof G u t t m a n  (1956, p. 283 ) showed  that  mr(R) + mr(SR-1S) >_ m, where R is an 
(m x m)-correlation matrix and S in a diagonal  matrix such that  the diagonal  elements in 
S R - 1 S  equal one. Obviously,  if R is a correlat ion matrix corresponding to E, then 
mr(y,) = mr(R), and mr(Z-  1) = mr(SR- iS). Q.E.D. [ ]  

In  order  to prove that  his inequality was the "best possible" one, G u t t m a n  provided 
examples for which  the inequality becomes an equality. Curiously,  he did not  use Spear- 
man  matrices for this purpose.  Obviously,  as mr(.._~) < m - 1 for any E (Gut tman,  1954, p. 
159), it mus t  hold true that  (11) becomes an equali ty if mr(E) = 1, or  mr(E- 1) = 1. As an 
interesting consequence of  (11) we thus have that  mr(Z) = m - 1 if y,-1 is an  irreducible 
Spearman  matrix. 

The fallacy behind interpreting the Ledermann  b o u n d  as providing an upper  b o u n d  
to the number  of  c o m m o n  factors was further discussed in G u t t m a n  (1958). It  was 
remarked  that  a symmetric  tr idiagonal Y, with all subdiagonal  elements nonzero,  had 
mr.(E) = m -- 1. G u t t m a n  was mistaken in his assertions made  in the same paper  that  for 
the "perfect simplex" mr.(y,)= m -  2, and for the "quasi-simplex" mr . (E )=  m -  3. He  
tried to prove that if E - 1  is tridiagonal,  as is true for the perfect simplex, then mr.(Y.) = 
m -- 2. This is very strange, since application of  the aforement ioned Theorem 1 in Gut t -  
man  (1956) shows that  if Y~-1 is tridiagonal,  and m _> 5, then even mr(Y.) is smaller than 
m - - 2 .  

T u m u r a  and F u k u t o m i  (1968) proved that  the tr idiagonali ty of  Y., with nonzero  
subdiagonal  elements, is not  only sufficient for mr.(Y,) = m -- 1, it is, after permutat ion,  
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also necessary.  Thei r  p roo f  is difficult to unders tand .  H a k i m  et al. (1976, p. 26) give 
ano the r  proof,  which is more  sol id  bu t  a bi t  compl ica ted .  Fa i r ly  s imple proofs  are  avai l -  
ab le  in F ied le r  (1969) and  Rhe inbo ld t  and  Sheperd  (1974), who  discovered the theorem in 
an  ent i re ly  different context .  

A sl ightly more  interes t ing theorem,  which was proved  by  Shap i ro  (1982b), impl ies  
the existence of  a set of  nonzero  (Lebesgue) measure  sat isfying mr(Z) = m - I. Let  

mr~(Z) = min  {rank(Z --  f~)l f2 _< Z ;  f~ d iagonal} ,  (16) 

so tha t  

#(E) _< mr,(Z) _< mq(E  ) _< mr(Z). (17) 

Shap i ro  p roved  tha t  a necessary and  sufficient cond i t ion  for mr~(E) = m - 1 is tha t  Z is 
i r reducible  and  all its of f -d iagonal  e lements  can be m a d e  nonpos i t ive  by  sign changes  of  
rows and  co r re spond ing  columns.  

So far we have found condi t ions  which can be cons idered  as sufficient cond i t ions  for 
mr(E) = m -  1. Necessary  and  sufficient cond i t ions  are  given in the fol lowing theorem,  
which is s imilar  to a result  tha t  has been p roved  by  H a k i m  et al. (1976, p. 14, Coro l l a i re  
2.4). 

Theorem  3. mr(Z) = m -- 1, if and  only if, for each vector  ?' = (~'1 . . . . .  ?m) # 0 such 
tha t  (E - f~)? = 0, where f~ is d iagona l  and  0 < ~ < Z, ?~ # 0 for all i = 1 . . . . .  m. 

Proof :  let Z and  f~ be pa r t i t ioned  as 

Ltr21 Y'22.J ' ~'~22 ° 

(i) Sufficiency. If  r ank  (E - f~) < m - 2, then r ank  (tr2x , Y ' 2 2  - -  ~"~22)  --< m -- 2, and  
thus there exists an (m - D-vector  ct ~ 0, such tha t  (tr21, Z22 - f~22)'ct = 0. Let  y' = (0, a'). 

(ii) Necessity.  W i t h o u t  loss of  general i ty  we assume tha t  71 = 0. Let fl and  6 be 
(m -- 1)-vectors such tha t  a21 = (Z22 - f122)fl + 6, where (Z22 - ~ " 2 2 2 ) ~  - -  0. Then  (0, 6')(Z 
- -  f~)(0, 6')' = 0, and  as Y ~ - f ~ _ > 0 ,  (E - f~)(0, 3 ' ) ' = 0 .  Hence  tr126 = 6 ' 6 - - 0 ,  so tha t  
6 = 0. Consequent ly ,  E --  f l  = (fl, I)'(E22 --  f~z2)(fl, I) + (1, -fl ')(Y. - f~)(l, --fl ') 'ele'l, 
where e'~ = (1, 0 . . . . .  0). Let  ~ = f~ + (1, - - i f )  (Y. --  f~)(1, - - i f ) '  e l e  1,' so that  ~ is d i agona l  
and  0 < ~ < Z. As (Z --  ~)y = 0 and  (Z --  ~) ( t ,  - - i f ) '  = 0, the independence  of  y a n d  (1, 
- i f ) '  impl ies  that  mr(Z) < m - 2. This  con t rad ic t s  the a s sumpt ion  mr(Z) = m - 1. [ ]  

O f  course,  the condi t ions  in this theorem are  no t  very sat isfactory.  However ,  it  is an  
i m p o r t a n t  s tep towards  the fo rmula t ion  of  s imple necessary and  sufficient cond i t ions  for  
mr(E) = m --  1. These condi t ions ,  and  also the  cond i t ions  in T he o re m 3 (Reiersel,  1941, 
T h e o r e m  12), have been der ived in an ent i rely different  t rad i t ion ,  which we will now 
review. 

5. S t ruc tura l  Regress ion 

Cons ide r  the fol lowing "er rors - in-var iab les  mode l "  

~;~ = 0, i = 1 . . . . .  n, (18) 

x'~ ---- ~ + e~, (19) 

where the s tochast ic  vectors  (x~, ~'i, e~), i = 1 . . . . .  n, are  i.i.d, with zero expectat ion.  The  m 
var iables  in ~i are not  observed,  ins tead the m var iables  in x~ are  observed.  I t  is a ssumed  
that  the d is turbances ,  or  measu remen t  errors,  in e~ are  mutua l ly  independen t  and  also 
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independent of the systematic parts in ~i. The (fixed) m-vector 7 is called the structural 
vector. 

Obviously, the model can be considered as a regression model where all variables are 
subject to measurement error. Indeed, if only one of the errors in e has a nonzero 
variance, so that m -  1 errors equal zero almost surely, then the model represents an 
elementary regression, where one of the variables is regressed on the other variables. As 
we can do this for each variable, we can also find m different elementary reoression vectors 

7- 
Let Z and ~q denote the covariance matrices of xl and e~, respectively, where Z is 

assumed to be nonsingular. Then the covariance matrix of ~i is given by E -- f~, where f~ 
is diagonal and 

0 _< ~ _< Y~. (20) 

Furthermore, 7 satisfies the moment equations 

(~ - -  f ~ ) 7  = 0 .  ( 2 1 )  

If f~ is known up to a proportionality factor, that is, f~ = p.Q*, where f~* is some 
known fixed positive semidefinite matrix, then the equations in (20) and (21) can be used 
for estimation purposes. That is to say,.___E should be replaced by its sample estimate ~, # 
should be set equal to the smallest root/2 of the determinantal equation 1~ --/2~* [ = 0, 
and 7 may be estimated by (~,-/2f]*)~ = 0. This gives consistent estimates. As an 
example we may consider "orthogonal regression," where ~q* -- I, which was introduced 
by Pearson (1901), or we may consider the m different elementary regressions, where each 
time f~ has only one nonzero diagonal element. It follows immediately from (21) that the 
i-th elementary regression vector 7. must be proportional to the i-th column of ~E-x; the 
estimate of the i-th elementary regression vector is thus proportional to the i-th column of 

However, in general, the dispersion matrix of the measurement errors is not known 
up to a proportionality factor, and many diagonal matrices f~ and vectors 7 satisfy both 
(20) and (21). In other words, if all variables are normally distributed, so that the moment 
equations (21) contain all information with respect to 7, then the model is not identified; 
which corresponds to the underidentification of a factor model with m - 1 factors. Other 
distributional assumptions may result in identification. For example Bekker (1986) gives a 
condition that is sufficient for the present model to be identified. However, in this paper it 
is assumed that the equations in (21) contain all information. 

Another problem is that there may exist diagonal matrices f~ satisfying (20) such that 
rank (~ - f~) < m - 1. In that case one may not exclude the possibility that there exist 
two, or even more, linear relations between the systematic parts in ~i. Consequently, as 
has been noted by Frisch (1934, p. t91), it would be sheer nonsense, in such cases, to look 
for significant elementary regression coefficients. 

Frisch (1934) was the first to study these problems in some depth in his "confluence 
analysis." In particular he proved that for two observed variables, as in simple regression, 
the structural regression vector must be proportional to a convex linear combination of 
the two elementary regression vectors. As a result the correct regression line is located 
between the two elementary regression lines. 

Although Frisch conjectured that similar conditions held in the general m-variables 
case, Koopmans (1937, p. 98-101) was the first to present an m-variable analog of Frisch's 
result. It says that the structural regression vector is proportional to a convex linear 
combination of the elementary regression vectors, subject to the condition that all ele- 
ments of Y.- 1 are strictly positive. It is clear that, as the columns of E -  1 are proportional 
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to the elementary regression vectors, the condition in the theorem can be satisfied, after 
sign changes, if all elementary regression vectors are located in the same orthant. 

Koopmans '  proof  is complicated. Reiersal (1941, p. 8) noted the applicability of a 
theorem by Frobenius, and all later proofs given by Reiersol (1945), Dhondt  (1960), 
Patefield (1981), Ka lman (1982a) and Klepper and Learner (1984) make use of the Perron- 
Frobenius theorem, just as Shapiro (1982b) did when proving his result on m~(Z) = 
m - - l .  

The second part  of Koopmans '  theorem says that if all elements of Z -  1 are strictly 
positive, then each vector in the cone (by which we mean the union of all scalar multiples 
of the convex hull) of the elementary regression vectors is a structural vector for some 
diagonal error dispersion matrix f l  satisfying both (20) and (21). Koopmans  (1937, p. 103) 
also claimed to have proved this second part  of the theorem. However, as has been 
pointed out by Kalman (1982a, p. 152), Koopmans '  proof  was wrong. Later proofs were 
given by Reiers~l (1945), Kalman, and Klepper and Leamer (1984); again all authors use 
the Perron-Frobenius theorem. 

Here a formulation of the theorem will be presented which is slightly more general 
than previous formulations. The theorem will be proved without using the Perron- 
Frobenius theorem. Furthermore, the two parts of the theorem will be proved almost 
simultaneously, thereby emphasizing the if and only if argument in the theorem. 

It will be convenient to use the following lemma. Let A be a symmetric matrix with 
strictly positive off-diagonal elements, A~j > 0 if i # j .  Let A be a diagonal matrix, 
A = diag(2), and let u be a vector of ones, u' = (1 . . . . .  1), q is an arbitrary vector. 

Lemma 1. diag(AAAu) _> AAA, if and only if, i~Ij  > 0 for all i,j. 

Proof. 

q'{diag(AAAu) - AAA}q = Z Z A,j,~, 2j(q2 _ q, q j) 
i j 

---- E E Aij )~, 2 , ( q , -  q)2. 
t < j  

(i) If 2 i )'i > 0, for all i, j, then A 0 2 i 2i(q~ - -  q j)2 >_ 0 ,  for all i, j. 
(ii) If  for some i, j ),~,~j < 0, then choose qi = sign(2~), so that 

Z' Z Aij2,2j(q, 
i < j  

__ qj )2  < 0 .  Q.E.D. [ ]  

We will also use the result that 0 < 1)_< Z is equivalent to fl  _> f l Z - i f l  if X is 
positive definite. The proof  is simple. If  0 ~ ff~ < Z, then 1) - ~ Z -  1~ = (I - f~Z- 1)fl(I 
- -  Z-- l~r~)  _[_ ~ - - 1 ( ~  __ ~c~)~- -1~  ~ 0. If f l  > ff~Z-~fl > 0, then X -- f l  = 1) -- f i E - ~  
+ (I -- ~)Z-1)Z(I -- Z - i l l )  > 0. A more general result, where also [ is allowed to be 
singular, has been given by Bekker, Kapteyn and Wansbeek (1984, p. 88). 

Contrary to most other proofs we do not assume that the error dispersion matrix fl  
is nonsingular. Without loss of generality we assume 

where t) i is a k x k diagonal matrix, k < m. Z and Z -  1 are partitioned analogously, that 
i s ,  

_=FZ,, Z , 2 ] ,  Z-I F(Z-i)ll (Z-')I2]~(Z~-I,Z;~), (23) 
z LZ~ z ~  " ---L(z-%~ (z %~J 
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and also the vector y has a corresponding parti t ioning y' = (Y'x, Y~)- 

Theorem 4. Let (Z-x) l  t have strictly positive elements. 
(i) If  ~ is of the form (22) such that  0 < f~ < Z and (E - f~)y = 0, then y lies in the 

cone of  Zi- 1. 
(ii) For  each y ¢ 0 in the cone of  Z [  1 there exists one and only one fl  of  the form (22) 

such that 0 < f~ < Z, and that (E - f~)y = 0. 

Proof Define 2-= f2D, ,tz._A--= diag(2), C---= diag(yl), so that  y = Zi-12, A = f~lC, and 
C = diag((Z-  1) 11Au). 

(i) Let, 

0 <_ f2 _< Z. (24) 

As has been proved above, this is equivalent to 

~1 > ~ i ( g -  1)11fix • (25) 

Pre- and post-multiplication by C implies 

C~lC >__ Cf~l(%-1)ltf~lC. (26) 

Setting A = f~lC and C = diag ((Z-1)11Au) gives an equivalent inequality 

diag(A(Z - 1) 1 iAu) > A ( E -  1)t 1A, (27) 

which is, according to Lemma 1, equivalent to 

2i '~j -- 0, i, j = 1 . . . . .  k. (28) 

As a result, all elements of 2 have the same sign, so ~ = Zi- 12 lies in the cone of  Zi  -1. 
(ii) If  7 ¢ 0 lies in the cone of  Zi-1, then Yl must  have strictly positive or  negative 

elements, so C is nonsingular.  Hence ~1 = A C - 1  is unique and  (25) and (26) are equiva- 
lent, so that  (28) implies (24). [ ]  

Thus  we have proved that  if (E-1)11 has strictly positive elements and only the first k 
variables are subject to measurement  error, then the set of all structural vectors is the 
cone of  the first k elementary regression vectors. 

This impor tan t  theorem can be used to derive necessary and sufficient condit ions for 
m r ( E ) = m -  1. 

Theorem 5. mr(Z) = m - 1, if and only if, Z -  1 has strictly positive elements, possibly 
after sign changes of  rows and corresponding columns.  

Proof (i) If  Z -  1 has strictly positive elements, then, by theorem 4(i), the null-space of 
Z -- ~ is contained within the cone o f  Z -  1 Hence all elements of  this null-space lie in the 
strictly positive or  in the strictly negative orthant .  Consequently,  this null-space can be at 
mos t  one-dimensional.  

(ii) I f  not  all elements of  Z - 1  have compatible  signs, then there are two columns of  
Z -1 ,  the i-th and j - th  say, such that  the (ij)-th element of E - a  is positive, possibly after 
sign changes of  rows and columns, while the i-th and j-th columns do not  lie in the same 
or thant  (or E~ i = 0). Tha t  is to say that  in the cone of  these columns (or in the cone of 
the i-th column) there is a vector ~ with a zero element. As the 2 x 2 submatr ix of  Z - 1  
formed by its i-th and j- th rows and columns, has strictly positive elements (or the 1 x 1 
submatr ix of  E - 1  formed by its ii-th element is positive), we may  apply theorem 4(ii). 



P A U L  A. BEKKER AND JAN DE LEEUW 133 

Hence the vector 7 is a vector in the null-space of  E -- ~q for some diagonal  f2 satisfying 
(20). Then, according to theorem 3, mr(E) < m - 1. Q.E.D. [ ]  

The result in this theorem has been proved before by Reiersol (1941, Theorem 14) 
and by Ka lman  (1982a). However,  Reierol's p roof  is not  very transparant.  Ka lman  does 
not  use the result in Theorem 3, instead he reduces the /z-variable problem to a three 
variable problem in order  to prove the second par t  of  the theorem. Klepper and Leamer  
(1984) presented Theorem 5 in a disguised form. They stated that  the coefficients in the 
normalized structural vector are bounded  if and only if all elementary regression vectors 
lie in the same orthant.  Their p roof  uses also a reduction to a 3-variable problem. 

Using Theorem 4(i) it is easy to derive two different generalizations of Theorem 5(i). 
Again, let E~l be a k x k principal submatrix of  ~, and let (E-1)11 be the corresponding 
k x k submatrix of  E -  1, k < m. 

Theorem 6. (i) If ( E -  1)i ~ has strictly positive elements then mr(E) > k - 1. 
(ii) If  (E 11)- 1 has strictly positive elements then mr(E) _> k -- 1. 

Proof Let, analogous to the part i t ioning of  E, f~ = f~(1) + fl(2), such that  

Io o°1 
where f~l and f~2 are diagonal. 

(i) If  0 < f~(1) < E, then it follows from Theorem 4(i) and a reasoning analogous  to 
the one used in the p roof  of  Theorem 5(i), that  rank (1~ -- f~tl)) _> m -- 1. Therefore, an 
elementary inequality (Marsaglia & Styan, 1974), rank (Z -- f~) > rank (~ -- f[1)) _ rank 
(fl~2~), implies that rank (E -- f~) _> k -- 1. 

(ii) If  0 _<_f[1) < E ,  then 0 _< f~l -< E l r  Consequently,  according to Theorem 5(i), 
rank (~'11 -- i l l)  > k -- 1. As E l l -  f~l is a submatrix of  E -- f~, the result follows. Q.E.D. 

[ ]  

6. Discussion 

Both  factor analysis and structural regression analysis are extremes of  a c o m m o n  
model  which simply says that, apar t  from unique components  or error  components ,  the 
variables in the analysis are linearly related. In other  words, the model says that  the 
covariance matrix E - f~ has a deficient rank. In factor analysis at tention centres a round  
the low-dimensional range-space of  E -  ~ - - - A A ' .  In structural regression the model  is 
formulated in terms of  the one-dimensional  null-space: (E -- ~)V = 0. 

Evaluat ion of  mr(~3), or  m -  mr(E), is impor tant  in both  fields. In fact, the number  
mr(E) tells us whether the c o m m o n  model  should be considered as a factor analysis model  
or  as a structural regression model, or  even, as some model  in between. Consequently,  if a 
structural regression model  is justified, that  is, if the necessary and sufficient condit ions for 
mr(E) = m - 1 are satisfied, then applying a factor model  to the data  would be nonsense. 
Just as Frisch thought  it nonsense to look for a single linear relation in case there are two 
or  more  linear relations between the variables. 

These latter models, where there exist a number,  albeit a small number,  of  linear 
relations between the variables, have had relatively little at tent ion in the literature. It  is 
only recently that Ka lman  (1982a, 1982b, t983, 1984) discussed these models in some 
detail. In his 1983 paper he claims, "It  is impossible to avoid the conclusion that  the lack 
of  progress on and the present confusion surrounding Frisch's ideas are due to mathemat -  
ical rather than conceptual  difficulties" (p. 119). Indeed, as we have seen, there are neces- 
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sa ry  a n d  suff ic ient  c o n d i t i o n s  for  mr(Y,) = 1 a n d  mr(Z)  = m - 1, h o w e v e r ,  n o  s u c h  c o n -  

d i t i o n s  a re  a v a i l a b l e  for  i n t e r m e d i a t e  v a l u e s  of  mr(Z).  

A l t h o u g h  n o  c o m p l e t e  s o l u t i o n s  a re  k n o w n  for  i n t e r m e d i a t e  v a l u e s  of  mr(Z) ,  t h e r e  a re  

suf f ic ien t  c o n d i t i o n s .  F o r  e x a m p l e ,  u s i n g  t h e o r e m s  5 a n d  6, i t  is e a sy  to  d e r i v e  suf f ic ien t  

c o n d i t i o n s  for  mr(Z)  = m --  2. O n  t h e  o t h e r  h a n d ,  t h e r e  d o e s  ex i s t  a n e c e s s a r y  a n d  suf-  

f i c ien t  c o n d i t i o n  fo r  a n  i n t e r m e d i a t e  v a l u e  o f  mr (Z)  in  ca se  m is smal l .  C l e a r l y  if  m = 3, 

t h e n  n e c e s s a r y  a n d  suf f ic ien t  c o n d i t i o n s  a r e  a v a i l a b l e  for  al l  v a l u e s  o f  mr(Z).  I f  m = 4, t h e n  

mr (Z)  = 1 a n d  mr(Z)  = 3 a r e  c o m p l e t e l y  c h a r a c t e r i z e d  b y  a p p l i c a t i o n  o f  t h e o r e m s  1 a n d  5 

r e spec t ive ly .  C o n s e q u e n t l y ,  if m = 4, a l so  mr (Z)  = 2 is c o m p l e t e l y  c h a r a c t e r i z e d ,  s ince  al l  

( i r r e d u c i b l e )  m a t r i c e s  E t h a t  d o  n o t  sa t i s fy  t h e  n e c e s s a r y  a n d  suff ic ient  c o n d i t i o n s  fo r  

mr (Z)  = 1 a n d  mr(E)  = 3, a n d  o n l y  t h o s e  m a t r i c e s  Z ,  m u s t  h a v e  mr (Z)  = 2. 

K a l m a n  (1984, p. 118) a l so  c l a i m s  t h a t  " i t  is p o s s i b l e  t o  g i v e n  a ( r i g o r o u s )  c l o s e d - f o r m  

s o l u t i o n "  for  t he  ca se  m = 5 a n d  m r ( Z ) =  3. As  we h a v e  d i f f icu l ty  in  a r r i v i n g  a t  t h i s  

c l o s e d - f o r m  s o l u t i o n ,  we  w o u l d  l ike  t o  o f fe r  a p~tale de rose t o  a n y o n e  w h o  is a b l e  t o  

p r o d u c e  t h a t  s o l u t i o n .  
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