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The problem

Multilevel models, also known as hierarchical linear models, random coefficient
models or Bayesian linear models, are becoming qgntp popular data analysis tools in
the social and behavioural sciences. The nnpoftant cHaracteristic of the technigues—
is that data are collected on more than one level. In this paper we shall discuss the
case of two levels, for definiteness using students to describe the units on the first
level and classes for the units on the second level. Of course many other examples
can be given, in many cases with more than two levels. A fixed regressor linear
model, with different parameters, is fitted on the student-level in each of the classes.
It is assumed, however, that the linear model parameters satisfy a second regression
model, which relates them to a number of fixed class-level variables. By combining
these two regression models, one for each level, into a single comprehensive model
we have a parsimoneous and easily interpretable model of our hierarchical data

structure.

We shall not go into details here, but merely refer the interested reader to the
voluminous literature. Some of the more important review papers in the area are ....
Computer programs have been written by Longford (..), Goldstein et al. (..),
Raudenbusch (), Mason (). The techniques all compute maximum likelihood
estimates. Although they use various different algorithms, they are all iterative and
computationally &uite demanding. This is not such a large disadvantage any more as
it used to be, but still #dges meaﬁ}hat special purpose software is needed, and that
the statistical properties of the resulting estimates are yeﬁl complicated. There is,
except in yﬁ special cases, no simple relationship any more between the estimates
computed by the programs and the more familiar regression parameters. This, much

more than the actual cost of computation, is a disadvantage, although perhaps not a

Very serious one. /Dh.g Can A



Outline of model

Consider the following model,}ﬁll@/rﬂod@l I. In the formulas below index i stands for
students (i=1,...,n), j for classes (j=1,...,m). 92{ss j has n, students. Random variables

are underlined. W

Yi= &t+&;
a=o+pBz+9,
&~ N(O,GZ),

§J ~ 'N'((), mz/nj),
the g; and §; are mutually independent.
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It follows from these assumptions that the y;; are normal, with mean o + Bz;, with
variance 6° + @’/n;, with covariance @%n, if the students are from the same class,
and with covariance zero if they are from different classes. For obvious reasons we
call this a random intercept model, there are no first level regressors other than the

intercept.

In this model the deviance, i.e. twice the negative logarithm of the likelihood function,

has a very simple form. It is, except for irrelevant constants, A = A, + A,, where
Al =mln }\42 + }\.'221-“;1 n‘](y.l -O - BZj)Z,
A,=@-m)Inc’+ 07 L L exg) i - Yj)Z-

In these expressions we use y; for the class mean, we use A* for 62 + 02, and we use

I(j) for the index set of all students in class j.




The proof of this basic theorem , in fact of a much more general version, is given in
the next section. It follows that the maximum likelihood estimates of o and B are
computed by performing a weighted regression of the school means y; on the z;. If

Yy and zy are the overall means, then
est(B) = I n(y; -y w)(z; - 2y) / Ty (7 - 2 )’
est(a) = (yy - est(B)zy)

The maximum likelihood estimate of A? is the residual sums of squares of this

regression. Thus
est(A?) = ?1112;11 n,(y; - est(e) - est(B)zj)z.

The maximum likelihood estimate of 6 is the pooled within class variance, i.e.

est(62) = n_.lfn Z;il Zi EIG) (le - YJ)Z

This is only true if est(A?) > est(6?). Otherwise
est(A?) = est(c?) = = { 2, ny(y; - est(a) - CSt(ﬁ)Zj)z +25 % £1G) (y; - Yj)Z},
which is simply the residual sum of squares of the regression of ¥; onz;

The fact that we can do our computations in two separate simple steps is, of course,
very convenient. It depends critically on Assumption 4, which says that the
dispersions of the §; are inversely proportional to the n;. This implies, among other
things, that the correlation p between errors of students in the same class is equal to
0*/(w? + njcz), which shows that p is relatively small for large classes and relatively

large for small classes. Although the assumption is made for mathematical




convenience, it seems at least as plausible as the assumption that the dispersions of
the §j are the same for all classes, which is the usual assumption in random intercept
models like this. Of course there will be very little difference between the two

assumptions if all classes have roughly the same size.

Extension of the model

An obvious extension of the model is obtained if we allow for first level fixed
regressors, for more than one second level fixed regressors, and if we drop the
assumption of homogeneity of the error variances in the different classes. With p

fixed student level regressors, collected in the n; x p matrix X, the model becomes

1: Y;=Xb; +&

2: bi=Zy+39,

3: §J~ N, 6?1),

4: d; ~ N(0, of(XX)™),

5: the g and §; are mutually independent.

Here b; is a random p-element vector for each j. Assumption 2 says that element s of
b; is equal to a linear combination of class characteristics, plus a random disturbance
term. The characteristics of class j predicting coefficient s are collected in a vector
z; of, say, q, elements, corresponding with g, second level variables. It is not
necessary, therefor, that the same variables are used to predict different coefficients.
In(2)Z,=2,® ... ® Z,
the row vectors z; in the 1 X g, diagonal submatrices, and zeroes everywhere else.

i.e. Z,is the direct sum of the z;, the p X I{_; q, matrix with

Our previous model is the special case in which p =1 and x;; = 1 for all i and j, in

which q =2 and z;; = 1 for all j, and in which Gf and (’)J2 are the same for all j.

Observe that Assumption 4 generalizes the assumption that the second level

dispersions are inversely proportional to the class sizes. This multivariate version of



Assumption 4 seems more far-fetched than the univariate version we used earlier,
but we shall show that it retains the advantages of simple estimation and
interpretation. In order to interpret it, let's look at the ordinary least squares estimate
b, = (X‘ij)'lX‘jyj. By making the usual substitutions we see that ;> the scores for the

students in class j, satisfy

Y =Uy+ X5 +g;,
where 7y has pq elements, and U; = XZ,. It follows that E(®) = (X}Xj)'IXjE(yj) = E(b))
=7y, and VAR(b)) = (Xij)'lXjVAR(yj) Xj(X'ij)'l. Now y; is normal with dispersion
©1X(XX)'X; + 671 = AP, + 67Q,. Here P = X{(X;X)"X; and Q; = I - P;, while A} =
OJJZ- + 0'?, as usual. Thus VAR(b) = ka(X}Xj)'l, which is consequently very much like
the variance of the ordinary least squares estimate in the usual case.
The deviance is, except for irrelevant constants,

A =X {Indet (AP, + 67Q) + (y; - U)'AP;+ 6:Q) ' (y; - Um}.
Now

In det (\{P; + 67Q) =pIn A} + (n;-p) In &,

(AP +07Q)" = AP, + 67Q,.
It follows that

(y; - Uj'Y)'(XJ;P fha 032 Qj)-l(Yj -Uy) =

A(y; - Up'Py(y; - Upy) + 67(y; - Uy Qy; - Uy




Now P,U; = U, which means that Q;U; =0 . Also Pjy; = X;b;

7P

with b; the ordinary least
squares estimate, i.e. b; = (X;X;)’ 1X' i+ This means that

(y; - UD' AP+ 07Q) ' (y; - Upy) =
AP(b; - Zy)' XX (b, - Zjy) + 67y'Qy;
It follows that
est(y) = (52 est) *ZXXZ) 5L, est(h) “ZXXib;
est(A)? =3 (b - Zest(y))X;X(b; - Zest(y)),
est(c)) = n—; yJQJyJ

Thus no iteration is required to find the est(sz). If all dispersions are supposed to be

equal, ie. A7 = A? and o7 = 67, then no iteration is needed at all.
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