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ABSTRACT. In this note we compute derivatives of generalized
eigenvalues and singular values, and of the corresponding eigen
and singular vectors. These formulas have been around for a
long time in various places, and we collect them mostly for ref-
erence purposes. We discuss some applications to multivariate
analysis, and include R routines for doing the computations.
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1. INTRODUCTION

The generalized eigen problem for a pair of real symmetric matri-
ces A and B is defined by the system of equations

(1a) Ay = ABy,
(1b) v'By = 1.

Any solution (y,A) of is a generalized eigen pair, with y the
generalized eigen vector and A the generalized eigen value.

The generalized singular value problem for a triple of matrices P, Q
and R is defined by the system of equations

(2a) Rz = APx,
(2b) R'x =yQz,
(2¢) x'Px =1,
(2d) zZ'Qz =1.

The matrices P and Q are square and symmetric, and R is rectan-
gular. Any solution (x, z,y) of (2) is a generalized singular triple,
with x the generalized left singular vector, z the generalized right
singular vector and y the generalized singular value.

Now suppose A and B, or P,Q and R, are matrix valued functions
of a parameter 6. Then Equations define y and A implicitly as
functions of 0. Similarly, Equations define (x, z,y) as implicit
functions. Suppose 0 is a point where B is positive definite, the
eigenvalue A is real and simple, or a point where P and Q are posi-
tive definite and y is simple. Also suppose the matrix-valued func-
tions A and B, or P, Q, and R, are two times continuously differen-
tiable at 0. Then the implicit function theorem guarantees that the
eigen or singular values and vectors are differentiable at 9. Study-
ing the partial derivatives goes back more than 100 years to Lord
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Rayleigh’s work on vibrating strings and Schrodinger’s on quan-
tum mechanics. The Rayleigh-Schrodinger perturbation theory en-
tered the mathematical literature with the work of Rellich in 1937.
See [Kato, |1976; Baumgartel, |1985] for an historical overview, and
for many generalizations.

Derivatives of eigenvalues and singular values are of major impor-
tance in physics, in engineering for studying structural optimiza-
tion, in multivariate statistics, and in optimization theory. The
literature, especially in physics and engineering, is gigantic and
cannot possibly be reviewed in an article like this. We give some
selected references in perturbation theory, structural engineering
and applied mathematics that emphasize generalized inverses, like
we do, and discuss computational implications [Sun, [1985; (Chu,
1990; Sun, [1990; Wang and Wang, 1994; Wang, 1996; Andrew and
Tan, 1998; McCartin, 2003; |Zhang and Zhang, 2006]. They contain
many additional references, as well as generalizations to multiple
eigenvalues and asymmetric matrices.

In statistics the emphasis has always been on eigenvalue problems
for symmetric matrices. In the papers, for example, by Kollo and
Neudecker (1997a; |1997b) the algebra of differentiating eigenval-
ues and eigenvectors of symmetric matrices is treated, and the ap-
plication of these results to the asymptotics for sample covariance
and correlation matrices is discussed. They review earlier work of
Girshick, Anderson, Waternaux, Fang, Krishnaiah, Fukikoshi, and
Konishi. Also see Magnus and Neudecker| [1998, Chapter 8]. Many
other examples can be found in the multivariate analysis litera-
ture. We are interested, however, in treating the more general case
of eigenvalue and singular value problems with positive definite
weight matrices, where the weight matrices also depend on the
parameters. And we will try to avoid various specialized matrix
constructs such as Kronecker products and vec() operators.
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In optimization theory there is a large and growing literature deal-
ing with eigenvalue optimization, reviewed, for example, by [Lewis
and Overton [1996] and Lewis|[2003]. This literature concentrates
on the symmetric case, on second derivatives, and it emphasizes
methods based on convexity and on directional derivatives or sub-
differentials of non-smooth functions. Although our results can
be used for eigenvalue and singular value optimization, they are
clearly intended for statistical applications, more specifically as in-
put for the delta method of computing standard errors and confi-
dence regions [Van Der Vaart, 1998, Chapter 3].

2. COMPUTING PARTIAL DERIVATIVES

2.1. Generalized Eigen Value Problems. We first compute the deriva-
tives of the generalized eigenvalues. Remember we do this for a
parameter value for which the eigenvalue is simple, i.e. has multi-
plicity one, and for which B is positive definite. Generalization to

B positive semi-definite is fairly straightforward, but dealing with
multiple eigenvalues requires a more delicate theory.

Differentiate (1a) to get

0A 0y _ L0y 9B 0
30 TA%50 M50 T 507 59 BY

and collecting terms gives

(3a)

0y __0A 0B 0
(3b) (A—AB)E— (89 Aae)y+aaBy'
Premultiplying both sides by y’, and using (1a), gives the desired
result

oA , 0A OB
(4) ﬁ—y (%—A%)y-

Of course Equation is written for a single eigenvalue and for a
single parameter. But by introducing suitable subscripts it extends
immediately to multiple parameters and to more than one simple
eigenvalue. This is done in the R code in Appendix[Al Another easy
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extension would be if A depended on one set of parameters and B
depended on another. This can be handled easily by concatenating
the two sets of parameters and setting some of the partials equal
to zero.

We now solve for the partials of the generalized eigen vector
y. Suppose Y is a complete set of generalized eigen vectors, i.e.
Y is a non-singular matrix with AY = BYA and Y'BY = I. The
diagonal matrix A contains the generalized eigen values, and vy is
one of the columns of Y, say column s. So Y~y = ey, a unit vector
with all elements equal to zero, except the s element which is
equal to one.

For our computations we define the symmetric generalized inverse
(A-AB)” = Y(A - AD'Y’, where (A — AI)* is the Moore-Penrose
inverse. Thus (A — AI)*e; = (A — Al)es = 0. It is easy to check that
(A — AB)~ satisfies the first two Penrose conditions

(5a) (A-—AB)"(A-AB)(A—AB)" = (A—-AB)",

(5b) (A—AB)(A—-AB) (A - AB) = (A - AB),

but the third and fourth Penrose conditions are generally not sat-
isfied. In fact

(6) (A—AB)"(A—AB) = (A—-AB)(A—-AB)"~
=Y -eel)Y '=1-vyy'B,

where the last equality follows from Y'BY = I, which gives Y~ ! =
Y’'B. We also see that

(7) (A=AB) By =Y(A-AD'Y' (Y) 'y 1y =
=Y(A—-AlTes = 0.

Now premultiply both sides of by (A — AB)~. Then, using
both (6) and (7),
0A

®) (- yy'B) 2 = —(a-AB)~(55 -2 D)y,
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Differentiate to get

, 0B 0 0Y _
or
0y _ 1 ,0B
(Ob) YEB50 =727 50
Using in (8) gives
0V _ o ap-OA 3B, 1,08

2.1.1. Symmetric Eigen Problems. Equations and are our
results for the first partials. We specialize them to ordinary eigen-
value problems, If B does not depend on 6 then

oA , 0A
(1) 30~ 20”

oy _0A
(11b) =5 = —(A=AB)” =5 .

If in addition B = I, i.e. if we have an eigen problem for the matrix
A, then

(12) Y _ _a-an+94,,

where the generalized inverse is now a Moore-Penrose inverse. These
are the classical results that can be found in the books of Wilkin-
son [1965] or Magnus and Neudecker [1998]. Again they extend
easily to parameter vectors 0 and to considering several eigenvec-
tors simultaneously.
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2.2. Second Partials. Although second partial derivatives are not
needed for computations of confidence intervals and standard er-
rors, they can be used in bias correction and in eigenvalue opti-
mization. If we differentiate again we find

ot "ot 000
0\ 0y OA, 0y ONOB_ 0A 3B
e300 s Tt a0” Ta0 Y

A (A OB
ogo0  \ogoo  “ogae )

24Oy (34 0BV DY (g 0
(13) ( A )ae+ 20 230) oF HA-AB)

This can be solved for the second partials of the generalized eigen-
values. After some simplification we find

2 2 2
(14) 02A y,(aA 2\33)3”r

ocoo - \ogoo ~ “ozoo
,(0A 0B (0A 0B
-2y (ag‘%g)m_w) (ae‘%@)y_
,(9A 0B  0A 0B
0 00 "o00g)”

It is also possible, although somewhat painful, to solve (13) for the
second partials of the eigenvectors. In this case the simplifications
if B is a constant, or the identity, are quite dramatic.

2.2.1. Generalized Singular Value Problems. The generalized sin-
gular value problem solves a system of equations of the form (2).
Here R is a real n X m matrix, while P symmetric of order n and Q
symmetric of order m. We can suppose without loss of generality
that n > m.
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Define
_® R_
A= ,
R &
_P ®_
B = ,
g Q
1 X
y=\/§{ } ’
2 z

and, using these, the generalized eigenvalue problem Ay = ABYy,
with y'By = 1. Then solving the generalized singular value prob-
lem can be done by solving the generalized eigenvalue problem,
and vice versa.

More precisely, suppose

(15a) RZ = PXT,
(15b) R'X =QZT,
(15c¢) X'PX =1,
(15d) 72'Q7Z =1,

where Z and A are m X m, A is non-negative, and X is n x m.
Define

Wex  vex Xl}

(16a) Y:{;ﬁz —%\/?Z 2

where X, is the m X (n — m) matrix satisfying X'PX, = & and
X PX, =1, and define

r o @
(16b) A=|10 I ©
0 O 9

Then AY = BYA with Y'BY = I.



10 JAN DE LEEUW

From our previous results on generalized eigen problems

It follows that

18) dy _oR_ 1 (,ap

20~ X s0°  2Y

as well as

2 - op 3R

ag) |aw|-_|7YP R Tyge e |+
oz R —y0 kR o ||,
20 y ? Y 30

1 ,0P ,0Q X
—— (X' —=x+zZ = .
21X 30X 1% 397 {z}
Instead of using the generalized inverse of an (n + m) x (n + m)
matrix in it is computationally more sensible to use and
use smaller matrices. We find

—yP R |
(20) , =
R" -yQ
YX(T2 - y?D*X - SX, X XT(% - y2D)*Z'
ZT(I? — y2D)* X’ yZ(I2-yn+z' |’
Unfortunately, no matter how we manipulate the equations, they

do not really simplify beyond this. But writing a computer program
is relatively simple (see Appendix[A).

2.2.2. Singular Value Problems. If P and Q are constant, and equal
to the identity I, then X and Z are orthonormal. In that case

(21) -yP R | _|y®RR -y’D* RRR-yD*
R’ _yQ - (R’R_yZI)+R/ y(R,R—yZI)+ .



EIGEN DERIVATIVES 11

Consequently

(22a) gg =x' gg z,

(22Dh) g’; = y(RR —y*’I)* gg Z+R(R'R-y’D)" aalg X,
(22¢) g; = (R'R-y*I)"R’ gg z+yRR-y*I" aagx.

This agrees with the results given for the singular value decompo-
sition, for example, in [Papadopulo and Lourakis| [2000] and |O’Neil
[2005], although their notation is slightly different.
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3. PROBLEMS LINEAR IN THE PARAMETERS

Consider a generalized eigenvalue problem of the form Ay = ABYy,

where
K
A= prAs,
k=1
and
K
B = Z Pk Bk
k=1

Since the matrices are linear in the parameters computing the deriva-
tives is relatively simple. We find

oA ,
(23a) 3 2= Vs (Ag — AsBi) ys,
Pk
ays - 1 /
(23b) T}Ok = —(A - AsB) (Ax — AgBy) s — (EysBkys)ys-
Observe

k
oA

> Piy = = 0.

k=1 Pk

This also follows from the fact that the eigenvalues do not change
if we multiply p by a constant, i.e. eigenvalues are homogeneous
of degree zero and we can apply Euler’s Theorem. In the same way

k
0ys 1

which also follows from Euler’s Theorem if we realize that normal-
ized eigenvectors are of degree —%.

3.1. Asymptotic Statistics. In a statistical context, suppose we have
a discrete random variable that takes as values the matrix pairs
(Ag, Bx), with probabilities 1ry. The pj are then the observed pro-
portions in a sequence of N independent trials, and thus they are
asymptotically normal. More precisely, we assume there is a se-
quence of random variables | with py as a realization of p N
such that
UN(p,, - )% N (0,11 - 1r71"),
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where IT is the diagonal matrix with the elements of 7t on the diag-
onal.

First look at the eigenvalues, for which the situation is much sim-
pler than for the eigenvectors. Using hats for observed valued, we
estimate the dispersion matrix by

0A;
opk

e

k
NACov(A;,A¢) = > pr
k=1

Pk=Pk 0Pk Pk=Pk

This means, from the computational point of view, we construct
the K x p matrix U with elements
aks = _’)A’S(Ak - AsBk)_')A’s;

and then n ACov(A,, A,) = U'PU.

For the eigenvectors the formulas are, as usual, more complicated.
We have

1

0y; o
Vit _Zyisyit-

Pr=Pk 0Pk

ayis
opk

k
NACov(Yis, Yit) = Z Pk
k=1

Prk=Pk

For computation we can construct the K x n matrices T, with ele-
ments

{Tehey = {(A = AsB) ™ (Ar — AcBr) Fs} .

Put the p matrices T, that we need next to each other in a K X
np matrix T, then the asymptotic covariances we are looking for
can be selected from the covariance matrix computed from the
columns of T, i.e. from T'(P — pp")T.

Observe, however, that in order to compute T we need to compute
all eigenvalues and eigenvectors, which we need for (A — JA\SB)*.
Much of the literature we reviewed in earlier sections deals with
ways to avoid having to compute a complete decomposition, for
example by using iteration methods.
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3.2. Reindexing. It is of some importance that instead of indexing
the matrices Ay and By, and weighting them by the proportions py,
we can also index them by observation i and use obvious identities
such as
K 1 n
A= pA=—> A
k=1 L

This type of indexing may be preferable for computational pur-
poses, for example if the number of observations » is much smaller
than K = 1_[;":1 k ;, the number of possible profiles.

3.3. Interesting Special Cases.

3.3.1. Multiple Correspondence Analysis. In multiple correspondence
analysis (MCA), for instance, the Ay are of the form g, g, where the
Jk are binary profile vectors for m categorical variables. Thus the
gk are m concatenated unit vectors, each of length kj, where k; is
the number of categories of variable j. The vectors gx have ZT: 1 kj
elements. The By are defined as Gy = diag(g,g;). Thus A is the
Burt matrix [Burt, 1950], and B is its diagonal.

In MCA we are mostly interested in the asymptotic covariances of
the eigenvalues and the asymptotic covariances of corresponding
it" elements from different eigenvectors. The covariance matrix of
these eigenvector elements can be used to draw confidence ellip-
soids around the points in the the biplots, as in |Gifi [1990, Section
12.1.1]. The formulas will be incorporated in the next version of De
Leeuw and Mair| [2008a]. The implementation is in Appendix[A.3]

3.3.2. Correspondence Analysis. Derivatives of the singular values
and vectors in ordinary correspondence analysis have been con-
sidered by |O’Neill [1978albl; Kuriki| [2005]. We can either use the
generalized eigenvalue formulation for the Burt matrix, with only
two blocks, or we can use the generalized singular value decompo-
sition formulas. In both cases the matrices are linear in the propor-
tions, and basically the same techniques apply as discussed above.
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The singular value method is incorporated in De Leeuw and Mair
[2008b]. The code is in Appendix[A.2]

3.3.3. Covariances and Correlations. If a discrete random variable
takes vector values s, with probabilities 7Ty, then the sample co-
variance is

k(xy —m)(xy —m),

||MN

where

K
m= > prxi.
k=1

Of course m depends on the py and this should be taken into ac-
count when computing derivatives. But for first order asymptotic
statistics we can treat m as if it was a vector of constants. The
eigenvalues of the correlation matrix are the generalized eigenval-
ues of the pair A and B = diag(A). Basically, the same formulas
and the same computations apply as in the correspondence anal-
ysis case. If it is desirable, we can switch again from indexing by
profiles x; to indexing by observations x;.

3.4. Scaling the Vectors. If we make plots of the eigenvectors of
generalized eigenvalue problems, we often scale them by using y =
VAy, so that §'B¥ = A. Of course

oy 11 0A 0

0" 2me0” N Gg
and these partials can be readily computed from the ones we al-
ready have.
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APPENDIX A. CODE

The two major functions in the code below are gevdDer ()and
gsvdDer (). The other functions are support and help functions,
and some extensions.

gevdDer () does a generalized eigenvalue analysis of a pair (A, B at
a point 0. The function has four required function arguments that
the user needs to provide. The first two a() and b() return the
value of the matrices at the parameter values, the second two da()
and db () return the partial derivatives at the parameter value.

Note that if A and B are of order n and we have K parameters and
look at s eigenpairs, then da() and db() must return arrays of
dimension n X n x K. gevdDer () returns a list with the generalied
eigenvalues in gd, the generalized eigenvectors in gv, the partial
derivatives of the s eigenvalues we have selected in the s x K matrix
d1, and the partial derivatives of the eigenvectors in the n x s X K
array dy.

gsvdDer() does a generalized singular value decomposition of
the triple (P,Q,R). It needs six function arguments to compute
the matrices and their derivatives, and it returns the three compo-
nents of the singular value decomposition with their three blocks
of derivatives.

The two additional function gevdScal () and gsvdScal () scale the
length of the eigenvectors relative to the eigenvalues. For the func-
tion gevdScal() we use ¥ = v/Ay. The function also returns the
derivatives of the scaled eigenvectors.

For the function gsvdScal () we can choose between four options.
In Benzécri scaling we set X = xy and Z = zy. In Goodman scaling
this becomes X = x,/y and Z = z,/y. In row-column scaling we use
X = x and Z = zy, while in column-row scaling it is X = xy and
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Z = z. For all four cases the function returns the scaled singular
vectors, together with their partial derivatives.

The use of gsvdDer() and gsvdScal() is illsutrated in a second
code chunk, which gives a correspondence analysis program with
asymptotic dispersion matrices and plots of 95% confidence el-
lipses. This is spaghetti code, a much improved version will be
published as a CRAN package.

A.1. Package.

diffEigen package
Copyright (C) 2007 Jan de Leeuw <deleeuw@stat.ucla.edu>
UCLA Department of Statistics, Box 951554, Los Angeles, CA90095-1554

This program is free software; you can redistribute it and/or modify
it under the terms of the GNU General Public License as published by
the Free Software Foundation; either version 2 of the License, or

(at your option) any later version.

This program is distributed in the hope that it will be useful,
but WITHOUT ANY WARRANTY; without even the implied warranty of
MERCHANTABILITY or FITNESS FOR A PARTICULAR PURPOSE. See the

GNU General Public License for more details.

You should have received a copy of the GNU General Public License
along with this program; if not, write to the Free Software
Foundation, Inc., 675 Mass Ave, Cambridge, MA 02139, USA.

HOH O OH OH OH OH OH O OH OH O H KR K HE R KK

version 0.0.1, 2007-12-15 Initial Alpha Release
version 0.0.2, 2007—-12—-16 Added scaled versions of vectors

S

# gevd compute the generalized eigenvalue
# decomposition for (a,b)

gevd<—function (a,b=diag (nrow(a))) {

bs<—mfunc(b, function (x) ginvx(sqrt(x)))
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ev<—eigen (bs%=%a%=%bs )
return (list (gvalues=ev§values, gvectors=bs%:%ev$vectors))

# gsvd computes the generalized singular value
# decomposition for (r,p,q)

gsvd<—function (r,p=diag(nrow(a) ) ,g=diag(ncol(a))) {

ps<—mfunc(p, function (x) ginvx(sqrt(x)))
gs<—mfunc(g, function (x) ginvx(sqrt(x)))

sv<—svd (ps%:=%r%:%qs )

return (list (gd=sv$d, gu=ps%:=%sv$u, gv=qs%:%svsv) )

# ginvgevd: the (1,2) inverse needed for derivatives of
# generalized eigenvectors

ginvgevd<—function(ge,ind) {
y<—ge$gvectors; v<—ge$gvalues—(ge$gvalues|[ind])
return (tcrossprod (y%:=%diag (ginvx(v)),y))

# ginvgsvd: the (1,2) inverse needed for derivatives of

# generalized singular vectors

ginvgsvd<—function(gs,p,ind) {
x<-gs$gu; z<—gs$gv; gme—gs$gd; gi<—gml[ind]
ivli<—(ginvx(gm-gi)+ginvx(—(gm+gi)))/2
iv2<—(ginvx (gm-gi)—ginvx(—(gm+gi)))/2
n<—nrow(x) ; nk—nrow(z)

a<—matrix (0 ,n+m, n-+m)

b<—tcrossprod (z%=%diag (iv2) ,x)
all:n,n+(1m)]<=t(b); aln+(1m),l:nl<-b

a[n+(1m) ,n+(1m) ]<—tcrossprod (z%=%diag (ivl) ,z)
al[l:n,1:n]<—tcrossprod (x%:%diag (ivl) ,x)
all:n,1:n]<—a[l:n,1:n]—(solve(p)—tcrossprod(x))/gi

return(a)

# gevdDer: generalized eigenvalue decomposition plus derivatives
# needs four functions to compute a, b, da, and db

gevdDer<—function (par, aPar,bPar,daPar,dbPar,ind=1) {
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75 a<—aPar(par); b<—bPar(par); da<—daPar(par); db<—dbPar(par)
76 nord<—nrow(a); neval<—length (ind); npars<—length (par)

77 ge<—gevd(a,b); gv<—ge$gvectors; gd<—ge$gvalues

78 dl<-matrix(0,neval ,npars); dy<—array(0,c(nord,neval,npars))
79 for (i in 1:neval) {

80 j<=ind[i]; y<=gv[,jl; lb<=gdl[j]

81 dl[i,]<—apply(da-lbxdb,3,function(x) y%=%x%:=%y)

82 auxO<—ginvgevd(ge,j)

83 auxl<—apply (da—-lb=db, 3 ,function (x) aux0%:%x%:%y )
84 aux2<—outer(y,apply(db,3,function (x) y%:=%x%:%y))/2
85 dy[,i,]<——(auxl+aux2)

86 }

87 return (list (gd=gd, gv=gv, dl=dl,dy=dy, ind=ind))

88 }

89

90 # gsvdDer: generalized singular value decomposition plus derivatives
91 # needs six functions to compute p, q, r, dp, dq, and dr
92

93

94 gsvdDer<—function (par, pPar, gPar,rPar,dpPar,dqgPar,drPar,ind=1) {

95 p<—pPar(par); g<—qPar(par); r<—rPar(par)

96 dp<—dpPar(par); dg<—dqgPar(par); dr<—drPar(par)

97 nrows<-nrow(p); ncols<—nrow(q); neval<—length(ind); npars<—length (
par)

98 gs<—gsvd(r,p,q); gu<—gs$gu; gv<—gs$gv; gd<—gsSgd

99 dl<-matrix(0,neval ,npars)

100 dx<—array (0,c(nrows,neval ,npars)); dz<—array(0,c(ncols,neval,npars))

101 for (i in 1l:neval) {

102 j<=ind[i]; x<=gul,jl; z<—gvl,jl; gi<—gdl[j]

103 xz<—rbind (cbind (x) ,cbind(z))

104 dpx<—apply (dp, 3 ,function (d) x%=%d%=%x)

105 dqz<—apply(dq, 3 ,function (d) z%=%d%=%z)

106 dl[i,]<—apply(dr,3,function(d) x%=%d%:%z)—gi=(dpx+dqz)/2

107 auxO<—ginvgsvd (gs,p,j)

108 kv<—array (0, c(nrows+ncols ,nrows+ncols ,npars) )

109 kv[1:nrows,1:nrows,|<—gi=dp

110 kv[1:nrows,nrows+(1:ncols) ,]<—dr

111 kv[nrows+(1:ncols) ,1:nrows,]<—aperm(dr,c(2,1,3))

112 kv[nrows+(1:ncols) ,nrows+(1:ncols) ,]<—gi=dq

113 auxl<—apply (kv, 3, function(d) aux0%=%d%:%xz )

114 aux2<—drop (outer (xz, (dpx+dqz)/4))

115 dxz<——(auxl+aux2)

116 dx[,i,]<—dxz[1:nrows,]
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dz[,i,]<—dxz[nrows+(1:ncols) ,]

}
return (list (gd=gd, gu=gu, gv=gv, dl=dl,dx=dx,dz=dz, ind=ind))

# gevdScal: generalized eigen value decomposition with eigen vector
# length scaled to generalized eigenvalue

gevdScal<—function(ge) {
gd<—ge$gd; gv<—geSgv; dl<—ge$dl; dy<—ge$dy
dys<—dy; gvs<—gv; ind<—ge$ind; neval<—length (ind)
for (i in 1:ncol(gv))
gvs[,il<—gv[,il=sqrt(gd[i])
for (i in 1:neval) {

j<=ind[1i]
dysl,i,l<=1/(2=sqrt(gd[j]))=outer(gvl,jl,dl[i,])+sart(gdl[j])
=dy[,1,]
}
return (list (gd=gd, gv=gvs, dl=dl,dy=dys, ind=ind))

}

# gsvdScal: generalized singular value decomposition with singular vector

# length scaled to generalized singular value (in four ways)

gsvdScal<—function(gs, scal="be") {
gd<—gs$gd; gu<—gs$gu; gv<—gs$gv
dl<—gs$dl; dx<—gs$dx; dz<—gs$dz
dxs<—dx; dzs<—dz; gus<—gu; gvs<—gv
ind<—gs$ind; neval<—length (ind)
if (scal=="be") {
for (i in length(gd)) {
gus|,il<—gul,i]=gd[i]
gvs[,il<=gv[,il=gd[i]
}
for (i in 1:neval) {
j<=ind[i]
dxs[,i,]<—outer(gul,j],dl[i,])+gd[]j]=dx[,i,]
dzs|[,i,]<—outer(gv|,jl,dl[i,])+gd[]j]=dz[,i,]
}
}
if (scal=="go") {
for (i in length(gd)) {
gus[,i]<—gul,i]=sqrt(gd[i])



159
160
161
162
163

164

165
166
167
168
169
170
171
172
173
174
175
176
177
178
179
180
181
182
183
184
185
186
187
188
189
190
191
192
193
194
195
196
197

24 JAN DE LEEUW

gvs[,i]<—gv[,i]=sqrt(gd[i])
}
for (i in 1:neval) {

j<=ind[i]

dxs[,i,]<=1/(2xsqrt(gd[j]))=outer(gul,j],dl[i,])+
sqri(gd[j ) =dx[,1,]

dzs[,i,]<=1/(2xsqrt(gd[j]))=outer(gv([,j],dl[i,])+
sqri(gd[j])=dz[,i,]

}
if (scal=="rc") {

for (i in length(gd)) {
gvs[,il<—gv[,i]=gd[1]
}

for (i in 1:neval) {
j<=ind[i]
dzs[,i,]<—outer(gvl[,jl,dl[i,])+gd[jl=dz[,i,]
}

}

if (scal=="cr") {

for (i in length(gd)) {
gus[,i]<=gul,i]=gd[i]
}

for (i in 1l:neval) {
j<=ind[1i]
dxs[,i,]<—outer(gul,jl,dl[i,])+gd[j]=dx[,1,]
}

}

return (list (gd=gd, gu=gus, gv=gvs, dl=dl, dx=dxs,dz=dzs, ind=ind) )
}

# ginvx is a helper to compute reciprocals

ginvx<—function (x) {ifelse(x==0,0,1/x)}

# mfunc is a helper to compute matrix functions

mfunc<—function (a, fn=sqrt) {

e<—eigen(a); y<—e$vectors; v<—e$values
return (tcrossprod (y%:=%diag (fn(v)),y))
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A.2. CA.

source("diffEigen.R")
library (car)

myAnaCor<—function (data,ind=2:3,scal="no") {

nr<—nrow(data) ; nc<—ncol(data); nn<—nr=nc

mOff<—array (0,c(nr,nc,nn))

mRow<—array (0,c(nr,nr,nn))

mCol<—array(0,c(nc,nc,nn))

freq<—rep(0,nn)

k<—1

for (i in 1:nr) for (j in 1:nc) {
mOff[i,j,k]<—1
mRow|[i,i,k]<=1
mCol[j,j,k]<-1
freq[k]<—datali,j]
k<—k+1

}
N<—sum(freq)
prop<—freq/N
rpar<—function (p) {
res<—matrix (0 ,nr,nc)
for (k in 1:nn) res<—res+p[k]+mOff[, k]
return(res)
}
ppar<—function(p) {
res<—matrix (0 ,nr,nr)
for (k in 1:nn) res<—res+p[k]+mRow[, k]
return(res)
}
gpar<—function(p) {
res<—matrix(0,nc,nc)
for (k in 1:nmn) res<—res+p[k]=mColl[,, k]
return(res)
}

drpar<—function (p) return(moOff)

dppar<—function (p) return (mRow)

dgpar<—function (p) return(mcCol)

gs<—gsvdDer (prop, ppar, gpar, rpar ,dppar, dgpar, drpar,ind)

if (!(scal=="no")) gs<—gsvdScal(gs,scal=scal)
gdl<—gs$dl

acovd<—gdl%:%(prop=t(gdl))/N
acovu<—array(0,c(2,2,nr))

25
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gdx<—gs$dx

for (i in 1:nr) {
gdxi<—gdx|[i,,]
gdxs<—drop ( gdxi%:=%prop )

acovu|,,i]<—(gdxi%=%(prop=t(gdxi))—outer(gdxs,gdxs))/N
}

acovv<—array(0,c(2,2,nc))

gdz<—gs$dz

for (i in 1:nc) {
gdzi<—gdz[i, ,]
gdzs<—drop (gdzi%=%prop)
acovv|,,il<—(gdzi%:%(prop=t(gdzi))—outer(gdzs,gdzs))/N
}

return (list (gs=gs,acovd=acovd,acovu=acovu,acovv=acovv,ind=ind))

}

myAnaPlot<—function (myAna, conf=.95) {
rad<—sqrt(qchisq(conf,2))

gv<-myAna$gs$gv; gu<-myAna$gs$gu

nr<—nrow(gu) ; nc<—nrow(gv); ind<—myAna$ind
pdf("colPlot.pdf")

plot(gv[,ind],xlab="Dim 1" ,ylab="Dim_2",type="n")

for (i in 1:nc) ellipse(gvl|i,ind],myAna$acovv|,,i],rad)
dev. off ()

pdf("rowPlot.pdf")
plot(gu[,ind],xlab="Dim_1",ylab="Dim_2" ,type="n")

for (i in 1:nr) ellipse(guli,ind],myAna$acovul,,i],rad)
dev. off ()

}

A.3. MCA.

source("diffEigen.R")

source ("preProcess.R")
library (car)

myAnaProf<—function (profiles , freq,ind=2:3,scal=TRUE) {
nr<—nrow( profiles); nn<—ncol(profiles)
mA<—array(0,c(nn,nn,nr))

mB<—array (0,c(nn,nn,nr))

k<—1

for (i in 1:nr) {
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12 tt<—profiles|[i,]

13 mA[, ,k]<—outer(tt, tt)
14 diag (mB[, ,k])<-tt

15 k<—k+1

16 }

17 N<—sum(freq)

18 prop<—freq/N
19 apar<—function(p) {

20 res<—matrix(0,nn,nn)

21 for (k in 1:nr) res<—res+p[k]=mA[, k]
22 return(res)

23 }

24 bpar<—function(p) {

25 res<—matrix (0 ,nn,nn)

26 for (k in 1:nr) res<—res+p[k]=mB[, k]
27 return(res)

28 }

29 dapar<—function(p) return(mA)

30 dbpar<—function(p) return (mB)

31 gs<—gevdDer(prop, apar,bpar,dapar,dbpar,ind)
32 names(gs)

33 if (scal) gs<—gevdScal(gs)

34 gdl<—gs$dl

35 acovd<—gdl%:%(prop=t(gdl))/N

36 acovy<—array(0,c(2,2,nn))

37 gdy<—gs$dy

38 for (i in 1:mm) {

39 gdyi<=gdy[i,,]

40 gdys<—drop (gdyi%:=%prop )

41 acovy|,,il<—(gdyi%:=%(prop=t(gdyi))—outer(gdys, gdys))/N
42 }

43 return(list(gs=gs,acovd=acovd,acovy=acovy,ind=ind))

44 3

45

46 myProfPlot<—function (myMC, conf=.95){

47 rad<—sqgrt(gchisg(conf,2))

48 gv<-myMCS$gs$gv

49 nn<-nrow(gv); ind<-myMC$ind

50 pdf("profPlot.pdf")

51 plot(gv|[,ind],xlab="Dim_1",ylab="Dim 2", type="n")

52 for (i in 1:nn) ellipse(gv[i,ind],mMC$acovy|[,,i],rad)
53 dev.off ()

54 }
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