
Multidimensional Scaling with Anarchic Distances

Jan de Leeuw

Version 23, December 28, 2016

Abstract

Using anarchic distances means using a different configuration for each dissimilarity.
We give the anarchic version of the smacof majorization algorithm, and apply it to
additive constants, individual differences, and scaling of asymmetric dissimilarities.
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1 Introduction

We start with a ridiculously general MDS problem: each distance dij is computed in its own
configuration Xij. It is possible that Xij ̸= Xji, although we can suppose without loss of
generality that Xii = 0 for all i. It is also possible that the Xij have different numbers of
columns. Use X for the set of all Xij.
Using standard notation we write

d2
ij(Xij) := tr X ′

ijAijXij, (1)

with Aij = (ei − ej)(ei − ej)′, where ei and ej are unit vectors (one element equal to one, the
rest is zero). Not that we could also compute dkℓ(Xij) and dij(Xkl) but these cross-distances
play no role in our techniques.
The stress loss function is

σ(X ) :=
n∑

i=1

n∑
j=1

wij(δij − dij(Xij))2, (2)

where the wij and δij are non-negative weights and dissimilarities. We do not assume that
W = {wij} and ∆ = {δij} are symmetric, but we assume without loss of generality that they
are hollow, i.e. wii = δii = 0 for all i. Minimizing stress over all possible X does not make
sense, because we can always attain zero stress by choosing the Xij such that dij(Xij) = δij.
Thus the problem only becomes interesting if there are restrictive constraints on the Xij that
prohibit these trivial solutions.
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1.1 smacof

Overviews of the smacof theory and algorithms for MDS are in De Leeuw (1977), De Leeuw
and Heiser (1977), De Leeuw and Heiser (1980), Borg and Groenen (2005), De Leeuw and
Mair (2009), Groenen and Van de Velden (2016). smacof stands for scaling by majorizing
a convex function. We adapt the notation and results to our ridiculously general situation.
For convenience assume that the dissimilarities are normalized so that the weighted sum of
squares is equal to one. Expand stress as

σ(X ) = 1 − 2
n∑

i=1

n∑
j=1

wijδij

√
tr X ′

ijAijXij +
n∑

i=1

n∑
j=1

wij tr X ′
ijAijXij.

We now apply majorization (a.k.a. MM) theory (De Leeuw (1994), Lange (2016)). Suppose
we have two sets of configuration matrices X and Y . Define the auxilary quantities

ξij(X) :=


δij

dij(X) if dij(X) > 0,

0 otherwise.

Note that dij(ξij(X)X) = δij for every X. Thus ξij(X) scales a configuration X in such a
way that the distance between points i and j is δij.
An application of Cauchy-Schwarz gives the majorization inequality

σ(X ) ≤ 1 − 2
n∑

i=1

n∑
j=1

wijξij(Yij)tr X ′
ijAijYij +

n∑
i=1

n∑
j=1

wijtr X ′
ijAijXij. (3)

The application of Cauchy-Schwarz to define the majorization function is what gives smacof
its name. If we define

ρ(X , Y) :=
n∑

i=1

n∑
j=1

wij tr (Xij − ξij(Yij)Yij)′Aij(Xij − ξij(Yij)Yij),

the majorization inequality (3) can also be written as σ(X ) ≤ ρ(X , Y) for all X and Y , while
σ(X ) = ρ(X , X ) for all X .
A smacof iteration in this general context is

X (k+1) = argmin
X

ρ(X , X (k)) (4)

Of course there will be constraints on X , otherwise the solutions is completely trivial and
arbitrary.

1.2 Single Configuration Case

The minimization problem gets a more familiar look if we consider the case in which all Xij

are constrained to be equal to a single configuration X. Then

X(k+1) = argmin
X

n∑
i=1

n∑
j=1

wij tr (X − ξij(X(k))X(k))′Aij(X − ξij(X(k))X(k)),
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which has the solution, if there are no further constraints on X,

X(k+1) = V +B(X(k))X(k), (5)

where
V :=

n∑
i=1

n∑
j=1

wij Aij (6)

and
B(X(k)) :=

n∑
i=1

n∑
j=1

wijξij((k))Aij. (7)

Equation (5) defines what is known as the Guttman transform of X(k). The smacof algorithm
iteratively applies Guttman transforms to the configuration matrix. De Leeuw (1988) shows
linear convergence of these iterations, and De Leeuw (1984) shows that distances are non-zero
at a local minimum.

2 Additive Components

We will first look at the special case in which the Xij can be partitioned into a common
configuration and a parametric scalar component. Thus Xij =

[
X | 1

2

√
2fij(θ)I

]
. The

functions fij are arbitrary, but we will discuss some interesting special cases.
As a consequence d2

ij(Xij) = d2
ij(X) + f 2

ij(θ). We have the partitioning

ρ(X , X (k)) =
n∑

i=1

n∑
j=1

wij tr (X−ξij(X(k)
ij )X(k))′Aij(X−ξij(X(k)

ij )X(k))+
n∑

i=1

n∑
j=1

wij(fij(θ)−ξij(X(k)
ij )fij(θ(k)))2,

where
ξ(X(k)

ij ) = δij√
d2

ij(X(k)) + f 2
ij(θ(k))

As a consequence a smacof step to update the configuration is simply

X(k+1) = V +B(X(k))X(k),

with
B(X(k)) =

n∑
i=1

n∑
j=1

wijξ(X(k)
ij )Aij.

In the same way we update the additive part with

ξ(k+1) = argmin
θ

n∑
i=1

n∑
j=1

wij (fij(θ) − ξ(X(k)
ij )fij(θ(k)))2.

Of course the neat part is that the two additive components can be optimized separately.
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3 Applications

In the simplest case the additive components fij are constants, not dependent on parameters
that have to be estimated. This is analyzed in our first examples. We then analyze some
more complicated cases, and even some cases in which we do not have additive components,
although the general formulation still applies.

3.1 Regularized MDS

One problem with MDS is that there are configurations in which points coincide, and thus
distances are zero. If wijδij > 0 then De Leeuw (1984) shows that at a local minimum
dij(X) > 0. But this does not cover cases in which weights or dissimilarities are zero, or
configurations which are not local minima. The problem can be avoided by choosing all fij

equal to a small ϵ. The smacof iterations are Guttman transforms with

B(X(k)) =
n∑

i=1

n∑
j=1

wij
δij√

d2
ij(X(k)) + ϵ2

Aij.

It is interesting to look at the effect of this regularization on unidimensional scaling (De
Leeuw (2005)). In unidimensional scaling we have

B(x(k))x(k) =
n∑

i=1

n∑
j=1

wij
δij

|x(k)
i − x

(k)
j |

(ei−ej)(x(k)
i −x

(k)
j ) =

n∑
i=1

n∑
j=1

wij δijsign(x(k)
i −x

(k)
j )(ei−ej),

which simplifies to B(x(k))x(k) = τ (k), where

τ
(k)
i =

n∑
j=1

(wijδij + wjiδji)sign(x(k)
i − x

(k)
j ).

Thus the update only depends on the rank order of the coordinates, and the algorithm
converges in a finite number of iterations. This is no longer true if we regularize with a small
ϵ.
We illustrate with the Guilford vegetable data from the psych package (Revelle (2015)).
These are paired comparison proportions pij, and according to Thurstone’s Case V model
Φ−1(pij) ≈ xi − xj, which Φ the standard normal distribution function. Thus |Φ−1(pij)|
should give us approximate unidimensional distances.
There are five different analyses, with five different values of ϵ. The solutions, plotted in
figure 1, as basically indistinguishable, until ϵ gets fairly large. The solution with ϵ = 0 is
plotted as a red line. Increasing ϵ flattens the scale by drawing in the extremes, which is of
course what regularization is supposed to do.

## f: 0.000 itel = 3 stress: 1.40614364

## f: 0.001 itel = 4 stress: 1.40613401
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## f: 0.010 itel = 5 stress: 1.40518700

## f: 0.100 itel = 8 stress: 1.33982251

## f: 0.250 itel = 13 stress: 1.33907623

## f: 0.500 itel = 15 stress: 3.08078523
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Figure 1: Guilford Vegetable Data

3.2 Nested MDS

In principal component analysis and classical MDS solutions for different dimensionalities
are nested, in the sense that the p-dimensional solution defines the first p dimensions of
the p + 1-dimensional solution. One possible way around this problem is to define the p-
dimensional solution as the first p principal components of the full-dimensional MDS solution
(De Leeuw, Groenen, and Mair (2016)). But we can also use additive components to go from
the p-dimensional to the p+1-dimensional solution. Simply set the fij equal to the distances
of the p-dimensional configuration, and use

B(X(k)) =
n∑

i=1

n∑
j=1

wij ξij(X(k)
ij )Aij,

with
ξij(X(k)

ij ) = δij√
(x(k)

i − x
(k)
j )2 + f 2

ij

.
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to compute the next dimension.
As an illustration we use data from De Gruijter (1967), with average dissimilarity judgments
between Dutch political parties in 1967.

## KVP PvdA VVD ARP CHU CPN PSP BP
## PvdA 5.63
## VVD 5.27 6.72
## ARP 4.60 5.64 5.46
## CHU 4.80 6.22 4.97 3.20
## CPN 7.54 5.12 8.13 7.84 7.80
## PSP 6.73 4.59 7.55 6.73 7.08 4.08
## BP 7.18 7.22 6.90 7.28 6.96 6.34 6.88
## D66 6.17 5.47 4.67 6.13 6.04 7.42 6.36 7.36

The two-dimensional successive solution is in figure 2. It has stress 232.3973565646. The
simultaneous two-dimensional solution is in figure 3, with stress 128.8832581227.
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Figure 2: De Gruijter Data, Successive
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Figure 3: De Gruijter Data, Simultaneous

3.3 Additive Constant

In regularized MDS ϵ is a known constant. We can also design a version in which ϵ is
estimated. The iteration for updating ϵ turns out to be

ϵ(k+1) = ϵ(k)
∑n

i=1
∑n

j=1 wijξij(X(k)
ij )∑n

i=1
∑n

j=1 wij

,

with
ξij(X(k)

ij ) = δij√
d2

ij(X(k)) + {ϵ(k)}2
.

The De Gruijter data are suitable for illustrating the additive constant algorithm, because
they are averaged dissimilarity judgments over a large number of students, and thus they
are likely to exhibit regression to the mean.
The configuration

## [,1] [,2]
## KVP -1.9935204175 -0.512030709381
## PvdA 1.5444983597 1.209611902934
## VVD -2.6952240479 0.947941588372
## ARP -2.1915789542 -0.552993353724
## CHU -2.3635964671 -0.668835937944
## CPN 4.0054661199 -0.001025198173
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## PSP 3.0183153553 0.722265827474
## BP 1.5112043014 -3.780676641622
## D66 -0.8355642496 2.635742522064

is given in figure 4. It requires 324 iterations and has stress 14.5452550713. Allowing
estimation of an additive constant does not change the configuration very much, but stress
is much lower than before. We do see the three Christian Democrat parties KVP, ARP, and
CHU moving much closer together.
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Figure 4: De Gruijter Data, Additive Constant

3.4 MDS with Restrictions

Our examples so far can also be analyzed using the framework of De Leeuw and Heiser
(1980). If all Xij are the same

ρ(X, X(k)) = tr X ′V X − 2tr X ′B(X(k))X(k) + tr (X(k))′H(X(k))X(k),

with
H(X(k)) :=

n∑
i=1

n∑
j=1

wijξ
2
ij(X(k))Aij.

Thus a smacof step minimizes

tr (X − V +B(X(k))X(k))′V (X − V +B(X(k))X(k)).
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Thus if there are restrictions on the possible configurations, say X ∈ Ω, then we first compute
the Guttman transform and then its (weighted) least squares projection on the constraint
set Ω.
For all problems in which the common configuration is partitioned into two parts

[
X1 | X2

]
we have separation of the loss components

ρ(X, X(k)) = tr (X1 − V +B(X(k))X(k)
1 )′V (X1 − V +B(X(k))X(k)

1 )
+ tr (X2 − V +B(X(k))X(k)

2 )′V (X2 − V +B(X(k))X(k)
2 ).

For the regularized MDS and additive constant problems X is of the form
[
X1 | ϵI

]
, for

nested MDS we have
[
X1 | X2

]
, with X1 the fixed lower-dimensional solution. Thus for the

regularized MDS problem and for the additive constant problem X
(k+1)
1 = V +B(X(k))X(k)

1 ,
and for the additiive constant problem

ϵ(k+1) = tr V V +B(X(k))X(k)
2

tr V
= ϵ(k) tr B(X(k))

tr V
.

For nested MDS simply X
(k+1)
2 = V +B(X(k))X(k)

2 .

4 Partitioned Dissimilarities

4.1 Piecewise MDS

Consider the following situation. The dissimilarities are partitioned into, say, m groups,
and the configurations Xℓ are constrained as Xℓ = XΛℓ with Λℓ diagonal. The groups of
dissimilarities are arbitrary. Perhaps dissimilarities come from different sources, or have
different degrees of precision.
We shall treat the general case in which both X and the Λℓ must be estimated. The case in
which the Λℓ are fixed and known is included as a special case in the general treatment. In
iteration k we must minimize

m∑
ℓ=1

∑
(i,j)∈Iℓ

wij tr (XΛℓ − ξij(X(k)
ℓ )Xk

ℓ )′Aij(XΛℓ − ξij(X(k)
ℓ )Xk

ℓ ), (8)

which becomes
m∑

ℓ=1
tr ΛℓX

′VℓXΛℓ − 2
m∑

ℓ=1
tr ΛℓX

′Bℓ(X(k)
ℓ )X(k)

ℓ +
m∑

ℓ=1
tr (X(k)

l )′HℓX
(k)
l .

The stationary equations are
m∑

ℓ=1
VℓXΛ2

ℓ =
m∑

ℓ=1
Bℓ(X(k)

ℓ )X(k)
ℓ Λℓ (9)
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and, in the case we are also minimizing over Λℓ,

Λℓ = diag(X ′Bℓ(X(k)
ℓ )X(k)

ℓ )
diag(X ′VℓX) (10)

There is little hope to solve these two equations analytically, so we resort to alternating least
squares. It is easy enough to solve (10) for the Λℓ for given X. To solve (9) for X for given
Λℓ consider column s from both sides of the equation. This gives

xs =
[

m∑
ℓ=1

Λ2
lsVℓ

]+

us,

where us is column s of the matrix on the right-hand side of (9). Note that if at some point
a diagonal element of Λℓ is zero, it will remain zero in subsequent iterations. Thus we can
impose zeroes in the Λℓ by fiLambdang them in the initial estimate.
The De Gruijter data show the familar bending or horseshoe effect, where the left right scale
is bended to bring the extreme left and right closer than they would otherwise be. We first
analyze the data with the psmacof function, using a single common dimension and with
another single dimension for the largest dissimilarities. The cutoff is the median of the δij,
which is 6.35. Thus there are two groups: for the smaller dissimilarities below the median
both only the first dimension gets unit weight, for the larger dissimilarities both dimensions
have unit weight. The Λℓ are fixed, and there is no need to minimize over them.
After 130 iterations we convergence on the configuration

## [,1] [,2]
## KVP -1.0554586944 2.2566812213
## PvdA 2.5875382614 0.8978371111
## VVD -5.2587526775 -0.4210131593
## ARP -2.5907070038 1.3798925031
## CHU -3.6688127345 0.4561525041
## CPN 5.6172023725 -1.2497315118
## PSP 3.8579618067 -1.4583775670
## BP -0.7134263277 -5.2607753339
## D66 1.2244549972 3.3993342325

which is plotted in figure 5 and has stress 255.1690055048.
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Figure 5: De Gruijter Data, Piecewise 1 + 1
In the next psmacof analysis, of the same data, we have two common dimensions and one
extra dimension for the large dissimilarities. We also allow optimization over the Λℓ.
The configuration is

## [,1] [,2] [,3]
## KVP -0.7130091625 3.7361359001 3.8641674217
## PvdA 1.7965681479 2.1423021123 -0.4253679307
## VVD -2.0269380414 -2.3076408349 -3.8180733510
## ARP -2.5491041801 2.7971497396 -0.2075460219
## CHU -3.0765997214 0.9650485497 -1.9774712739
## CPN 2.8169058739 -2.5368677012 3.0219949579
## PSP 4.6818715652 0.3364096447 0.5033059601
## BP -1.4644032203 -3.0988817546 3.1092401556
## D66 0.5347087386 -2.0336556557 -4.0702499177

and we plot it in figure 6. It requires 1922 iterations and has stress 27.684120348.
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Figure 6: De Gruijter Data, Piecewise 2 + 1
The algorithm becomes only slightly more complicated if we do not require the Λℓ to be
diagonal, but allow them to be full matrices.

4.2 INDSCAL/PARAFAC

An interesting special case of (8), where the dissimilarity groups are defined by different
individuals or occasions or time-points, is

m∑
ℓ=1

n∑
i=1

n∑
j=1

wijℓ tr (XΛℓ − ξijℓ(X(k)
ℓ )Xk

ℓ )′Aij(XΛℓ − ξijℓ(X(k)
ℓ )Xk

ℓ ),

with
ξijℓ(Xℓ) = δijℓ

dij(Xℓ)

Now piecewise MDS with m groups is the smacof algorithm for INDSCAL, in which we
optimize over the Λℓ and use the same common configuration for each group. Again, this
is easily extended to matrices Λℓ which are not restricted to be diagonal, thus giving the
smacof algorithm for IDIOSCAL.
We use the color data of Helm (1959) to illustate the ismacof function. There are 12
individuals, the first ten with normal color vision (N), the last two with color deficiency
(CD). For individual N6 and individual CD2 the experiment was replicated.
After 486 iterations we find stress 2542.2372780397. In figure 7 we give the common config-
uration X, and in figure 12. Note in figure 12 the color deficient subjects are in blue, the
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color normal subjects are in red. In a real analysis of these data we would probably conclude
that two dimensions was not enough to show important variation. The stress measures for
each of the 16 individuals, including two replications, are

## N1 N2 N3 N4 N5 N6a N6b N7 N8 N9 N10
## 57.26 208.61 88.45 76.56 111.57 94.32 48.39 116.07 148.45 125.86 162.94
## CD1 CD2a CD2b CD3 CD4
## 202.58 279.83 240.64 387.40 193.32

and thus stress is much larger for color deficient individuals.
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Figure 7: Helm Data, Configuration
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5 Modeling Asymmetry

5.1 Slide-vector

The slide vector model for asymmetric dissimilarities was proposed, but never published, by
Kruskal around 1973. It was discussed in detail by Zielman and Heiser (1993). It assumes,
in our notation, that Xij = X + 1

2(ei − ej)z′ and Xji = X + 1
2(ej − ei)z′ = X − 1

2(ei − ej)z′,
so that 1

2(Xij + Xji) = X and (Xij − Xji) = (ei − ej)z′. In terms of the squared distances

d2
ij(Xij) = tr X ′

ijAijXij = (xi − xj + z)′(xi − xj + z).

Define
T :=

[
X
z

]
and uij is a vector of length n + 1 with zeroes, except for elements i and n + 1, which are
+1, and element j, which is −1. Thus T ′uij = (xi − xj + z) and d2

ij(Xij) = u′
ijTT ′uij.

It follows that a smacof step is

T (k+1) =


n∑

i=1

n∑
j=1

wijuiju
′
ij


+ 

n∑
i=1

n∑
j=1

wijξij(X(k)
ij )uiju

′
ij

 T (k), (11)

with
ξij(X(k)

ij ) = δij

dij(X(k)
ij )

.

15



This can be clarified somewhat, by using

uiju
′
ij =

[
Aij (ei − ej)

(ei − ej)′ 1

]
,

so that, for example,
n∑

i=1

n∑
j=1

wijuiju
′
ij =

[
V

∑n
i=1

∑n
j=1 wij(ei − ej)∑n

i=1
∑n

j=1 wij(ei − ej)′ ∑n
i=1

∑n
j=1 wij

]
.

Note that if W = {wij} is symmetric, then ∑n
i=1

∑n
j=1 wij(ei − ej) = 0, which simplifies the

matrix generalized inverse in (11).
We apply the function ssmacof to the brand switching of nine green and seven blended
bottled teas given by Taniola and Yadohisa (2016). The frequencies of switching nij are
transformed to asymmetric dissimilarities with δij = √

nii + njj − 2nij.

## DG IG1 IG2 IG3 KaG SaG SG1 SG2 7G ABl CBl1 CBl2 CBl3 KaBl KBl1 KBl2
## DG 32 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
## IG1 2 283 0 18 2 2 1 40 0 0 0 5 18 0 17 2
## IG2 2 41 177 9 0 2 1 13 0 0 0 2 10 0 6 0
## IG3 0 0 0 18 2 0 3 9 0 0 1 2 8 0 9 0
## KaG 0 0 0 0 58 0 1 3 0 0 0 1 1 6 0 1
## SaG 2 0 0 0 0 24 0 0 0 0 0 0 0 0 2 0
## SG1 0 0 0 0 0 1 14 0 0 0 0 1 2 0 8 0
## SG2 3 0 0 0 0 3 8 246 0 0 2 2 26 0 21 1
## 7G 0 4 5 0 0 0 0 3 56 0 0 1 1 0 2 0
## ABl 0 15 11 5 0 0 2 11 4 137 2 5 16 2 5 2
## CBl1 0 0 0 0 0 0 0 0 0 0 22 0 0 0 3 1
## CBl2 0 0 0 0 0 3 0 0 0 0 4 114 0 0 13 7
## CBl3 2 0 0 0 0 5 0 0 0 0 7 22 201 0 23 5
## KaBl 0 0 0 0 0 0 0 2 0 0 0 3 2 28 1 2
## KBl1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 192 13
## KBl2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 5

The slide vector algorithm takes 1199 iterations to find a solution with stress
2844.4928948188. The slide vector z is , and the configuration

## [,1] [,2]
## DG +1.6003 +3.5210
## IG1 +14.8848 +6.2248
## IG2 +10.5817 -7.4227
## IG3 +1.7787 -1.3772
## KaG -5.6537 +1.7343
## SaG -1.3980 +2.4636
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## SG1 +0.4404 +0.4537
## SG2 +2.1264 +14.7160
## 7G +5.6544 +0.1990
## ABl +1.7900 -11.4184
## CBl1 -2.6166 -1.9803
## CBl2 -5.6584 -8.6451
## CBl3 -9.7128 +9.4961
## KaBl +0.2821 -3.9134
## KBl1 -13.3137 -3.2594
## KBl2 -0.7857 -0.7921

is plotted in figure 9 (green teas in blue, blended teas in red).
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Figure 9: Tea Data, Slide Vector, Configuration

5.2 Asymmetric Scaling of Dimensions

Another possible set of constraints that can be used for asymmetric dissimilarities is Xij =
XΛj. Thus Xji = XΛi, and Xij + Xji = X(Λi + Λj) while Xij − Xji = X(Λi − Λj). In terms
of the squared distances

d2
ij(Xij) =

p∑
s=1

λ2
js(xis − xjs)2.

Not surprisingly, the stationary equation are very similar to equations (9) and (10) in the
section on piecewise MDS. We can use the iterative algorithm

m∑
j=1

VjX
(k+1)(Λ(k)

j )2 =
m∑

j=1
Bj(X(k)

ij )X(k)(Λ(k)
j )2,
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Λ(k+1)
j =

diag((X(k+1))′Bj(X(k)
ij )X(k)

ij )
diag((X(k+1))′VjX(k+1)) .

Here

Vj =
n∑

i=1
wijAij,

Bj(X(k)
ij ) =

n∑
i=1

wijξij(X(k)
ij )Aij.

The solution, implemented in zsmacof is virtually the same as the solution for X and Λ
from (9) and (10). It uses alternating least squares in exactly the same way.
We apply the method to the tea data. The algorithm now takes 1542 iterations to find a
solution with stress 2396.1180470101. The weights Λj are

## [,1] [,2]
## [1,] +1.2115 +1.0674
## [2,] +1.0153 +0.9645
## [3,] +0.8786 +1.4545
## [4,] +1.0770 +1.1366
## [5,] +0.8805 +1.3140
## [6,] +1.0944 +1.1450
## [7,] +1.1469 +1.1243
## [8,] +1.4716 +0.8998
## [9,] +1.0446 +1.2479
## [10,] +1.0328 +0.9526
## [11,] +1.1162 +1.0369
## [12,] +1.3433 +0.8488
## [13,] +0.8730 +1.1972
## [14,] +1.1687 +1.0219
## [15,] +0.9285 +0.9481
## [16,] +1.0838 +1.0586

and they are plotted in figure 10.
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Figure 10: Tea Data, Scaled Dimensions, Weights
The configuration is

## [,1] [,2]
## DG -0.2577 +3.3303
## IG1 +10.5474 +11.5414
## IG2 +12.4243 -0.7794
## IG3 +1.9434 -1.0281
## KaG -6.8271 -0.5935
## SaG -2.6243 +1.0595
## SG1 +0.0416 +0.2046
## SG2 -1.6144 +14.2417
## 7G +4.5461 +1.9746
## ABl +7.0853 -8.7582
## CBl1 -2.2465 -2.9573
## CBl2 -0.7856 -10.4176
## CBl3 -11.8659 +6.0329
## KaBl +1.0778 -3.8971
## KBl1 -10.7461 -8.5591
## KBl2 -0.6983 -1.3947

It is plotted in figure 11.
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Figure 11: Tea Data, Scaled Dimensions, Configuration
This particular approach to asymmetry may be most interesting in unfolding, where we have

d2
ij(Xij, Yij) =

p∑
s=1

λ2
js(xis − yjs)2,

and where the asymmetric treatment of rows and columns is more natural.

6 Appendix: Code

The code for the six different versions of anarchic MDS is both redundant and relatively
inefficient. All six programs have the same structure and, for example, share the same
voluminous code for debugging I/O.

6.1 auxilary.R

mprint <- function (x, d = 2, w = 5, f = "") {
print (noquote (formatC (

x, di = d, wi = w, fo = "f", flag = f
)))

}
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torgerson <- function (delta, p = 2) {
doubleCenter <- function(x) {

n <- dim(x)[1]
m <- dim(x)[2]
s <- sum(x) / (n * m)
xr <- rowSums(x) / m
xc <- colSums(x) / n
return((x - outer(xr, xc, "+")) + s)

}
z <- slanczos(-doubleCenter((delta ˆ 2) / 2), p)
w <- matrix (0, p, p)
v <- pmax(z$values, 0)
diag (w) <- sqrt (v)
return(z$vectors %*% w)

}

direct_sum <- function (x) {
n <- length (x)
nr <- sapply (x, nrow)
nc <- sapply (x, ncol)
s <- matrix (0, sum(nr), sum(nc))
k <- 0
l <- 0
for (j in 1:n) {

s[k + (1:nr[j]), l + (1:nc[j])] <- x[[j]]
k <- k + nr[j]
l <- l + nc[j]

}
return(s)

}

repMatrix <- function (x, m) {
z <- array (0, c(dim (x), m))
for (j in 1:m)

z[, , j] <- x
return (z)

}

slideMatrix <- function (x) {
n <- nrow (x)
unit <- function (i, n) ifelse (i == 1:n, 1, 0)
s <- matrix (0, n + 1, n + 1)
for (i in 1:n) {
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for (j in 1:n) {
u <- c (unit (i, n) - unit (j, n), 1)
s <- s + x[i, j] * outer (u, u)

}
}
return (s)

}

slideDistance <- function (x, z) {
n <- nrow (x)
d <- matrix (0, n, n)
for (i in 1:n) {

for (j in 1:n) {
d[i, j] <- sqrt (sum ((x[i, ] - x[j, ] + z) ˆ 2))

}
}
return (d)

}

unit <- function (i, n) {
return (ifelse (i == 1:n, 1, 0))

}

amat <- function (i, j, n) {
u <- unit (i, n) - unit (j, n)
return (outer (u, u))

}

6.2 asmacof.R

asmacof <-
function (delta,

f,
w = 1 - diag (nrow (delta)),
p = 2,
xold = torgerson (delta, p),
itmax = 1000,
eps = 1e-10,
verbose = FALSE) {

dold <- as.matrix (dist (xold))
eold <- sqrt (dold ˆ 2 + f ˆ 2)
sold <- sum (w * (delta - eold) ˆ 2)
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v <- -(w + t(w))
diag (v) <- -rowSums (v)
m <- ginvRC (v)
itel <- 1
repeat {

h <- w * delta / (eold + diag (nrow (eold)))
b <- -(h + t(h))
diag (b) <- -rowSums(b)
xnew <- m %*% b %*% xold
dnew <- as.matrix (dist (xnew))
enew <- sqrt (dnew ˆ 2 + f ˆ 2)
snew <- sum (w * (delta - enew) ˆ 2)
if (verbose)

cat(
"Iteration: ",
formatC (itel, width = 3, format = "d"),
"sold: ",
formatC (

sold,
digits = 8,
width = 12,
format = "f"

),
"snew: ",
formatC (

snew,
digits = 8,
width = 12,
format = "f"

),
"\n"

)
if ((itel == itmax) | (sold - snew < eps))

break
itel <- itel + 1
sold <- snew
dold <- dnew
eold <- enew
xold <- xnew

}
return (list (x = xnew, stress = snew, itel = itel))

}
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6.3 bsmacof.R

bsmacof <-
function (delta,

w = 1 - diag (nrow (delta)),
p = 2,
itmax = 1000,
eps = 1e-10,
verbose = FALSE) {

n <- nrow (delta)
xold <- torgerson (delta, p)
dold <- as.matrix (dist (xold))
fold <- 1
eold <- sqrt (dold ˆ 2 + (fold - fold * diag (n)) ˆ 2)
sold <- sum (w * (delta - eold) ˆ 2)
v <- -(w + t(w))
diag (v) <- -rowSums (v)
m <- ginvRC (v)
itel <- 1
repeat {

h <- w * delta / (eold + diag (n))
b <- -(h + t(h))
diag (b) <- -rowSums(b)
xnew <- m %*% b %*% xold
dnew <- as.matrix (dist (xnew))
emid <- sqrt (dnew ˆ 2 + (fold - fold * diag (n)) ˆ 2)
smid <- sum (w * (delta - emid) ˆ 2)
fnew <- fold * sum (w * (delta / (eold + diag (n)))) / sum (w)
enew <- sqrt (dnew ˆ 2 + (fnew - fnew * diag (n)) ˆ 2)
snew <- sum (w * (delta - enew) ˆ 2)
if (verbose)

cat(
"Iteration: ",
formatC (itel, width = 3, format = "d"),
"sold: ",
formatC (

sold,
digits = 8,
width = 12,
format = "f"

),
"smid: ",
formatC (

smid,
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digits = 8,
width = 12,
format = "f"

),
"snew: ",
formatC (

snew,
digits = 8,
width = 12,
format = "f"

),
"fnew: ",
formatC (

fnew,
digits = 8,
width = 12,
format = "f"

),
"\n"

)
if ((itel == itmax) | (sold - snew < eps))

break
itel <- itel + 1
sold <- snew
dold <- dnew
eold <- enew
xold <- xnew
fold <- fnew

}
return (list (

x = xnew,
stress = snew,
f = fnew,
itel = itel

))
}

6.4 psmacof.R

psmacof <-
function (delta,

pattern,
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p = 2,
lambda = matrix (1, dim (pattern)[3], p),
xold = torgerson (delta, p),
w = 1 - diag (nrow (delta)),
itmax = 1000,
eps = 1e-10,
do_lambda = TRUE,
verbose = FALSE) {

m <- dim (pattern)[3]
n <- nrow (delta)
xnew <- xold
dold <- array (0, c(n, n, m))
v <- array (0, c (n, n, m))
eold <- matrix (0, n, n)
for (j in 1:m) {

dold[, , j] <- as.matrix (dist (xold %*% diag (lambda [j,])))
eold <- eold + pattern[, , j] * dold[, , j] ˆ 2
vj <- -pattern[, , j] * (w + t(w))
diag (vj) <- -rowSums(vj)
v[, , j] <- vj

}
eold <- sqrt (eold)
sold <- sum (w * (delta - eold) ˆ 2)
itel <- 1
repeat {

g <- matrix (0, n, p)
b <- array (0, c(n, n, m))
for (j in 1:m) {

h <- w * delta / (dold[, , j] + diag (n))
bj <- -pattern[, , j] * (h + t(h))
diag (bj) <- -rowSums(bj)
b[, , j] <- bj
g <- g + bj %*% xold %*% diag (lambda[j,] ˆ 2)

}
for (s in 1:p) {

mm <- matrix (0, n, n)
for (j in 1:m) {

mm <- mm + (lambda [j, s] ˆ 2) * v[, , j]
xnew[, s] <- ginv (mm) %*% g[, s]

}
}
if (do_lambda) {

for (j in 1:m) {
ua <- colSums (xnew * b[, , j] %*% xold %*% diag (lambda[j,]))
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ub <- colSums (xnew * v[, , j] %*% xnew)
lambda[j,] <- ua / ub

}
}
dnew <- array (0, c(n, n, m))
enew <- matrix (0, n, n)
for (j in 1:m) {

dnew[, , j] <- as.matrix (dist (xnew %*% diag (lambda [j,])))
enew <- enew + pattern[, , j] * dnew[, , j] ˆ 2

}
enew <- sqrt (enew)
snew <- sum (w * (delta - enew) ˆ 2)
if (verbose)

cat(
"Iteration: ",
formatC (itel, width = 3, format = "d"),
"sold: ",
formatC (

sold,
digits = 8,
width = 12,
format = "f"

),
"snew: ",
formatC (

snew,
digits = 8,
width = 12,
format = "f"

),
"\n"

)
if ((itel == itmax) | (sold - snew < eps))

break
itel <- itel + 1
sold <- snew
dold <- dnew
xold <- xnew

}
return (list (

x = xnew,
stress = snew,
lambda = lambda,
itel = itel
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))
}

6.5 ismacof.R

ismacof <-
function (delta,

p = 2,
xold = torgerson (rowMeans (delta, dims = 2), p),
w = repMatrix (1 - diag (dim (delta)[1]), dim (delta)[3]),
lambda = matrix (1, dim (delta)[3], p),
itmax = 1000,
eps = 1e-10,
verbose = FALSE) {

m <- dim (delta)[3]
n <- nrow (delta[, , 1])
xnew <- xold
dold <- array (0, c(n, n, m))
v <- array (0, c (n, n, m))
for (j in 1:m) {

dold[, , j] <- as.matrix (dist (xold %*% diag (lambda [j,])))
vj <- -(w[, , j] + t(w[, , j]))
diag (vj) <- -rowSums(vj)
v[, , j] <- vj

}
svec <- colSums (w * (delta - dold) ˆ 2, dims = 2)
sold <- sum (svec)
itel <- 1
repeat {

g <- matrix (0, n, p)
b <- array (0, c(n, n, m))
for (j in 1:m) {

h <- w[, , j] * delta[, , j] / (dold[, , j] + diag (n))
bj <- -(h + t(h))
diag (bj) <- -rowSums(bj)
b[, , j] <- bj
g <- g + bj %*% xold %*% diag (lambda[j,] ˆ 2)

}
for (s in 1:p) {

mm <- matrix (0, n, n)
for (j in 1:m) {

mm <- mm + (lambda [j, s] ˆ 2) * v[, , j]
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xnew[, s] <- ginv (mm) %*% g[, s]
}

}
for (j in 1:m) {

ua <- colSums (xnew * b[, , j] %*% xold %*% diag (lambda[j,]))
ub <- colSums (xnew * v[, , j] %*% xnew)
lambda[j,] <- ua / ub

}
dnew <- array (0, c(n, n, m))
for (j in 1:m) {

dnew[, , j] <- as.matrix (dist (xnew %*% diag (lambda [j,])))
}
svec <- colSums (w * (delta - dnew) ˆ 2, dims = 2)
snew <- sum (svec)
if (verbose)

cat(
"Iteration: ",
formatC (itel, width = 3, format = "d"),
"sold: ",
formatC (

sold,
digits = 8,
width = 12,
format = "f"

),
"snew: ",
formatC (

snew,
digits = 8,
width = 12,
format = "f"

),
"\n"

)
if ((itel == itmax) | (sold - snew < eps))

break
itel <- itel + 1
sold <- snew
dold <- dnew
xold <- xnew

}
return (list (

x = xnew,
stress = snew,
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svec = svec,
lambda = lambda,
itel = itel

))
}

6.6 ssmacof.R

ssmacof <-
function (delta,

p = 2,
zold = rep (0, p),
xold = torgerson ((delta + t (delta)) / 2, p),
w = 1 - diag (nrow (delta)),
itmax = 1000,
eps = 1e-10,
verbose = FALSE) {

n <- nrow (delta)
dold <- slideDistance (xold, zold)
vmat <- slideMatrix (w)
sold <- sum (w * (delta - dold) ˆ 2)
itel <- 1
repeat {

bnew <- slideMatrix (w * delta / (dold + diag (n)))
tnew <- ginv (vmat) %*% bnew %*% rbind (xold, zold)
xnew <- tnew[1:n, ]
znew <- drop (tnew[n + 1, ])
dnew <- slideDistance (xnew, znew)
snew <- sum (w * (delta - dnew) ˆ 2)
if (verbose)

cat(
"Iteration: ",
formatC (itel, width = 3, format = "d"),
"sold: ",
formatC (

sold,
digits = 8,
width = 12,
format = "f"

),
"snew: ",
formatC (
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snew,
digits = 8,
width = 12,
format = "f"

),
"\n"

)
if ((itel == itmax) | (sold - snew < eps))

break
itel <- itel + 1
sold <- snew
dold <- dnew
xold <- xnew
zold <- znew

}
return (list (

x = xnew,
z = znew,
stress = snew,
itel = itel

))
}

6.7 zsmacof.R

zsmacof <-
function (delta,

p = 2,
lold = matrix (1, nrow (delta), p),
xold = torgerson ((delta + t (delta)) / 2, p),
w = 1 - diag (nrow (delta)),
itmax = 1000,
eps = 1e-10,
verbose = FALSE) {

n <- nrow (delta)
xnew <- xold
lnew <- lold
dold <- dnew <- matrix (0, n, n)
for (i in 1:n) {

for (j in 1:n) {
dold [i, j] <- sqrt (sum (((xold [i, ] - xold [j, ]) * lold [j, ]) ˆ 2))

}
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}
v <- array (0, c (n, n, n))
for (j in 1:n) {

vv <- matrix (0, n, n)
for (i in 1:n) {

vv <- vv + w[i, j] * amat (i, j, n)
}
v[, , j] <- vv

}
sold <- sum (w * (delta - dold) ˆ 2)
itel <- 1
repeat {

u <- array (0, c (n, p, n))
for (j in 1:n) {

bb <- matrix (0, n, n)
for (i in 1:n) {

if (i == j) next
bb <- bb + w [i, j] * (delta [i, j] / dold [i , j]) * amat (i, j, n)

}
u[, , j] <- ginv (v[, , j]) %*% bb %*% xold %*% diag (lold [j, ])

}
for (s in 1:p) {

vv <- matrix (0, n, n)
xs <- rep (0, n)
for (j in 1:n) {

vv <- vv + v[, , j] * (lold [j, s] ˆ 2)
xs <- xs + v[, , j] %*% u[, s, j] * lold [j, s]

}
xnew [, s] <- ginv (vv) %*% xs

}
for (i in 1:n) {

for (j in 1:n) {
dnew [i, j] <- sqrt (sum (((xnew [i, ] - xnew [j, ]) * lold [j , ]) ˆ 2))

}
}
smid <- sum (w * (delta - dnew) ˆ 2)
for (j in 1:n) {

ua <- colSums (xnew * v[, , j] %*% u[, , j])
ub <- colSums (xnew * v[, , j] %*% xnew)
lnew[j, ] <- ua / ub

}
for (i in 1:n) {

for (j in 1:n) {
dnew [i, j] <- sqrt (sum (((xnew [i, ] - xnew [j, ]) * lnew [j , ]) ˆ 2))
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}
}
snew <- sum (w * (delta - dnew) ˆ 2)
if (verbose)

cat(
"Iteration: ",
formatC (itel, width = 3, format = "d"),
"sold: ",
formatC (

sold,
digits = 8,
width = 12,
format = "f"

),
"smid: ",
formatC (

smid,
digits = 8,
width = 12,
format = "f"

),
"snew: ",
formatC (

snew,
digits = 8,
width = 12,
format = "f"

),
"\n"

)
if ((itel == itmax) | (sold - snew < eps))

break
itel <- itel + 1
sold <- snew
dold <- dnew
lold <- lnew
xold <- xnew

}
return (list (

x = xnew,
d = dnew,
lambda = lnew,
stress = snew,
itel = itel
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))
}
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