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SUMMARY

In the past few years there has been an increaéing tendency in psychological
scaling theory towards emphasizing only qualitative and/ or ordinal features
of data structures. As a matter of fact, most psychological data do indeed
arise in a straightforward manner from simple classifications (right—wrong,
yes-no, greater than-less than). These new measurement models have some
remarkable properties in common: 1) they are all special cases of general
conjoint measurement,'Z) they can be formulated quite rigorously in terms of
a partial order over the cartesian product of some finite number of sets, and
3) numerical representations can be derived by some general algorithms, which

are applicable, at least in principle, to every member of this class of models.,

An imporfant class of algorithms consists of measurement—-oriented algorithms
that seek to find an optimal fit to a nonmetric measurement model, which
amounts in most cases to finding the maximum solvable subset of some system
of inequalities. In this baper we discuss a fundamentally different class of
algorithms the principal aim of which is data reduction. Elsewhere we have
called them psychometric algorithms, The general approach, maximizing a
generalized correlation coefficient, is applied to some particular cases
like simple quantification (ch II), additive conjoint measurement and non
metric factor analysis (ch III), multiple relational systems and multiway
matrices (ch IV). A short overview of a series of computer programs is given,
as well as some examples of the various special cases.
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Chapter I

INTRODUCTION

-1e1-

The current developments in measurement theory have casted doubt on the
rigourous distinction between quantitative and qualitative data. In the
terminology of Scott & Suppes (1958) or Suppes & Zinnes (1963), it is more
useful to distinguish between fundamental and derived measurement. In derived

§§nwasurement we operate on numbers that have been obtained by applying funda~

<

v mental measurement procedures (in most cases extensive mcasurement) to the
\\\relevant relational systems. In fundamental measurement we operate on the
relational sytems directly, and these relational systems constitute the

so~called qualitative data. Long before these concepts from measurement theory

“"’? C @/z

were available, the distinction between quantitative and qualitative data had

/

€y

already been attacked by Gutitman, "It is only that most of us have been exposed

exclusively to certain algebraic manipulations that we conceive such manipula~

tions to be the essence of mathematics. A more sophisticated view is to regard

‘z mathematics as unveiling necessary relationships that arise from classirfications.
% .Much useless discussion of mathematics as a 'to0l! in social research could
Sy be saved by recognition of the fact that qualitative classifications lead to
&;\ Just as rigorous implications as do quantitative.”(Guttﬁan, 1944, p 139). In
later papers Guttman continued criticizing the textbooks on psychological
statistics, that treated qualitative data as inferior to coontitative data
(Guttman 1950a, p 193); and he contrasted their treatment of qualitative data
with that of Yule (1910), As Burt (1953, p 10) has pointed out, British
psychometricians have been considerably more liberal in their treatment and
interpretation of qualitative data, more in line with the practics of

statisticians (Burt gives some familiar examples Trom statistics and proba—

bility theory, where quantitative and qualitative data are treated alike,

using devices such as measure theory, Stieltjes integrals and generalized

correlation coefficients).”Despite this discussion, desnite the continuing



contributions of statisticians (of Kendall & Stuart, vol II, ch 33) and

s despite the elegant methods both Guttman and Burt proposed to quantify nominal
data (Guttman 1941v, 1946, 1950, 1959a) or even to factorize them (Burt 1950),
some psychologists continued +o treat classificatory variables a8 non~gcalable

and useful only in combination with quantitative variables., Their usefulness

| in that context can hard¢ly be denied, because analysis of variance, analysis
of covariance, as well as discriminatory analysis, are based on the combina~
tion of classificatory and numerical variates. A very neat analysis of the

interrelations of both types of data is given in the articles by Guttman

\ (1941a) and Tubin (1950),
~1.2~

Thanks to the developments in measurement theory, the work of Coombs and his

associates, and Kendall's contributions to ranking theory, there is at least

one type of qualitative data, that has been universally accepted as scalable
and useful. If the relation in our empirical relational system is a partial
order, then there are s number of respectable scaling methods which can be
used to analyze the system. The contributions of Coombs, summarized in Coombs
(1964), have been very important from a historical and systematical point of
view, but his analytic techniques were already,out of date before they were
even universally accepted and used. One of the reasons was the invention of
a practical computing routine for nommetric multidimensional scaling by
Shepard (1962), and the perfection and generalisation of his method by
Kruskal (1964a,b) and Guttman & Lingoes (Guttman 1967, 196~, Lingoes 1967,
196—). They constructed computer oriented routines, with which all ordinal
problems can, at least in Principle, be solved, For a discussion and critique
of these algorithms, and a Presentation of some alternatives, see De Leeuw

(196~ a). Their enormous generality is due to the fact that all these non—

metric problems can be shown to be particular cases of general conjoint
measurement (Tversky 1967, Krantz 1967). The superiority of these computer

algorithms to the techniques proposed by Coombs is proved by Shepard!s

A d B
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lionte Carlo studies on the determinateness of nonmetric scaling and factor
analytic solutions (Shepard 1966). As Guttman, more than 25 years after his
pioneering contributions to nonmetric methodology, observes: "In order to
comprehend great complexities, it proves to be effective and powerful to

focus only on most qualitative features; from these can be derived actual
metric consequences, with no special assumptions." (Guttman 1966a, p 510),
~1.3=

A partial order is a binary relation. It has some special characteristics
(transitivity,x$g§;metry, reflexivity), which make it attractive for measure-—
ment theoreticians, mainly because the theory of partially ordered groups

and rings is already a highly developed part of abstract algebra, The general
quantification technique proposed by Guttman in 1941 can, however, be applied
(with some adaptations) to ordered data that arise for example in the analysis
cf paired comparisons (Guttman 1946). It can also be applied, with very
interesting results, to scalogram analysis (Guttman 1950b, 1954, Burt 1953).
Scalogram analysis is the first example of a fully developed additive conjoint
measurement model in psychometric literature, i.,e. it is based on order
relations between elements of two different sets, The feasability of Guttman's
technique, and of the similar technique proposed in this paper, for analyzing
partial orders, is based on the relationship between partial orders and a
certain type of matrix. Suppose the data consist of the relational system
<A,B,%;>, where A and B are finite sets with respectively n and m elements,

and wherej% 1s a partial order. Define the nxm dominance matrix Z,y with
(]

AN
Zij =0 & ai=o bj F— ai>/°bj & bj >/o.ai
Zij = -1& bj >Q a,

Some familiar applications of this matrix are its use in the Coombs-Hays
method of nonmetric euclidean scaling and in the theory of generaligzed

correlation coefficients (Daniels 1944, Kendall 1962),




~1ed=

The kind of data for which scalogram analysis was developed, inspired other
writers, for example Lingoes (1963a) and Coombs.& Kao (1955). In the sequel
these data will be called relational data, a more satisfactory term than
either ordinal, categorical, nominal, or qualitative data. A formal descrip-
tion of relational data can be given in terms of cartesian products, ordered
n-tuples, binary of more general relations, and relational systems. This
conceptual system has already proved its usefulness in measurement theory
(Suppes & Zinnes 1963), in facet theory (Gutitman 1959a, 1961, 1966b, 1967,
Foa 1965, Lingoes & Véndenbergh 1966, Wish 1965), and in data theory (Coombs
1964), In the following chapters some important relational systems, corres-

ponding with the most common data matrices, will be considered.

ottt
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Chapter II
GENERAL CASE: SIMPLE QUANTIFICATION
—2 4 ]

Let A and B be two finite sets, i.e.
A &{a1,“.,ai"..’an}

B = {)1,oongbj,oo.ybm}

The set A is defined as a subset of the cartesian product A x B. Let # denote
the indicator of this subset, i,.e.
16 (agp)€ A

@(ai,bj)¢ A (a0 )€8 xB -

The values of this function

¢t: AxB -y {0,1}
can be portrayed in an nxm matrix E = {eij} sy in which ei'_‘.| = (t)(ai,bj). This

¢(ai’bj) =

matrix E is called the attribute or trait matrix by Lingoes (196~). We shall
call it the indicator-of-cartesian-product, or ICP-matrix. This ICP-matrix
is thus defined in terms of the facets A and B, in conjunction with some
binary relation REA x B, In summary

eij 1& ¢(ai,bj) 1& (ai,bj)e A@ainj

®5 4 o0& 4)(ai,bj) = o0& (ai,bj)¢AQ—sainj

The technique discussed in this éhapter quantifies the facets A and/or B by

it
]

-

mapping them into Euclidean multidimensional space. llore explicitly, we
construct functions

hig :.A—ajRep = Re x see X Re (p times)

g :IB-éjReq = Re X o»o X Re (q times)
in such a way that some rational criterium is optimized.
D2
The matrix I contains all information in the relational system.(A,B,R>', and
vice versa., The relation R has a complement with respect to A x By, which may
be called not-R, or R. Evidently

R=AxB-A

A4



or
ainj@ - ainj
In the same way as <QHI%EQ> defines E, the relational system.<h,B,§> defines
an ICP-matrix H, which is the opposite of E, in the sense that
hij =1& 5 = 0
= O A
hij 0 & ®s 5 1

or, equivalently,

ij + elj = 1 for all i:1yv..7n; j=1,.o¢,m

We shall adopt the convention in this (and other) papers to write J ., for an

nxm matrix, with each element equal to unity., In the same way, jn is an

n-element vector, with jiz‘l for each i. When no confusion is liable to arise,

1 . 2

subscripts will be droppea. For example jnjn =n, J__j = mjn, j'Jnnj % n,

nm*m
In this notation
H=J ~ &

The elements of the matrix Q=E -~ H=2E ~J satisfy

= - l — i o
qij = 1& eij =1& hij =0& ainjH -vainj
Pt = = 2 3 3
44 =1 €55 o0& by 1& aihbj{:)—naihbj

Because Q is complétely determined by E,'it is just another scoring system
for \/A,B,R> » but our discussion makes it possible to talk in terms of
differences between relational systems. In some cases, however, it will be
both useful and meaningful to use relations R and Sy which do not necessarily
exhaust A x B, and/or which are not mutually exclusive, i,.e.

RUs C A x B

RS # B

A familiar example is the weak partial order), « Define

5 = 1 & ai> bj s Ootherwise eij =0
hij = 18 bj >/ a; ; otherwise hij =0
Againy, q.. = e,. ~ h,.. We have four different poésibilities:
1J 1J 13J
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it
—

1) ai> bj = eij = 1, hij C & qij
2) & b & ey =1, By o= = 4 5

3) ai<bj & ey = 05 by, 1 & Qg4 = -1

0

L

4) a; and bj incomparable eij # O, hij =0 t§ qij = 0
These four mutually exclusive cases do indeed exhaust A x B. The reiation'z is
very important in psycholcgical measurement and scaling theory, because both
preferential choice and similarity judgments can be considered as partial

orders., Some applications of the generalized ICP-matrices will be presented

in later chapters. Let D and G be diagonal nxn matrices, with dii =2z eij
, ' o
and g.. = % h, .. We assume that both 4., and g.. £0 forall i, If H + & = J
ii J Tij ii ii
then G = mI - D, Define F = D™ 'E - G~ H. Observe that Fj = D™ Ej - ¢~ 1ij =

J - J =0, which implies that FP!P is a doubly centered matrix with all row
and column totals equal to zero, and with determinant B = 0., Moreover, for
all eigenvectors x of F'F, it is true that x'j = 0. The maximum rank of F!F
is min(n,mr1). If we postmultiply P by an m—element vector x, the element di
of the resulting n-element vector d = Fx can be interpreted as the difference
between the mean of the x—~values of those elements of B that are in the
relation R to a;y and the mean of those that are in the relation S to e
~245~
The general procedure can be described as follows: maximize d'd, under the
condition that x'x = 1., The Lagrangian function can be written as
V=x'PFx -~ u1(x'x - 1)
Symbolic differentiation, aﬁd equating all partial derivatives to zero, gives
the condition for an extreme value
(FrP - u1I)x =0
By premultiplying thié by Xi, we obtain
by = x!'P!'Px
This derivation.shows, that x is the eigenvector associated with the dominant
eigenvalue of the matrix F'F, and that the resulting value of V is indeed the

maximum value of V., Because F'F is a symmetric matrix of product sums, all
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characteristic roots are Positive or zero (F'F is singular, so at least one
root actually equals zero). As was already demonstrated, x'j = 0, By the same
reasoning a second solution y may be found, which maximizes y'F'Py under the
conditions that y'y = 1, and x'y = 0. It turns out to be the eigenvecta
associated with the dominant eigeﬁvalue of the matrix F'P - p.1xx'y or,
equivalently, the eigenvector of the matrix F'F, associated Qith the charac~
teristic root which is second in magnitude. Proceeding in this way, we obtain
a set of maximally m-1 linear independent, mutually orthogonal sclutions,
each one of them scaled in such a way that the sum of squares of the elements
equals unity, and that the sum of the elements equals zero (whioh means that
their variance equals 1/m).

~2, 4o

According to their definition, the eigenvalues may be considered ag the
distance between the relations R and S in the n dimensional space; defined

by the elements of facet A, T+ is, however, possible to give a statistically
more satisfactory interpretation. As was pointed out in section 2.2, the
elements of the vector d are signed distances between sample means. Their
significance can be tested by a host of parametric o hon~parametric procedu-
res. Because the variance of the eigenvectors is T/m, the value mdi is a
Mahalanobis~distance (if we make the appropriate distributional assumptions).
This provides us with an alternative interpretation of u1, the quantity we
maximize, because mu /n turns out to be the average lMahalanobis-distance, ITf
we include the second eigenvector, which defines a second d-vector, then the
quantity m(dz. + d ) is again a Mahalanobls—dlstanoe, and m(u1 + u2)/n is
the average of these distances over all elements of A. For each eigeunvector
the statistical hypotheses could be tested that the mean of the corresponding
distribution of distances equals zero, If this hypothesis cannot be rejected,

we stop factoring.,




D 5
Some statistical tests will be discussed, that are appropriate on the assumption

of (multi)normality. The first test assumes normality and equality of the

partitions defined by the rows of P, These assumptions will be approximately
satisfied for all partitions, if there igs sufficient agreement in the rows of

Py and if there is a tendency to,bimodality. The quantity

2

Q- dij * 855 ~k =1 451854 D
I g, A, tg. -
dll g]..:L dll gll 2

is distributed as Py, with dii+gii~k—1 and k degrees of freedom (Kendall ¢
Stuart IIT, p 252,260), In this formuls k 1s the number of dimensions (eigen-—

vectors) under consideration, If kX = 1 then

d..g..
. Q = 1i~=id D2 - mrz
ii+gii
- where r is the product moment correlation coefficient of the relevant row of T

with the eigenvector X,
"‘206"‘

On the assumption that the projections on the eigenvector have a normal distri-

bution, we may test the hypothesis Ho: Hy =0 by the likelihood ratio test

described by Kendall & S tuart (II, P 23{-32). The general criterion is given by
ti =-%m(gio—1— 1)2

which is asymptotically distributed as'x2 with one degree of freedom. In mos+t

cases the assumption in this section will be much too strong. As a matter of

fact, it can be argued that an ideal eigenvector would show s two~point

distribution (ef 2,14). Prom a psychometric point of view, an eigenvector is

satisfactory to the degree in which the roints are bimodally distributed on

it. If the rows of F are very similar, then the distribution of the stimuli

on the first eigenvector will tend to bimodality, while the remaining eigen-

values will pe relatively low. Clearly, there is a Treciprocal relationship

..l...-....|||||||||l|lllllllllll;lIIIIl'-"""1——————————_____________*




M this test, IFf the‘xz—test is appropriate, the Q-test is not, and vice versa.
-2, 7~
It is possible to find = test value o for the§<2—criterion in a more or less

rational way. In the matrix P, the element f 13 equals Ei—-w1th probability —==
g ii
with probablllty-——i, and it equals zero with probability

it equals
g ii
1i™8i1i , This entails, that

: £
(fij) = 0
o e . 1 d..+g. .
5 1 — o ——
Ekfij) ='7%£“a—_2 +'—%£' 2 :'E<d1 ) - mél "
i1 €ii ii 8 ii®id
+g
gklflg) = EEKf ) =l T R z. =def °
1i®ii
a.. g. . d..g..
I iiy2 1 A1y SR L =
Engijfik) - diig( m )+ gii2( m )" - e me ) diigii - °

If the elements of E are placed absolutely at random in the matrix, with only
row totals fixed, it follows that

EKF'F) =
lioreover we have

d;;+8
Trace(F'P) = 73 2 = %(———--

which means +that

Trace(F!'p
O =
m

All eigenvalues of the diagonal matrix:E(F'F) are, of course, equal to o, and
it seems a suitable test value to use in the‘XQ—criterion of the previous

section, Summarizing, on the assumption of random allocation of a fixed number

- of zeroes and ones in the rows of E, we have obtained
d,.+g
: 2 Trace(F'F) ii'®4ii
g = L) o= a f7.) = = 3
& E(gl) E(i i3) ~ iE, .
Obviously
1 ‘n
O'S'E-a—:;—" £ =5
1i®ii m

which implies that we always have the following inequality for tle eigenvalues

.
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L, of FIR:
'l

O\< By € Trace(F'r) K 4n for all i=1;...,m

=

-2 .8~
On the assumption of ncrmality, we may also test the significance of regiduals
with HO: &k:pk+1=...=um by a similar likelihood ratio test (Kendall & Stuart

IL, p 234-36). In this case the criterion is

P
=3
with
o 1. 0} 1 m My
P =ab h{“é’b‘ iéku,:; ~%1Zx 13
R - Jam~2at+]
3ab
a = m-k+1
b = m-1

Again; t is distributed asymptotically as‘X?, in this case with m~k+1 dsgrees
of freedom,
—229~
In this section we shall discuss an obvious generalization which does not
complicate the algorithm., On the basis of a previous analysis, or a prioxri
Judgments of the investigator as to the relative importance of the elements
of A, we may assign weights to the elements of d, i.e. we maximize d!'Ad =
x!PInFx, where N.is a diagonal matrix of weights (Aii>’o for each i=1,..;,n).
For convenience we also require j!'Aj = n., Our interpretation of the vector d&
does not change, but the value mu/n becomes a weighted mean of Mahalanobis-
distances., It is easy to show thét by taking

i1

a. .
N o iitii

ii d..+g. .
i1 gll
we maximize the average squared product moment correlation coefficiont betwaen

the rows of P and x (cf 2.5, 2.7, 2.14).
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~2¢ 10~

At this stage of the analysis we have a g—~dimensional quantification of the

set B, and a set of Mahalanobis-distances for each of the elements a; in
respectively 1,...,q dimensions. Because the transpose of an ICP-matrix is
clearly another ICP-matrix, we may apply the same analysis to E', resulting

in a p-dimensional quantification of A and a set of Ilahalanobis~distances

for each of the m elements of B. There seems to be no simple relation between
the two sets of eigenvectors and eigenvalues, which is due to the fact that

the relation between the F-matrices of E and E! is not at all obvious. In the
other chapters some éases will be discussed in which it is desirable to
quantify the set A in a completely different Way s

-2.11~

The matrix P can be written ag P = Kle. Let us suppose that F is of rank r.
Then K is the nxr matrix of left elgenvectors, satisfying K'K = I, L is the

rxm matrix of right eigenvectors, satisfying IL' = I, and Hjis the rxr diagonal
matrix of latent roots. Evidently, FP!'F = L'Q}K}K\YL. By finding the eigen—
vectors and eigenvalues of P!F = L'\PZL, we solve for L andlyz, i.e. Wy =

?. or M =\ + The signed distances on the various dimensions can be written
9&1’ =3 ) j

It

as the nxr matrix D = FL! = KYLL! KLV. It follows that D'D = WK'KLQJ = M,
and that DD' = K\ngi = KWIL'WX' = FF'. It is clear that the columns of D
are proportiohal to the left eigenvéotors of P, i.e, proportional to the
eigenvectors of FF!', More explicitly, X = D\r~1 = DM“%. Moreover the coluwmns
of D are orthogonal by pairs, which means that iﬁ general if pj} O then some
of the elements of the jth column of D will be negative and some will be
positive., In the notation of the previous sections: for some a; it will be
the case that ainj if Xj is relatively high, and for other a; this will be
the case if Xj is relatively low, In the context of preference judgments

(cf chapter III), we may say that a high value on a dimension may imply

popularity for one subject and impopularity for another subject. Another

fact to be noted is that although we also find the lef+t eigenvectors of F,



-16~

they must not be interpreted as the optimal scores for the elements of A,
Pinding the eigenvectors of FR! is not equivalent to finding the eigenvectors
of ﬁk%ﬂ where ¥ is the F-matrix of the transposed ICP-matrix B,

~2472~

In our technique the first vector Oof signed distances can be positive, but

this implies that the second vector has at least one negative element. In some
situations it may be reasonable to insist on positive signed distances only,

In these cases only the first dimension is meaningful, which entails that Hy
must be sufficiently high., An alternative technique to obtain a one—dimensional
positive quantificatioﬁ is to maximize j'd = J'Px, under the condition that

x'x = 1, The Lagrangian function can be written as

-

@:j@x-%ﬂfx~1)

2
. 0 . . - . N s é l 3 = l . . ! ' .
The maximizing solution is given by Xax s By, or X ax Fti( P i) <.

-

Substitution gives the maximum value 1

1
C}(X ) =w = JUEm(ymm ) 2= (31701 5)?
max )
With this alternative technique we maximize the sum of the differences, which
means that their sign is essential (ef the techniques of simple and weighted
summation in factor analysis). It is easy to prove that there is no vector Vs
such that j!Fy is a maximum, x'y = 0, and y'y = 1. This vector should satisfy
¥y 5 F'j - ux (by the extremum and-orthogonality conditions), but P'j -~ ux = 0,
which entails that y = 0, contrary to the requirement that y'y = 1, Mul£i~‘
dimensional quantification is impossible, at least if we imposebthe conventional
orthogonality restraints. The same conclusion would have been reached, if we
had maximized (j'FX)2 = x!'P'JFx, because the matrix J is of rank one.
~2¢15~
In this section the technique of Guttman, which also operates directly on the
ICP-matrix Ey will be discussed. An example of such an BE-matrix is:

0 1
101001, .. 1

L] L 4 . . * . L . * L4 L]

1 010 e o s 01
0)

.
.
L d
-
»
-
.
-
*
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in which the columns correspond for example with a set B of subjects and the
rows with a set A of items, The scores for the elements of facet A (which are
to be found) can be collected in the diagonal matrix X. The matrix X[ = MX can

be written as

. L L [ L] 14 ’ L4 » L] -

e * * L] . * . . . - ]

xn xn xn 60 0o o0 . 4 . Xn 0

Guttman observes that we can think of a similar matrix ﬁ%, which is just the
opposite of MX, l.e.

0O x, x, 0 x,0 . . . x

. ’ * . . L] * L] . [ »

* . L] * L] ] 2 [ ] . *

0 0 0O x x x . . » 0 x
n n n n'’

"We can best differentiate between what an individual does and what he does
not do by maximizing the difference between these two distributions. The
difference will tend to be maximized for all individuals if the relative
variability in the columns of Mx is minimized.”" (G attman 1941b, p 326)., This
relative variability can be expressed as a correlation ratio

2  x!'EE'x
7X T mx!'Dx

The quantification of A is obtained by solving for x in such a way that this
correlation ratio is maximized. The scores for the set B can be obtained by
maximizing

1

2 _y'E'D Ey
?y my'y

For the technical details we refer the reader to Guttman's paper. The maximi-

zation problem reduces to finding eigenvalues and eigenvectors of the matrices
1 1

D™ZEE!'D"?Z and E‘D~1E. Bvidently, the eigenvalues of these matrices are the

same, Guttman shows that the first eigenvector, with a corresponding correla-

tion ratio of unity, is a pseudo-solution of the determinantal equation, which
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means that the quantification is obtained by taking the second eigenvector of
these matrices. The value ofrzi =01§ is an index of the scalability of the
data structure under consideration. As an alternative, Guttman investigates

the maximization of a product moment correlation coefficient

x'E
P = oy

and he shows that the solutions for x and y are identical with those that
maximize lzi and 7?}_. Moreover 73{ =IZ§ =/02. These considerations show, that
Guttman!s technique is closely related to a procedure proposed by Fisher (1954,
289~293) for analyzing contingency tables, which maximizes the same quantity/bz
An extensive analysis of this ftechnique is given in Kendall & Stuart (II, D
568—575), where the relationships between this !'canonical analysis of contin-
gency tables! and chi-square theory are discussed: the sum of the squared
canonical correlations is equal to Pearson's chi~square for the contingency
table under consideration. A theorem of Lancaster (1957) proves that the

. procedure is essentially equivalent to operating on the margins of the table
in order to produce a bivariate normal distribution. Lingoes (1963b, 196~)
adapted the Guttman technique for computer usage, called it multivariate
analysis of contingencies or MAC, and gave some multidimensional examples.
The technique of Burt (1950) is simply to factorize D~%EE'Dﬂ%. Burt does not
give an interpretation of the method in terms of maximizing a corrclation ratic
or coefficient, but he argues that it is perfectly legitimate to factorize

symmetric matrices, which have the property that all their principal minors

are non~negative.
"2.14"‘

The principal difference between the methods of Guttman, Burt and I'isher on
one side, and our method on the other, is that the former methods concentrate
on minimizing the variability of the distributions, while our method maximizes
the distance between their centroids. As a matter of‘facty if our purpose is
to maximize the difference between what a subject (ceq. an element of A) does,

and what he (it) does not do, it seems more logical to maximize the distance.
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Our method secms to give more information (notably the discrimination indices

in d, which are also meaningful in the casc¢ of multidimcnsional quantifica-

tions). There is, however, an intercsting relationship between maximum

distance and minimum variability. By the Cauchy~Schwartz inequality we have
d..+g

% f..x.‘\2< SE° wx° = 5 o, = ik i
JoI Ol N jily I g il 44854

This implies that by maximizing the differcnce between the elements of B
that arc in the relation R to a particular clement of A and thosc that arc
not, we minimize at the same time the variability in the two groups. For

a particular row of F, the ideal cigenvector would have a two-point distri-

bution with

H
o)
B
@
il
&}

"'2015"'
Recently, Guttman & Lingoes have developed a multidimensional gencralisation
of scalogram analysis, called MSA, The e¢lements of B arc mapped into ecucli-

dean p-dimensional space Re® in such a way, that each element of A defines

Y

a partitioning of Re®., If the quantification of bj is the ordecred p-~tuple

jp)’ then there must be
b

into two subscts Rci+ and Re?_ in such a way, that

of real numbers (coordinate values) Xj = (xj1,...,x

a partitioning of Re®

P
bj € Rei, & ainj

1Y LN
bj & Rei = ain

Re? U Re? = ReP
1+ R

11
S.

Rep f\ Re?
1+ 1~

In the casc of manifold classifications, with more than two mutually cxelusive
categories, the clements of A must partition ReP into more than two rcgions.

This is accomplished by maximizing Gutitman's cocfficient of contiguity )\with
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an iterative average stecpest descend proccdure. For technical details, sec
Lingoes (196—). The output of the program is the p—dimensional quantifica~
tion of B, and the boundaries, which define the partitioning, ean be drawn
in by hand. It is clear, that MAC is a 'metric! approximation to the MSA-
requirements, because minimum variability in the rcgions will make it more
probable that simple partitioning boundarices can be found, As a matter of
fact, the Qutput of MAC is used as the initial configuration for the MSA
iterations, If this is done, in most cases only a few iterations arc
sufficient to maximizc;\. Our techniquc may be considercd as a more direct
approximation to the MSA requirements, because maximum distance betwecn
the points in the regions also mcans that relatively simple partitioning
boundaries can be drawn.

e
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Chapter III

NONMETRIC FACTOR ANALYSIS

~3 e~

In this chapter the primitives arc two finite sets A and B, and a tcruary
relation R. They define a relational system <A,A,B,R> s which is studied
for cxamplurin the quantification of paired comparisons and preforcnce

rank orders, Define E and H as the mxmxn threce~way matrices, with

) = k‘ ¢ i g} =

Lij] 1 ‘_) R(ai’aj’bk> otherwise Lij] 0
. AN 5 Aar y i

hijk = 1&) S(ai,aj,bk) otherwise hijk =0

Becausc three-way matrices are somewhat difficult to work with, and in
order to preserve the continuity of this paper, it secms preferable to

define C = A x A, and to study the relational system<fC,B,ﬁ>. Define

. 1 =-%(i+j~1)(i+j-2) + i, and
5 - A_—\ r orwi N —
© 1 &= bKR(ai’aj) otherwisc ¢ 0
= LA N £ z 1wl ac -__-_-
h]l 1 & b]S(qi,aj) otherwise hkl 0

Both E and H are nxm2 matrices., The interpretation might run as follows:
Crq = 1 iff subject k prefers stimulus i to stimulus je The rc¢lation with
the dominance matrix, defined in 143, is evident, From the E and H matriccs
an nxm2 F-matrix(may be constructed in exactly the same way as in the
previous chapter, By using this matrix in the familiar way, the sct A x A
can be quantified by an mz—elemcnt vector x, that maximizes x'F'Fx, In most
cases, however, we do not want a quantification of A x A, but a quantifica-

tion of A. To obtain this, observe that the di—values in the previous

; . . . . .th
chapter arce related to the point biserial correlations between the i oW
of E and x. From the theory of gencralized correlation coefficients, we Inow

that the value
m

T T124 (ekl"hkl)(xi"xj)
if properly scaled, is the relevant correlation coefficicnt for this casec,
Translating back to the distance model: instead of maximizing the differcacce

v

e -
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between mecans of scale values, raximize the difference between means of
oo . . 2 .
differcnces of scale values. Define the m xm matrix S as

51, = éiv _ 3jv

where S is the Kronecker delta, and c, = (ai,aj). This means that the vectar

1
w = 8Sx has as element Wy the difference between x5 and Xj. Obviously the
n~-clement vector d = FSx has the desired properties, Moreover, from the
definition of § it follows that
j'Sx = mj'x - njt'x = O
X'S‘Sx = QX‘(mI—Jmm)X = 2m26i
This means that the mean of the vector w of differcnces is zero, while the
variance of the m2 ¢lements is two times the variance of x. Maximize d'd =
x'S'F'PSx, under the condition that x'x = 1, Again the matrix of scalar
products is doubly centered, which implies that the variance of x is equal
to-é. The value %mdi is again a Mahalanobis distance between the means of
the two distributions of differences, The quantification of facet A procceds
in exactly the same way as in the previous chapter, with S'F!'Ps substituted
for P'F.
~3 2=
If R is a consistent partial order, it is possible to take CCA x A, with
(a;,2,) € 0 & 1<
This makes E a matrix with %m(mr1) columns, and S a matrix with-%m(m—1) TOWS,
It actually means, that only the uppcer diagonal trianglc of the dominancc
matrix is used, The only effcect on the analysis is, that the Mahalanobis
distanees are the values mdi, becausc the variance of the %m(m~1) diffcerences
is equal to the variance of x. The matrix E -~ H must however be scaled, as
if the analysis was performed over the eomplete set of m2 differences.
Although the method for quantifying A is more complicated in this casc, we
may use the method of the previous chapter to quantify the set B.
~3 63~
A related technique for the analysis of preference rank orders was proposed

A/
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by Slater (1960). Suppose the rank orders are collected in the matrix Z,
where Zij is the rank number of stimulus j in the preference rank ordcr of
subject i. The row sums of this matrix are all equal to-%m(m+1) which mcans
that the rows can be centercd by subtracting-%(m+1) from all elecments of Z.
This d.fincs a matrix Y. Ve want to quantify the set of stimuli in such a
way, that thc quantity

Ty = 12 (¥ ey (x57%5)
is maximizcd. If we scale the rows of Y and the scorc vector x, this guantity
is cqual to the product moment corrclation cocfficient boetween the rank
numbers in the kth row of Y and the lemcnts of x. For obvious reasons, we
may also call this procedurc Spearman-weighting of diffcrences, while our
tcchnique may be called Kendall-weighting (cf Kendall 1962, p 22). Our
technique has some important advantages. It makes it possiblce to analyze
gencral partial orders and cvoen 'partial ordcrs! with inconsistenciles.
Morcover, our distance cocfficient (which is related to the point biscrial
corrclation coefficient) ig theorctically more satisfactory than thce ordinary
product moment correlation cocfficicnt (Which assumcs interval scalc proper-—
ties of rank numbers). Slater's proccdurc is the maximization of r'r = x'Y!'Yx,
which mcans that his eigenvalues arc averaged product moment corrclation
cocfficients. The subjects are quantified by the standard vector modcl
methods, i.e. ¥ = KWL, and X = YL‘q1—1. This proccdure for assigning
subjecct scores is, of course, entirely different from the technique outlined
in chapter IIL, Its only justification is that it mekcs it possiblce to
reproduce the original matrix ¥ numerically, but this is relatively unimpor—
tant, becausc the elcments of Y arc assumed to have only ordinal propertices.
Our mathod also makes it possible to reproducc the gencralized ICP-matrix
of the system, but this procedure is essentially indepcndent of the
quentification for subjects (cf section 2,11). A wecaker analoguc of Slater'!s
procedure is non-metric factor analysis in the scmse of Shepard & Kruskal

6964), in which Kruskall!s approach to nonmetric scaling problems is cxtended
’
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to the vector model for preference rank orders (Tucker 1955).
"'304"‘
It is possible to prove even closer relationships between Slater's technique

and the one discussed in this paper, For a consistent ordening represented

in the mxm matrix A = (aig} = {sign(yi—yjﬁ', we have

%% oa, . (x,-x,) = 5% a,..x. -~ ¥%a,.x, = 3x.3a.. - UX.%a, . =
ij 1371 ) 1 13 1 1J 13 J 113 1] 13313

L x.Za,.~xx.Xa, =2LX Z a. .

i 13 13 i 13 ji = i ij 1J

The quantities Zaij are related in a very simple way to the rank numbers
J
r(yi). In the case of a linear order; without ties, we have
2 r(yi) =m - %aij + 1

or
1

1 - 1 - 1
- E EJ:I' alJ = r(yl> - 2(m+1) = I‘(yl) T E I‘(Yk)

The close relationships with Slater's technique are obvious (cf also Kendall,
1962) .

~3 45—

In derived measurement the most common relational system is <h,B,Re,qj>,
where A and B are finite sets; Re is a subset of the reals, and qlmaps

A x B into Re. An important example is the relational system in which A

is a set of n tests, B a set of m subjects, and q/(a.,b.) is the score of

subject j on test i. Define the nxm matrix Y, with v 41(a ’bJ)’ and
suppose the y.. are scaled in such a way, that ¥ y.. = 0, and c.o= T
pp Y s 5 le ’ 5 yl;J
If x is a quantification of the subjects, with § Xj = 0, and I X? = 1, then
J

the product moment correlations between the tests and the vector x‘are

given by R = Yx. Maximizing by = r'r = x'Y'Yx is the common factor analytic
technique, which gives us a quantification of the subjects in terms of
maximally m-—1 orthogonal principal components. Moreover we obtain the
matrix with the values of r for each of the tests and each of the components
(the factor loadings). In 3.3 we already discussed a particular case in
which Re = N;, the set of the first m positive natural numbers, This
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reconstruction of factor analysis does not even mention the correlation
matrix, The communality dilemma does not seem to arise in a natural way,
although we may of course maximize hy = rLﬁLr = X’YLPLXX, Where.JL is a
disgonal matrix of weights (for example reliability coefficients). Because
the trace of the matrix X!'X is invariant under rotations, the rotational
problem is an exact analogue of that in factor analysis. The principal
components are, of course, optimal in the familiar mathematical sense. The
generalized correlation coefficient in this case is obtained by what may
be called Pearson-weighting, because it is evidently nothing more or less
than Pearson's methdd of principal axes (Pearsonv1901). Up to now we have
discussed three different weighting methods. In all cases X ri is maximized.
In the case of Pearson-weighting of differences,; r, is defined as

k

r

]l

e % 55 () (yxy)

where Vi is the score of bi on the scale defined by element 8. In the case
of Spearman-weighting, we have a similar formula, but Vi is defined as the
rank number of bi on the scale defined by I In the case of Kendall-weigh-—
ting of differences, we have

(=, ~x )

Ty

elle

23 Sign(yki~ykj)(xi—xj) £k
And this is the approach used throughout this chapter. Clearly, this approach
is feasible for all data matrices which can be analyzed by the Eckart-Young-
Tucker techniques, for example the Tucker & Messick (1963) program for
quantifying distances between stimuli (cf 3.7), the Tucker (1966) program

for analyzing learning curves (of 5.7), and ordinary factor analytic
procedures. The fundamental differences are the non-metric treatment of

the data in our approach, and the approach to quantify the set A, which we

do by the methods of chapter II. In the case of standardized variates in

Y, the scores on different tests of one particular subject can be meaning-

fully compared, which means that the method outlined in this chapter may

be applied to quantify the set of tests.
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It is also possible to apply the technique of this chapter to the ICP~
matrices of the previous chapter. The rows of those ICP~-matrices can be
interpreted as (incomplete) I-scales, that give ordinal information about
the positions of the elements of B on the scales defined by the elements
of A. In this section we shall discuss a remarkable finding, which will
emphasize the close relationship of the two techniques. Ve shall apply
the nonmetric factor analysis of this chapter to the matrix E, composed
of zeroes and ones as in chapter II., In the first place; observe that

? % ‘sign(eij-eik)‘cén be evaluated by a simple combinatorial argunent.

The only two relevant cases are e.. = 1 and e., = O, which occurs d..8&,.
i3 ik ii=ii
times, and the opposite case eij = 0 and e = 1, which also occurs diigii
times, It follows that X Z ‘sign(é.. - €. )‘ = 2d.,.g... Another relevant
ij 1] ik i1i%ii

gquantity is % s1gn(eij~eik). It ey = 0 then evidently this quantity is
equal to dii' If €y = 1, it is equal to ~8417 which implies that in

general it equals (1—eik)dii~giieik. By a similar argument i s1gn(eij~eik)

= giieij~dii(1—eij). Define H = FS, then clearly 2d, .8, ;h;; =
? E sign(eij~eik)(&al—&Fl), where the é‘s are the Kronecker operators.

This can be simplified in the following way:

_ . _ Jjl . _ i
Qdiigiihil = % i 51gn(eij eik)g ? % slgn(eij eik)s =
= E 31gn(eil—eik) - ? s1gn(eij—eil) =
= 85057 = &35 (1meyy) = (-eyy)dyy + 85505
Evidently
b . (gy5+d;5)eq = dyy
il — d..g. .
, ii=idi

This is egqual to the element fjl of the P-matrix constructed by the method

. I _ _ all
of the previous chapter, In that case fil = dii if e = 1, and fil = =85
if e, = 0. Combining, we obtain '

L. h —-
e;p (et (g tdy ey = dyy
fi1 77, " &, ° i .¢ =By
ii ii ii=ii
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Evidently this entails that the matrices of scalar products of both méthods
(respectively FP'F and H'H = S!F!FS) are equal, that their eigenvalues and
eigenvectors are identical; and that the signed distances Hx and Fx are iden-
tical as well, The two methods, when applied to data matrices of a particular
type, give exactly identical results. From a computational point of view, it
Wogld not even have been necessary to discuss the methods of chapter IT.
~3eT~

In the same way as in the previous sections, the relational systen
<A,A,A,A,B,ﬁ> can be portrayed in the E-matrix of <:C,B,§>', where C =

A xAxAxA, i,e. the elements of C are ordered quadruples of elements of
A. The interpretation of R(ai’aj’ak’al’br) might run as follows: subject r
responds, that the dissimilarity between stimulus a; and stimulus aj is
greater than the dissimilarity between stimulus a and stimulus 8. The
E-matrix is an nxt matrix, with tf:m4. In exactly the same way as before

the set A x A can be quantified. If R is a consistent partial order, it is
possible to reduce the system to one with fewer elements, which may be

useful from the point of view of a computer programmer (in most cases the
number of elements in E will be 10° or more). Define YCA x A, with (ai,aj)
€Y iff 1{j, and define V as a subset of ¥ x ¥, with (yp,yq) €v iff p<£q.
The ICP-matrix of the system <§,B,ﬁ}will have only ém(m—1)(m+1)(m—2) columns.,
This means a reduction of the required memory space of roughly 90% or more.
By defining the matrix S as in the previous chapter, and by maximizing
x!'S'F'PSx, a quantification of YCA x A is obtained, i.e., a vectar of (Z)
differences between stimuli. The resulting p orthogonal components (or
linear combinations of them) may be used as input for standard multidimen-
sional scaling programs., The set B can be quantified by the method discussed
in chapter II,

=3 + 8-

As in the previous sections, it would be even more satisfactory, if we had

a method to quantify A directly from the ICP-matrix of <V,B,R>. A straight-

forward generalisation of the procedure already used, gives us the correla-
.
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tion coefficient

Pr=%3 8% fimr {(Xi“xj)’“(xk"xl)}
By defining a slightly more complicated S-matrix, this quantity can be
maximized quite simply for all r, This means that we maximize the difference
between means of differences of differences of scale values. Unfortunately,
the differences (xi—xj) and (Xk~Xl) are signed distances, while the simila-
rity judgments of the subjects are judgments about absolute distances, i.e.

the quantity that must be maximized is really
fr=22328 T, {lxi"le - ‘xk”xll}

There seems to be no way to write this formula as a quadratic form. That the
standard method gives quite undesirable results can be shown by a simple
example. Suppose the dissimilarity orderings from three different subjects
are respectively 4.%27 \513 ><523; .512> ‘5237 (513; «.513>612>\523. The matrix

that should be factorized is

| 8 -12 4|
% ~12 24  -12
b4 ~12 8

and the two principal components are

I IT
11 Ve | V3
2| -VR1 0
Ve | Az

w| 36 4

For the distances in this éwo—space, we have d12 = d23j> d13, which is
clearly unsatisfactory, if we compare it with the'ordenings of the dissimi~
larities. Hevertheless, the technique may work as a scaling model in other
situations.

—~3 49—

Suppose that the elements of the kth row of F are written in the diagonal

of the matrix Q, and that the non-diagonal elements of Q are zero, Define
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matrices S and T in such a way, that the vectors Sx and Tx contain the
elements (xi~xj) ~ (kaxl) and (xi—xj) + (xk~x1) on the appropriate places,
Then

SIDHD D VD I & {kx.—x )2~ (x, -x )é} = x'T'QSx

Pr=5 %85 figar L5 ™

This seems to provide a solution to the problem of quantifying the set A
for subject r. Observe, however, that the square matrix T!QS is in general
not symmetric. Let us consider a simple example. Supposc that subject ¢
orders the dissimilarities as 612>8132823. The matrix T'QS is seen to be

Il 4 =10 64|
2 0 —zj
-6 10 4|

The non-zero roots of the characteristic polynomial of this matrix are
+ i%%a, which can hardly be called satisfactory. The only way out seems

to be maximizing

LPr= 33 LT 50,005m0)
by using some iterative procedure (cf De Leeuw 196- a). Moreover, ﬁith
such a procedure the solution can be generalized to a maximization of %ﬁg,
and to non-euclidean distance measures.
~3+10~
There is, however, an important example of a relational system inéwhioh
more complicated S-matrices can be defined,;without any danger of confusion,
and without any problems concerning absolute or signed distances. In
additive conjoint measurement (ACM), we study the relational system
<A1""’AH’2£> 9 where;g is a partial order defined on A ;TTAi’ i.e.
>/ogA x A. The columns of F correspond with the elements of A x A, the
rows with different ordenings of the same set (for different subjects), and
the rows of the S-matrix consist of arrangements of 0, -1 and +1 in such
a way, that Sx is the sppropriate column of sums and differences of the

elements of x. By maximizing p1 = x'S!'P'F3x the best additive represcntation

in this particular least squares.sense is found. In this case the vector
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gontains the quantifications of A1""’AN as subvectors XysooeyXye The
goodness of fit of the model can bejudged by investigating the ordinal
relationships between the derived elements of Y, the quantification of the
cartesian product 4, which can be obtained by summing the relevant elements
of x. To the measurement theoretician this procedure may seem somewhat
perverse, since it is not concerned with the explicit solvability of the
relevant system of linear inequalities, because inconsistent partial orders
can be analyzed with it equally well, because it does not pay any attention
to the question whether the necessary and/or sufficient conditions for ACH
are met, and because it analyzes several different data structures at the
same time. For a discussion of these and related eritieisms, see chapter VI.
“Sell=

Suppose U is a given nxm matrix in which uij is the value of stimulus i on
dimension j, and suppose Y is an nxp matrix of dependent variables (for
example responses of p subjects)., In this case we have more information than
in the ACil-case treated in the previous section and we can apply a more
restricted model, called nonmetric multiple prediction (NMP). In NMP the
transformations of the independent variables are distated by the measurement
model, but the dependent variables are transformed monotonically, In the

linear case, we define

fr-

"

2 ? Sign(yir”yjr) {ﬁ Uix T 2 ujkxk}
and we maximige

b = B
under the condition that x'U'Ux = 1. By transforming the matrix U in such
a way, that U!'U = I before compufing U'S!'F'FSU, the matrix to be factorized,
this condition réduces to x'x = 1, An interesting application of this linear
case of NMP is its use in simultaneous nonmetrio multiple linear regression,
in which x is the vector of optimal regression weights for all p subjects

simul-taneously (after an optimal monotone transformation of their responses).
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Another application is the nonmetric analogue of the general Procrustus
problem: rotate a matrix U in such a way that it maximally resembes a target
matrix Y, if only the ordinal relations within each dimension of Y are given.
Evidently, the optimal rotation matrix can be found by computing the eigen~
vectors of U!'S!F!'FSU. The approach can be generalized to ap additive combina-

tion of q arbitrary functions of the stimulus characteristics
q
FI‘ = § ? Slgn(yi"‘yj){lzr fk:(ui,],oco’uim)‘-fk(uj,]yaoo’ujm)}xg

An important special case is the nonmetric analogue of polynomial regression
analysis. Suppose b is an n-element vector, and uij = bg_1 « By transforming
U in such a way that U'U = I, we reduce the problem fo one with the familiar

orthogonal polynomials ofAleast squares,

bbb
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Chapter IV
MULTIWAY MATRICES AND
MULTIRELATIONAL SYSTEMS

—~d -

The data structures analyzed in the previous chapter actually are special
cases of multiway matrices, with the restriction that the cartesian products
are constructed out of only two different sets, A more general, and analyti-
cally more simple, three-way situation arises, if we have I different nxm
matrices Ek' Suppose, for example, that A is a set of subjects, B a set of

attributes and C a set of photographs of facial expressions,

A = {;1,...,a;}

We may construct a three-way nxmxll matrix E, with ein = 1 iff subject a;
thinks that photograph ¢y has attribute bj (i.e. gay, angry, anxious, etc).
This means that R is a ternary relation, and that we are stuck with & rather
akward three-way array, Suppose we want to quantify the set of subjects. Then
our data may also be interpreted as I different nxm matrices EK’ with 17
different binary relations RK. Bach transposed ICP~-matrix defines a F ~matrix,

X

maximize % x'FkFKx, or, equivalently, x!'F!'Px, where F is the miixn Supermatrix

It is reasonable to require one single quantification for subjects over all
photographs and attributes. But in the case of quantifying photographs or
attributes a different cognitive space for each of the subjects may be

desirable., In that case simply analyze each of the n different mxl matrices

by the mathods outlined in chapter II. The number of Possibilities increases
) J
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with the number of facets, not unlike the interaction terms in the analysis
of variance, the partitionings of chi ajuare, and the number of components
in multivariate information transmission analysis.

—4 2~

Another important, but even more complicated case is the semantic diffe-~en—
-tial. The complications arise mainly from the fact, that the responscs are
given on a seven point rating scale, which means that they have ordinal
properties (although they most certainly do not have interval scale proper—
ties, as is implicitly assumed in the factor analytic procedures of Osgood

& Suci). Matters would be much more simple if the rating scale was a three
point scale (i,e. yes - don't know - no), In that case an extended ICP-matrix
could be defined, and the resulting three~way matrix could be analyzed by

the method outlined in the previous section. As a matter of fact, there are
other advantages of three-~point scales, beside the practical considerations
discussed above (Tversky 1964b). It is, however, possible to quantify data
obtained from a set of N subjects that rate m concepts on a set of n different
l-point scales by the three-way analogue of nonmetric factor analysis, To

quantify the concepts for example, we define

XN

In this nNxm supermatrix all relevant information is collected, and we can
transform it into an an-%m(m~1) F-matrix, that can be treated by the methods
of chapter III, Alternatively, we can define an mNxn or an mnxN supefmatrix
X for quantifying the facet 'scales! and the facet !'subjects' respectively.
We can analyze N different mxn matrices or m different nxl matrices or n
different mxM matrices. The interpretation of these cases is obvious.

Observe that in the case of an analysis of supermatrices such as X or P in
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the previous section, we may obtain information about the relative scalabili-
ty of the submatrices XK and FK by a partitioring of the eigenvalues: the
sum of squares of the sigred distances in d can be computed for each sub-
matrix separately,
~4e5-
Suppose that the set A can be rartitioned into I¥ mutually exclusive and
exhaustive subcategories:

A = {ji} AK

- K=1
AK().AJ = gﬁ (for K = J)

AK = {aI<1,ooc,aICnK}

N
EvidentlyK§1 n = n. Define the set

TKl =-{xl x€EB & aKle‘}

or: TKl is the subset of B, whose elements are in the relation R to By @ The

95 (for x = j)

sets TKl obey the relationships

H

ijm Tri

In the context of *=wt theory the set A might be interpreted as a test with
i items. Item AK has ny, mutually exclusive response categories, TK1 is the
set of those subjects, whose response to item K was alternative 1, It is,

of course, possible to quantify the set B by operating on the ICP-matrix in
exactly the same way as in chapter II. This means that all n = % Ny elements
aKj are treated in the same way, as 1f there was no partitioning of A into
subsets AK’ representing items, i.e. this analysis ignores the characteristic
structure of the system.

~4.4~

There is yet another way of looking at this structure. Let each item define

a relational system <AK?B’RK1""’RKn;> s in which AK =-{aK} is a one-~ele-

A4
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ment set, B has m elements and the RKl are binery relations. The interpreta-
tion might run as follows: bjRKlaK iff subject j responds to item K with
alternative 1. Maximize the difference between the subjects, that are in the
relation RKl to 8, and those that are in the relation RKs to ayy for all
pairs (1,s) for which l<{s simultaneously, i.e. for (1,s) = (1,2), (1,3)50e0,
(nK~1,nK). Analytically, E is interpreted as a supermatrix, consisting of I
different T X submatrices EK’ one for each item. Define an DXy diagonal
matrix DK’ in which the diagonal elements are the row sums of EK’ and an
(2 )x Ny matrix SK’ analogous to the matrix S used in the previous chapter,
n ,

If ne =3 for all X (i.e. if all items have the same number of alternatives),

then all N matrices SK are equal, The-%nK(nY~1) different signed distances
AN
between the Ry alternatives of item K, given some score vector x, are given b;
d, =85 D7 E
x = S’k Pe*

Maximize

I 1§ -1 -1
- 1 = 1! 1 =
by =kZ1 A% T kg ¥ Bk Sk PrF
= %’ g~ E! “dS’ ~1E x = x!'Tx
B k&1 "k Sr%Px Fx T def
There is, of course, the possibility of assigning differcnt a priori weights

to both items and alternatives., Define the following supermatrices

S,] O . . L] O h)_l O * * L
Sz [ 2 . L ] O D2 < » L
S D:
0 0 . . . 8y © o . . . Dy

Then the symmetricy doubly centered mxm matrix T is given by

1s'SD"1E

T = E'D”
Solutions for x are found in the usual way. This analysis permits us to draw

inferences about discrimination power of items by using dde, about discrimina-
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tion power and interrelati ws of item alternatives, by using the elements of

dK’ and finally about the discﬂmination power of the test, by using u1. From
this point of view too, the procedure is superior to that outlined iﬂ chapter
IT, because it provides us with more information for item analysis and se-
lection. The item alternatives them selves can be quantified by applying the .,
method of chapter II to the transposed supermatrix E; i.e, maximizing the
difference between those alternatives that are chosen by a particular subject
and the ones he does not choose. More sophisticated techniques for quantify-
ing both items and alternatives at the same time are discussed in De Teeuw
(196~ D).

~445~

The expression for the T-matrix of item K looks very complicated, but the
TK—matrix itself turns out to be surprisingly simple to construct. To sece

this, observe in the first place that S nK s which means that

"K K

11
= 1 = 3
= LKDK S S EKDL nKI d rl DK EK = nKC, where C is the

variance-—covariance matrix of the columns of FK = DK1Ey' Our matrix T turns
AN

out to be a weighted sum of variance~covariance matrioes, which is quite
surprising, beeause we started out with a maximization of K§1(HK)distances.
From the mutual exclusiveness of the item alternatives a very simple expres= .r
sion follows for the elements of T nKC. Suppose subject k respondcd with
alternative i, and subject 1 with alternative jeo Then
i
R b
117435

Although this procedure can be generalized quite simply to non-cxclusive
relations, in that case this simple expression for TK clearly does not hold,
~4 .6
It should be clear by now that the investigator has a considerable amount
of freedom in choosing the analytic technique for his data, This is espececially

obvious in the case of multiway matrices in which we may 'poole'! some facets

and eleminate others by analyzing the data for each element of the facet
A/
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seperately. Another source of freedom is the model we choose. Suppose that

m subjects respond to n questions with yes-no-don!'t know responses. The
results can be analyzed by the methods of chapter II: maximize the difference
between the scale values of the subjects that say !'yes! to question a; and
those that say 'no', for all i=1,...,n simultaneously. The subjects can have
two different relations to a particular question, these relations are
mutually exclusive, although they are not necessarily exhaustive. 'Don't
know! ~responses are ignored (although they contribute to the weighting of
the question in the data structure, but this effect can be eliminated). An
entirely differentrinterpretation assumes that the responses have ordinal
properties. By scoring them ~1, O, and +1 they can be treated by nonmetric
factor analysis. A particular row of E is interpreted as a (degenerate)
I~scale. The only ordinal information that is used in the analysis is
provided by the relations between elements of a row of E that have different
values. A third interpretation is even weaker than the first. We may inter-
pret the responses as three different relations and maximize all (Z) distan~
ces between means of scale values with the methods of sections 4 and 5 of
this chapter. This method does not single out !'yes! and 'no', but treates
'don't know! in exactly the same way. Other intermediary methods are possible
(although rather unreasonable), for example one that maximizes the difference
between 'yes! and 'don't know! and the difference between 'no' and 'don't
kno', but does not pay any attention to the difference between 'yes! and
'no', The choice of the method depends only on our interpretation of the
data.

o
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Chapter V
COMPUTER PROGRANS &

EXANMPLES
~5¢1=
For the techniques discussed in this paper a number of PL/I programs were
written for the IBM 360/50., The first one in the series is CDARD1, designed
for the simple quantification cases of chapter II. Some options are added
which make it possible that some of the three-way designs of the przvious
chapter can also be analyzed with this program. As a first example, consider
the following expefiment: two sets of stimuli were sampled from two binormal
distributions, with equal dispersion matrices but with different vectors of
means. The subject's task was learning to classify the stimuli in the correct
wayy, i.e. they learn to discriminate between the two populations. By projec-
ting the stimuli on the loglikelihood-axis defined by the two distributions,
it is possible to compute a d!~type measure, called q', indicating how well
the subject performs this task. The data (provided by De Klerk) have been
taken from an experiment of this type in which 8 subjects categorized three
times the same block of 50 stimuli, The ICP-matrix that we use to quantify
the stimuli is a 24x50 matrix. Only the first eigenvector and eigenvalue
were significant in this case. The most interesting results obtained from
this quantification concern the relation between the @'-measure, computed by
using the stimulus-characteristics of the two distributions defined by the
subject's classifications, and the Dz—measurey computed with our technique.
The D2~measure does not require measurable stimulus dimensions,; because its
value only depends on the classificatory responses of the subjects. If a
particular subject has a relatively high D2~measure, it means that he fits
very well in the classification pattern of the group of subjects. His classi-
fications are close to those of the typical subject. The plot of a! versus

2 . . . :
D~ is given in figure I,
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-5,2~
A second example is provided by the sociogram of table I (provided by Jaspars).
It is useful to compare the quantification of the sets A and B, and the signed
distances that are the consequences of these quantifications. In table IIa
the two~dimensional quantification of B is given (principal components), in
table IIb the corresponding signed distances., In table IIc we have the optimal
quantification of A and in IId the signed distances, that are found by analy-
zing the transpose of table I (it is evident that all four tables would have
been identical if the ICP-matrix had been symmetric). In this sociogram
eij = 1 iff subject i knew the name of the street in which subject j lived.
Another sociogram (using the same group of subjects) is given in table III.
There eij = 1 iff subject i knew the first name of subject j. In table IVa-
IVd the same results are collected as in table II,
~5¢3~
The next example is taken from Coombs (1964 p 481), where a confusion matrix
P for 10 morse code signals is given, Define a symmetric, reflexive binery
relation R over A x A, in such a way tkat aiRaj & p(i,g) ) B. This relation
can be interpreted as a; is similar to aj. We have taken B as 20, which is
of course an arbitrary choice (and which may be very important). The ICP-
matrix of the systemﬁ(k,A,ﬁ> is given in table V. Obviously these morse code
signals constitute a circumplex., This is brought out by the CDARD1~results
in table VI and figure II.
=5e4-
To illustrate the joint-space MSA~representation, in which one set is repre-
' sented as points, and the other set as partitionings, we did the following
experiment. Eleven subjects (the set C) said of the twelve most important
Dutch political parties (B) whether they possessed a particular attribute
or not., This was done for a list of 17 attributes (A). The data were analyzed
for each ¢y separately., In table VII we have collected the three-dimensional

quantification of the 12 parties for one subject, in table VIII the corres-—

.
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ponding signed distances for the 17 attributes, and in figure III a-m the
partitionings of the two-space, defined by the first two dimensions, by these
attributes.

=545~

The second program in the series, CDARD2, is designed for nonmetric factor
analysis in the sense of chapter III. It quantifies the set A from the ICP-
matrix of the systemw<k,A,B,;aj>. The first example is the analysis of a set
of preference rank orders obtained from 100 different subjects. The ranked
objects were nine Dutch political parties (data provided by Van Der Kamp).
Again only two factdrs were significant. The results are given in table IX
and figure IV. The results are virtually the same as those obtained earlier

with an analysis with Slater's method.

=546

Eleven subjects were asked to give similarity rankings of nine Dutch politi~
cal parties, Take one partu as a standard and rank all others as to their
similarity with the standard., Pivoting the standard results in a set of nine
I-scales, that can be analyzed with the CDARD2-program. The results for one
of the subjects are given in table Xa and figure V. In table Xb the signed
distances for that same subject are given.

—5 7~

The CDARD3-program is a rather specialized routine for te analysis of
additive conjoint meausrement structures (3.,10)., CDARD4 is designed for
nonmetric multiple prediction (3.11), it finds the regression weights that
result in an optimal prediction of a variable monotone with the dependent
variable, Examples of both CDARD3 and CDARD4 are given in an as yet
unpublished paper of De Klerk, De Leeuw and Oppe on functional learning.
~5.8=

CDARD5 quantifies the set B from the ICP-matrix of the systenl(%,A,B,;g>e
This is done by the methods of chapter II, i.e. by the methods of CDARD1.

The CDARDS program, however, needs much less storage for the input matrices
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because 1t can be used directly on the relational system <A,B,Re,q£>, for
example the nxm matrix of scores of m subjects on n tests. The example is
taken from the Dutch newspaper 'De Telegraaf!, march 27, 1968. Voters from
seven Dutch political parties participated in an experiment on political
preferences and similarities. The cell (i,j) of the input matrix was the
percentage of voters of party i, that were in favor of cooperation with
party j in a govermmental coalition. The matrix was analyzed with CDARD2,
results are presented in table XII and figure VII. Only the first factor
seems to be of any importance. A CDARD5 analysis of the same matrix reveals
the two dimensions of table XIII and figure VIII. The corresponsing signed
distances are collected in table XIV,

=549

The final program in the series, CDARD6, gquantifies the multiple relational
systems discussed in chapter IV, We applied it to data collected by Van
Hoorn., Subjects expressed their opinion about a certain lecture course by
answering 'yes', 'no! or 'don't know' to twelve questions. The set of
subjects was quantified by CDARD1, CDARD2 and CDARD6 respectively. Results
are given in table XV a,;b,c.

5210~

In a paired associate word learning experiment with 20 subjects, 25 word
pairs and 10 trials the number of correct responses on each trial was
recorded in an 20x10 matrix, This matrix was analyzed with the CDARD2 program
to quantify the 10 trials in order to find generalized learning curves in
the sense of Tucker (1966)., Results are given in table XI a and in figures
VIa and b. In these figures the scores on the two principal components are
plottedas a function of the trial numbers. The results agree with those
obtained with an orthodox Tucker analysis., Signed distances are given in

table XIb,
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100010000000 100011101000
010000100010 1111121101111
001000000000 1012000000000
0002100001001 010112001100
100010001001 100121120Q1001
010001100010 1100111 S 1010
010000100000 1100112040000
000000010001 0406060040000
100110001101 1101141001100
000000001100 11000012Q1100
010000000010 111112001010
0000000012001 110010001011
table I table III
T 171 I IT I II I II
-0.250 0.007 -0,201 0,008 | {-0.390 0,149 ~0.342 -0.167
0.763 ~0.322 0.556 —0.271 | {-0,012 -0.476 -0.939 0.217
0.142 1.029 0,104 0.971 0.092 0.623 -0.128 0.484
-0,186 -0.002 -0.428 ~0.167 | |~0.069 0.042 -0.238 -0,366
~0.250 0,007 ~0.440 -0.136 | |~0.352 -0.235 -0,316 -0.064
0.178 0.035 0.514 ~0.217 | |~0.298 -0.199 ~0.349 -0.273
0.552 -0.192 0529 -0,267 | |-0.028 0,026 -0,265 ~0.264
-0.060 0.064 -0.270 -0.072 1,203 ~0,190 0.512 ~0.418
-0.638 -0.230 -0.476 -0.,122 | {-0,330 -0.204 -0.341 -0.324
-0.193 —-0.002 -0.334 ~0.121 0.062 0,021 -0,171 -0.174
0.552 -0.192 0.529 ~0,267 0.009 0.179 ~0,362 -0.048
-0.611 -0.203 -0,502 -0.225 0.113 0.265 -0.230 -0,143
33.37% | 20.05% 39.29% | 17.00%
table Ila table IIb table IVa table IVb
I II I TI I Iz I IT
~0.203 -0.101 -0,381 ~0.279 | |~0.147 0,252 -0.538 0.455
0.482 -0,064 0.517 -0.144 | |~0.420 —~0,200 0.043 -0.414
0,053 0,694 0.039 0.638 0,242 0.601 ~0.139 0,142
~0.322 -0.112 - -0.408 -0.295 0.036 ~0.540 -0.,261 ~0.373
~-0.385 ~0.173 ~-0.381 ~0.279 | |-0.249 0.043 -0.488 -0.252
0.984 | -0.391 0.717 -{ =0.360 | |.0.203 0.024 -0.374 | -0.227
0.308 -0.000 0.521 -0.171 0.012 0.188 -0.161 0,142
-0.1236 0.694 ~0.099 0.638 1.248 -0.189 0.950 -0.215
~-0.695 -0.471 -0.407 -0.240 | |-0.189 -0.255 -0.466 -0.278
—‘O"Ql'? —Oﬂlio _0'365 —0'294 00083 09134 ~OI128 _.03336
0.308 -0.000 0.520 —0.171 | |-0,269 ~0.093 —0.271 ~0.092 |
-0.159 0.037 ~-0.389 ~0.008 | 0,145 0.036 -0.252 ~0,056 |
30.65% | 19.27% 35.90% | 16.10%
table Ilc table TId table IVe table IVd
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am==— | =0.575 -0.1938
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@ ao000 00656 —0.358
1100000111 ~esoo 0.481 0.007
. 141100212210
——a 0o —00026 Oe
01112110000 393
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) 0011210000 — ~0.586 0.079
0011111100
0101202121110 ——— -0.520 ~0.462
110001212111 ~
11000011211 60.10% 16.41%
1000000111 table VI
table V
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s PvdA
2400 s PSP
S CPN
"D'
' ~2.00 s 2.00
® ARP
- KVP
*VVD
s (HU BP
—-2300
figure IV
I II

XKvp ~0.,225 -1,030
PvdA] —-1.017 2.480
VVD -2.,115 -1.399
ARP -1,180 ~0.424
CHU "‘00108 —'10 667
CPN 2,733 1.100
PSP 1.384 2,076
BP 3,318 -1.T715
D166 ~2.789 0,577
46.06% | 27.43%

table IX
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figure V

I II T IT
PvdA | 0.581 -0.354 PvdA -0.791 0.261
PSP 0.955 0.251 PSP -0.837 0.145
BP —03830 0‘555 BP 00825 —'Ou081
SGP | -0.829 0.399 SGP 0.795 | -0.014
CPN 1.075 0.521 CPN -0.844 0.121
AR -0.278 -0.536 AR 0,450 0.622

' CHU |-~0.371 ~0.436 CHU 0.416 0.707
KVP 0.283 ~0.444 KVP -0.145 | 0.778
VVD |-0.585 0.043 VVD 0,818 | ~0.045
66.27% 24.05% table Xb
table Xa
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1.6 I II
~2.158 ~0.248
1.44 —~1.696 -0.195
1.0 -1.196 ~0.125
~0.458 0,440
1.0¢ 0.096 0.544
.8 0.467 0.319
0.912 0.051
.64 1,253 -0.197
4 1.308 —0.223
1 1.470 ~0.367
21 90.87% |  5.41%
table XIa
0 » 4 + 1
6 7 8 9 10
—2 T IT
' 0.791 | -0.184
—4 4 0,908 ~0.003
0.802 -0.127
-.61 0.806 -0.1356
_gl 0.783 ~0.117
0.811 ~0.094
~1.0¢ 0.858 —0.124
0.856 ~0.139
~1.2 0.794 | -0.136
~1.4 + 1,044 0.203
0.808 —0,141
~1.67 0.966 0,010
1.8+ 0.873 -0.131
0.890 -0.093
-2.0¢ 1.103 0.511
figure Via
ool 1,022 0.235
0.821 -0.127
¢ 1,103 0.510
1 0.803 | -0.127
4t | 0.735 | -0.294
vable XIb
02‘
0 - . , Y , . R
T2 jy 4 5 5 7\\\\fﬁ 9 10
-2
'// K
-4 »
i figure VIDb
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»XVP ® Pvda
® ARP
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figure VII
® VVD & D164
¢ KVp ® Pvda
cty
& ARP
) e CR
figure VIII
T 1T
l xvp -0.879 | =04143
VVD -0.869 1.027
ARP -0.914 | -0.571
CHU -1.057 | ~0.292
Pvda 1.130 | -0,125
D' 66 1.270 0,998
CR 1,319 | ~0.893
59.63% | 24.23%

table XIII

I II
KVP -0.539 | -0,208
VVD ~04651 0.732
| ARP -0.686 | —0,417
CHU -1.213 | -0.072
Pvda 0.853 | -0.216
D166 1,056 0.278
CR 1.179 | -0.098
79.99% | 12.09%

table XII

I 11
KVP-VVD -0.299 | -0.781
KVP-ARP 0.255 0.457
KVP-CHU 0.582 | -0.052
KVP-PvdA ~0.762 0.006
KVP-D' 66 -0.762 0.006
KVP-CR 0,762 0,006
VVD-ARP 0.099 0.781
VVD-CHU 0.205 0.819
VVD-PvdA | -0.762 0.006
VVD-D' 66 ~0.762 0,006
VVD-CR -0,.762 0.006
ARP—CHU 0.574 | -0.190
ARP-Pvda ~0.762 0.006
ARP-D' 66 -0,762 0.006
ARP-CR 0,762 0.006
CHU~PvdA -0,762 0.006
CHU-D' 66 -0,762 0.006
CHU~CR ~0.762 0.006
PvdA-D'66 | ~0.022 | -0.714
PvdA-CR -0.540 0.574
D' 66-CR ~0.099 0.565

table XIV
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I II I II I II
-0.117 | =0.060 ~0.214 0.345 -0.075 0.218
0.095 0.013 0.006 | —-0.249 0.006 | -0.030
0.055 | -0.049 0,146 | -0.212 0.022 0,052
-0.003 | -0.011 ~0.146 | =0.219 -0.048 | -0.007
~-0.388 0.311 -0,285 0.627 0,143 | ~0.592
~0,148 0.296 -0.322 0.486 ~0.023 1.385
-0.040 0.096 0.371 0.700 0.327 0.246
0.265 | -0.212 0.261 | -0.158 0.052 | -0.105
0,030 | =0.029 -0.196 | -0.116 0.006 0.036
-0.078 | -0.018 ~0.203 0.079 -0.032 | ~0,020
~0.584 | ~0.713 ~0.273 | -0.102 ~0.222 | -0.487
0.064 0.706 0.914 0.106 ~1.026 | -0.384
0.058 0.023 0.005 | -0.397 -0.038 0.014
0.024 | -0.033 ~0.128 | -0.147 -0.005 0.086
0.019 0.067 0.393 | -0.302 -0.275 | =0.111
~-0,080 | =0.020 -0.176 | -0.222 -0.053 0.021
0.995 | -0.250 0.846 | -0.002 1.625 | —0.388
~0,074 | 0,062 ~0.278 | =0.145 0.006 | -0.071
-0.015 | -0.035 ~-0.215 0.013 -0.018 0.115
-0.098 | -0.021 -0.214 |-0.087 -0,087 G.021
21.37% | 17.32% 26.57% | 18.82% 19.67% | 14.69%
table XVa table XVb table XVe
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Chapter VI

DISCUSSION

- =6 o=

The models developed in this paper can be criticized from a measurement
theoretical point of view. We do not pay any attention to the nonmetric
properties of the data matrix, before we analyze it with our computer
programs. lio check is made, whether the necessary and/or sufficient oondi~
tions for a particular measurement model are satisfiea. This is due to the
fact that 4 in the opinion of the present writer; it is rather useless to
ask whether these éonditions are satisfied or not (in almost all cases they
will not be satisfied), and that the question should be 'how well are they
satisfied ?!' This is essentially a statistical question, for which the
answer depends on error theordtical aspects and not directly on measurement
theory. For most psychological measurement models (conjoint measurement,
nonmetric multidimensional scaling, factor analysis,; scalogram analysis)
the error theory is relatively primitive, and the goodness of fit question
is in most cases treated by inspeection (if it is treated at all). For

some reflections on error theory in the context of measurement theory, see
Krantz (1967 p 21-23) and Tversky (1964 p 26-27),

—6 .2~

Our methods are not designed to satisfy an optimal number of the restraints
imposed by the measurement model, but they optimize some coefficient. The
numerical value of these coefficients is related to the number of violations
but also to the size of the errors, They can be compared in this respect with
the stress measures of Kruskal and Guttman & Lingoes for ordinal measure-
ment models (cf De Leeuw 1968a). The procedure for ACM, outlined in section
10 of chapter III, is a good example. The ACM requirements can be trans-
lated into psychometric terms, i.e. define the matrices F and S and the v
vector x, and maximize x'S'F'¥Sx, It is rather unimportant, whether such

a procedure is still called ACM. Clearly, it is closely related to it, and
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clearly it may produce interesting results from a practical point of view.
~6e¢5~

As was pointed out before, the success of our models in a particular situa—
tion can only be evaluated in a statistical framework. The famous when—to-—
stop-factoring problem can only be attacked with an appropriate statistical
test for the significance of eigenvalues and/or residuals. The statistical
techniques presented is this paper are rather unsatisfactory, for the very
simple reason that the present writer is unable to devise better ones.
However important an appropriate statistical test may be, and however in~-
complete any psychdmetric technique is without such a test, it is most
certainly not a conditio sine qua non. As Burt points out:" ... if the
statistician has not as yet developed an appropriate method which he can
offer us, then the psychologist, however imperfectly, must set to work to
devise his own " (Burt 1950, p 168). A more important argument is given by
Guttman (1941b, p 341):"We cannot even begin to tackle sampling problems
until we define what the 'best! answer would be for the population, for the
case where there are no sampling errors." If our techniques are interesting
enough to be accepted and used on a fairly large scale, then it is probable
that someone more verged in statistics than the present writer will elabora-
te the statistical side of the problems.

644~

Our maximization procedures lead to the computation of the principal compo-
nents of a certain symmetrical matrix as the optimal quantification of a
facet. In his fundamental paper Guttman emphasizes only the first principal
component as a quantification vector. He objects to using multidimensional
quantifications, because this 'factor analysis!' does not seem to result

in a natural chi square metric (1941b, p 331). As Kendall & Stuart (IT p 574)
point out, all eligenvactors give rise to orthogonal components of chi
square, although a result of Lancester proves, that the corresponding

eigenvalues are not independent chi square variates, which means that the
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familiar additive chi square analysis may not be used. Moreover, as Burit
point out, Guttman's objections to factorizing qualitative data are one-
sided and confusing, because they "limit the term factor analysis to very
specific forms " (Burt, 1953, p 10), notably the classical Spearmsn-
Thurstone approach, The two principal objections of Guttman (faotor analysis
is designed only for quantitative variates; and only covariances and
correlations should be factored) are quite thoroughly demolished by Burt
by showing that a factor analysis (in Pearson's sense) of ordinary product
moment correlations yields exactly the same results as Guttman's technique
in the mathematicaily very interesting case of a perfect scale. In our
technique in addition, the results are evaluated in terms of Mahalanobis—
type distance measures, which are evidently additive over the orthogonal
dimensions, i.e. one-~dimensional quantification is only a special case.

In this paper principal components are used primarily in an algorithmic
sense, although a well-dcfined and relatively.simple statistical interpre-
tation can indeed be given. What we have shown, is that an astonishing wide
variety of non-metric measurement models, formulated originally in terms
of relational systems, can be translated into matrix terminology. Moreover
methods of quantifying the defining sets of the system can be found by . -
computing the eigenvectors and eigenvalues of these matrices. In the worsid
case the results obtained by these methods can be used satisfactorily as
starting configurations for more sophisticated iterative programs.

bttt
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