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Abstract

The Elegant algorithm for doing squared-distance multidimensional scal-
ing has been proposed by De Leeuw (1975), but has never been published.
The algorithm is based on the idea of augmentation. In this paper, we extend
the Elegant algorithm to accommodate differential weights. Moreover, we
show that the derivation by augmentation leads to the same algorithm as the
derivation by iterative majorization.

Keywords: S-Stress, Multidimensional scaling, iterative majorization, augmenta-
tion algorithm.

1 Introduction

In this paper, we study the squared-distance multidimensional scaling. This prob-
lem is formalized by minimizing the raw-S-Stress loss function, that is,

σ(X) =

∑
i < j

wi j (δi j − d2
i j (X))2. (1)

∗Department of Statistics, University of California, Los Angeles, CA 90095-1554, USA (e-
mail: deleeuw@stat.ucla.edu)

†Econometric Institute, Erasmus University Rotterdam, P.O. Box 1738, 3000 DR Rotterdam,
The Netherlands (e-mail: groenen@few.eur.nl)

‡Econometric Institute, Erasmus University Rotterdam, P.O. Box 1738, 3000 DR Rotterdam,
The Netherlands (e-mail: pietersz@few.eur.nl)

1



over X. HereX is an n × p configuration, the wi j ’s are known non-negative
weights, theδi j ’s are knowndissimilarities, andd2

i j (X) is thesquared Euclidean
distancebetween rowsi and j of X. Thus we fit squared distances to the dissimi-
larities. Note that the summation is done only over the upper triangular elements
of the dissimilarity matrix. The weightswi j are assumed to be irreducible, that
is, there does not exist two or more subsets of objects such that all weights be-
tween objects belonging to different subsets is zero. This assumption avoids the
situation where the MDS problem can be split into two or more independent MDS
problems.

We need some convenient matrix expressions for the squared distances. If we
defineC = XX ′ then we can write

d2
i j (X) = (ei − ej )

′C(ei − ej ) = tr CAi j , (2)

with ei andej columnsi and j of then × n identity matrix andAi j the matrix

Ai j = (ei − ej )(ei − ej )
′. (3)

Many different algorithms have been proposed to minimize the loss func-
tion (1). Foremost of these is perhaps the ALSCAL method (Takane, Young,
& Leeuw, 1977), which is of the cyclic coordinate descent type. One ALSCAL
iteration consists of a cycle over allnp coordinates ofX, minimizing loss over
one coordinate at a time, while keeping the other coordinates fixed at their current
values. Since the loss function is a multivariate quartic inX, the coordinate sub-
problems can be solved by finding the roots of a univariate cubic (and choosing
the one corresponding to the minimum).

Even before ALSCAL, De Leeuw (1975) proposed an augmentation algorithm
to minimize (1), in the case in which there are no weights. The paper was never
published, but the algorithm has been discussed by Takane (1977) and Browne
(1987). They did not include the original derivation and a convergence proof. In
this paper, we give this missing derivation and extend the augmentation algorithm
to include weights. We show that the augmentation algorithm can also be derived
as an iterative majorization algorithm1.

1For the cyclic coordinate ascend, block relaxation, alternating least squares, augmentation,
and majorization terminology we refer to the Appendix.
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2 Augmentation algorithm

Let us analyze (1) more closely and first expand this function as

σ(X) =

∑
i < j

wi j δ
2
i j +

∑
i < j

wi j d
4
i j (X) − 2

∑
i < j

wi j δi j d
4
i j (X)

=

∑
i < j

wi j δ
2
i j +

∑
i < j

wi j [(ei − ej )
′C(ei − ej )]

2

−2
∑
i < j

wi j δi j (ei − ej )
′C(ei − ej )

= η2
δ + η2(C) − 2ρ(C). (4)

It can be easily recognized thatη2(C) is a quadratic function inC andρ(C) a
linear function inC. Unfortunately, the metric ofη2(C) is not simple. What the
augmentation algorithm does is to expandη2(C) in such a way that it has a simple
metric. The additional terms should not influence the loss function.

We now expandη2(C). We first write

η2(C) =

∑
i < j

wi j (ei − ej )
′C(ei − ej )(ei − ej )

′C(ei − ej ).

The difficult part of the metric lies in the fact that the middle metric(ei −ej )(ei −

ej )
′ is dependent oni and j . The core of the augmentation algorithm is to replace

this middle metric by(ek − el )(ek − el )
′ and sum additionally overk andl . This

makes the quadratic term in the loss function used in the augmentation algorithm
equal to

η2
aug(C) =

∑
i < j

∑
k<l

w
1/2
i j w

1/2
kl (ei − ej )

′C(ek − el )(ek − el )
′C(ei − ej )

=

∑
i < j

w
1/2
i j (ei − ej )

′C

[∑
k<l

w
1/2
kl (ek − el )(ek − el )

′

]
C(ei − ej )

= tr C

[∑
k<l

w
1/2
kl (ek − el )(ek − el )

′

]
C

∑
i < j

w
1/2
i j (ei − ej )(ei − ej )

′


= tr C

[∑
k<l

w
1/2
kl Ai j

]
C

∑
i < j

w
1/2
i j Ai j

 = tr CSCS
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with

S =

∑
i < j

w
1/2
i j Ai j . (5)

Thus, we see above that if we expand the summation ofη2(C) into η2
aug(C), the

metric becomes easy. It can be seen that if the summation ofk andl is limited to
only those elements for whichk = i andl = j , then the summation above would
be equal toη2(C).

These results are used in the augmented loss function

λ(X, 0) =

∑
i < j

∑
k<l

w
1/2
i j w

1/2
kl (γi jkl − di jkl (X))2, (6)

wheredi jkl (X) = (ei −ej )
′C(ek−el ). Now minimize the augmented loss function

over X and over0 constrained byγi j i j = δi j . Thus the “diagonal” elements of
0 are constrained to be equal to the corresponding elements of1, and all other
elements are free. Write these constraints as0 ∈ G.

Suppose that we have a known estimateC0 for C. Then, the best values̃γi jkl

that minimizeλ(X, 0) over0 ∈ G are

γ̃i jkl =

{
δi j if k = i andl = j,
di jkl (C0) if k 6= i andl 6= j .

(7)

Thus,

min
0∈G

λ(X, 0) = σ(X)

and also

min
X

σ(X) = min
X

min
0∈G

λ(X, 0).

The augmentation algorithm is defined by using block relaxation onλ, that is, we
iteratively alternate minimization overX for fixed0 and minimization over0 ∈ G
for fixedX. Or, in other words, we applyalternating least squaresto λ.

For the optimalγ̃i jkl , the “off-diagonal” elements always have zero error and
will not contribute to the loss ofλ(X, 0). Therefore, the augmentation has the
advantage of a much simpler metric, while still minimizing S-Stress.

Convergence of the algorithm to a stationary point follows from the general
theory of block relaxation algorithms. We produce a decreasing sequence of loss
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function values using a continuous update mapping, and we can thus apply the
theory in Zangwill (1969).

To obtain an update forC and thus forX, we first need to expandλ(X, 0̃), that
is,

λ(X, 0̃) =

∑
i < j

∑
k<l

w
1/2
i j w

1/2
kl γ̃ 2

i jkl +

∑
i < j

∑
k<l

w
1/2
i j w

1/2
kl d2

i jkl (X)

−2
∑
i < j

∑
k<l

w
1/2
i j w

1/2
kl γ̃i jkl di jkl (X))

= η2
γ̃ + η2

aug(C) − 2ρaug(C). (8)

In (5) we saw thatη2
aug(C) = tr CSCS. We now focus onρaug(C), that is,

ρaug(C) =

∑
i < j

∑
k<l

w
1/2
i j w

1/2
kl γ̃i jkl (ei − ej )

′C(ek − el ) (9)

According to (7),γ̃i jkl for the “off-diagonal” elements equal(ei − ej )
′C0(ek − el )

and for the diagonal values we haveγ̃i j i j = δi j . What we shall do is insert for
the diagonal values̃γi j i j = δi j − (ei − ej )

′C0(ei − ej ) + (ei − ej )
′C0(ei − ej ).

The advantage is that we can use the last term in the summation overi jkl to get a
simplification that is similar as in (5) while the first partδi j − (ei −ej )

′C0(ei −ej )

only sums overi and j . Now we can simplify (9) as

ρaug(C) =

∑
i < j

∑
k<l

w
1/2
i j w

1/2
kl (ei − ej )

′C(ek − el )(ek − el )
′C0(ei − ej )

+

∑
i < j

wi j [δi j − (ei − ej )
′C0(ei − ej )](ei − ej )

′C(ei − ej )

= tr C

[∑
k<l

w
1/2
kl (ek − el )(ek − el )

′

]
C0

∑
i < j

w
1/2
i j (ei − ej )(ei − ej )

′


+tr C

∑
i < j

wi j (δi j − d2
i j (C0))(ei − ej )(ei − ej )

′


= tr CSC0S+ tr C

∑
i < j

wi j (δi j − d2
i j (C0))Ai j


= tr CSC0S+ tr CV
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where

V =

∑
i < j

wi j (δi j − d2
i j (C0))Ai j . (10)

Before we arrive at a compact expression forλ(X, 0̃), define the eigendecom-
position ofS be given byS = Q8Q′. In the following, we needS1/2 andS−1/2.
Therefore, define the powerr of a matrix as

Sr
=

n∑
i =1

ai qi q′

i (11)

whereai = φr
i i if φi i 6= 0 andai = 0 if φi i = 0. Now, we can expressλ(X, 0̃) as

λ(X, 0̃) = η2
γ̃ + tr CSCS− 2(tr CSC0S+ tr CV)

= η2
γ̃ + tr (S1/2CS1/2)(S1/2CS1/2) − 2tr (S1/2CS1/2)(S1/2C0S1/2)

−2tr S1/2CS1/2S−1/2VS−1/2

= η2
γ̃ + ‖S1/2CS1/2

− (S1/2C0S1/2
+ S−1/2VS−1/2)‖2

−‖S1/2C0S1/2
+ S−1/2VS−1/2

‖
2. (12)

To simplify notation in (12) even further, letk contain the constant terms not de-
pending onC (and thus not onX), that is,k = η2

γ̃
−‖S1/2C0S1/2

+S−1/2VS−1/2
‖

2,

let Y = S1/2X so thatYY ′
= S1/2CS1/2, and let

E = S1/2C0S1/2
+ S−1/2VS−1/2. (13)

Then, (12) can be written as

λ(X, 0̃) = k + ‖YY ′
− E‖

2. (14)

It is not difficult to recognize that (14) can be minimized by computing an eigen
decomposition onE and retaining thep largest eigenvalues and corresponding
eigenvectors. Thus, ifE = Q8Q′, 8p is a diagonalp × p matrix with the
largestp positive eigenvalues on the diagonal, andQp contains the corresponding

eigenvectors, then the update is given byY = Qp8
1/2
p , or, equivalently,

X+
= S−1/2Qp8

1/2
p . (15)
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3 The Elegant Algorithm

Let us summarize the results above and describe the augmentation algorithm. The
algorithm itself is named Elegant and described below:

t = 0;
SetX0 to a random initial configuration;
ComputeC0 = X0X′

0;
ComputeS according to (5);
ComputeS1/2 andS−1/2 according to (11);
Setσ−1 = σ(X0) + 2ε;
while σt−1 − σ(Xt) > ε do

t := t + 1;
σt−1 = σ(Xt−1);
ComputeV by (10) andE by (13);
Compute the eigen decomposition ofE;
Compute the updateXt by (15);
ComputeC0 = XtX′

t ;

end

The Elegant algorithm has the property that in each iteration S-Stress is guar-
anteed not to increase. In practical situations, this property implies that the algo-
rithm will stop at a local minimum.

4 Iterative Majorization

The majorization algorithm is based on the fact that the loss function is quadratic
in the elements ofC. By choosing a smart majorizing function for the square of
the squared distances, we can again reduce the iteration to computing an optimal
rank p approximation.

Consider the basic inequality

w
1/2
i j (ei − ej )

′(C − C0)[w
1/2
i j (ei − ej )(ei − ej ) − Z]

′(C − C0)(ei − ej ) ≤ 0(16)

which holds for anyZ such thatw1/2
i j (ei − ej )(ei − ej ) − Z is negative definite.

Now, chooseZ as

S =

∑
k<l

w
1/2
kl (ek − el )(ek − el )

′
=

∑
k<l

w
1/2
kl Akl (17)
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which is a positive semi-definite matrix because the weightswkl are nonnegative,
(ek − el )(ek − el )

′ is by definition positive semi-definite, and a sum of positive
semi-definite matrices is again positive semi-definite. One combinationkl will be
equal toi j . Therefore,w1/2

i j (ei −ej )(ei −ej )−S is equal to−
∑

k<l ,kl 6=i j w
1/2
kl Akl .

Therefore,w1/2
i j (ei − ej )(ei − ej ) − S is negative semi-definite.

Expanding (16) forZ = S gives

wi j tr CAi j CAi j ≤ (18)

tr CSC[w
1/2
i j Ai j ] − 2tr CSC0[w

1/2
i j Ai j ]

+2tr C[wi j d
2
i j (C0)Ai j ] + tr C0SC0[w

1/2
i j Ai j ] − wi j d

4
i j (C0) (19)

and summing both sides overi < j

η2
aug(C) =

∑
i < j

wi j tr CAi j CAi j

≤ tr CSCS− 2tr CSC0S+ 2tr C[

∑
i < j

wi j d
2
i j (C0)Ai j ]

+tr C0SC0S− η2
aug(C0) (20)

The cross product term of S-Stress can be expressed as

ρ(C) = (ei − ej )
′C(ei − ej ) = tr C[

∑
i < j

wi j δi j Ai j ]. (21)

Combining the majorizing inequality of (20) with (22) results in

σ(X) = η2
δ + η2(C) − 2ρ(C)

≤ η2
δ + tr CSCS− 2tr CSC0S− 2tr C[

∑
i < j

wi j (δi j − d2
i j (C0))Ai j ]

+tr C0SC0S− η2
aug(C0)

= η2
δ + tr CSCS− 2tr CSC0S− 2tr CV + tr C0SC0S− η2

aug(C0)

= η2
δ + ‖S1/2CS1/2

− [S1/2C0S1/2
+ S−1/2VS−1/2

]‖
2

−‖S−1/2VS−1/2
‖

2
− 2tr C0V − η2

aug(C0) = µ(X). (22)

It can be verified that the quadratic term inµ(X) is exactly equal to the one ob-
tained by the augmentation algorithm in (12). Therefore, the solution to minimize
µ(X) is exactly the same as the update derived by the augmentation algorithm.
The conclusion is that iterative majorization is exactly the same as the augmenta-
tion algorithm.
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A Types of algorithms

Supposef is a function onX×Y. A block relaxationalgorithm for minimizing f
starts with somex0 ∈ X. In each iterationk we findy(k)

= argminy ∈ Y f(x(k), y)

and thenx(k+1)
= argminx ∈ X f (x, y(k)). Thus we alternate updatingx andy. If

the function we are minimizing is a least squares loss function, then block relax-
ation becomesalternating least squares. Although we have defined block relax-
ation for two blocks, it is clear how to generalize it to more than two. If there are
more than two blocks it becomes interesting how we cycle through the blocks. If
each of the blocks only consists of a single variable, then block relaxation iscyclic
coordinate descend. Block relation is worthwhile if the subproblems are simple,
compared to the original problem. Block relation methods in statistics are dis-
cussed in Oberhofer and Kmenta (1974), Jensen, Johansen, and Lauritzen (1991),
De Leeuw (1994) and alternating least squares became popular in the ALSOS
system summerized by Young (1981).

One important special case of block relaxation isaugmentation. The problem
is to minimize a functiong over X, but we assume we can find anaugmentation
function f on X ×Y such thatg(x) = miny∈Y f (x, y). Augmentation algorithms
apply block relaxation to the augmentation function. They should be considered
if we can find an augmentation function which is simpler to minimize than our
original functiong. The most familiar examples of augmentation algorithms are
in factor analysis, where we augment the reduced correlation matrix by including
the diagonal elements, and in unbalanced factorial analysis of variance, where we
augment by adding enough elements to each cell to get a balanced design.

Majorization is a special case of augmentation. Again the problem is to min-
imize g(x) on X. Suppose we can find amajorization function fon X × X
such thatg(x) ≤ f (x, y) for all x, y ∈ X andg(x) = f (x, x) for all x ∈ X.
Then f is an augmentation ofg, with the special property thatg(x) = f (x, x) =

miny∈X f (x, y) for all x. Again, amajorization algorithmapplies block relation
to the majorization function. Majorization methods are discussed in detail by De
Leeuw (1994), Heiser (1995), Lange, Hunter, and Yang (2000) and for quadratic
majorization functions by B̈ohning and Lindsay (1988).
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