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0 Freliminnries
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valved mapping (b of A x A iwte the oot of

a paritial order },0 over the elemoutn of A . The elencnts of A arc writtan

-
. N - - / A 4 \ .

as a. (i=1,...,0), the elements of /m() am N, L = (4\(:3,.,3, e The index cet

congisting of the first n integers is denoted Ty I

ayometric subsets of 2 by Uy ond =
£

3 s : . A s .
Definition 0,1: The function ¢ is colled

(or POG) digt-noe iff the following

0.1.3:  if

Let % he o nepping of 4 into B (the ret of all p~tuplen of reol nambori.

of A, The clementic

/ . - - v .
The set X (f) ias called & (p»—alm:‘%l.\;ional

of X (1) ore p—clement vectors called

RS 2 T ~ - { - M o
cocralin te velueg are the real numbers >.1.“ (i=lyeeey it § 8 =l ycue ,p),

coordinate volucs cen ke collected in en n X D motrix X o= {x.“( , calleld

the configur natriz. The symbol d. . is ured for the Tuelideon diztancs

betueen }:i and X.e

e

¢
0.2 . 5 = d,Lo= 4.
¢« e i3 o (_,1_L = i }’»}, .
auel a rvenreccntetion  in p dimengions is alco colled o £TOLS DmreoTeLenis

tion,
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give us three differoent types of reguirenente.
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Another clags of mairices,
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Theorem 1,13
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A netural sealing reguirement is XX = I,

by the eigenvectors corresponding with

(evidently A is symmetric). Ye proceed to prove

solution.

Theorenm 1.2: The column (and row) sums of A veni

sgingular,

Proof: Let vector with e.

1

e denote an n-~element
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A J it ig true thzt

Cy conceruently Zlipi

Corrolary 1.1t A hasg

zero, ALl ecther eigenvectors are centered,
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ia avernse ecuslo

elements ecunl to Jij i n® ~n - n ( = n 5za,y). The ronk
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ig the average of the n~ numbers n S RS o} -t»no. Tt

o)

= n —’(n -1 -~ nun + 1) = -gﬁ(nn - nJ‘) 4 (3 -+ 1),

7 5

Of course 2 {’1 . is ecunl to the mum of the first n© integers, or

it

]
1§ 1 2
-—:Z/)i. (0% + 1),

and.

CelteDo

dhe

rem 1.4 In general
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e = ﬂ_l‘] S g L — »
Ay = 0 %1 (rpy + Tyg) = (oyy + 7y)
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Proof: By definition A = 22 r, ].fs I, Conzeruently
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Combining these resultr gives the recuired formulea.

m e I+ A Ga a5 POOadiatenna ond ; ; ‘ i ]
Theoren 1,5: 1f )Zz is a POG-distance and 2, i connected (or: if ¢ is &

wenlkly ordercd genevalized distance) then Tor =1l I,dykelE ¥

Proof: Definition 0. 1.1 5malien 4o _ > P B .
rocf: Delinition C.1.1 imnlies that ai'i‘::l = éﬁlrl for all k,1, and thuo
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dafinition 0.1.,2 then \S > o .o G 2 < = O, IF & A
- 74 e f /4 KRR
P 11971 11D

then, by the definition of c’ s O, > é =o-h, Dummation over o,
Y
proves r e It
pey k1 7 Tige veheds
Ir 74 ig connected we can conztruct %the matrix B detfinad hy
19 <
g - / & ;‘,\ )
b= ST ) - (e A
Y= "» ‘

ij ) ko kd !/‘ ij { i

A

Theorem 1.6: B haa the same eigenveciors as A,

Proof: According to thecrem 1.3 we heve dr. . = /ﬂ

(oonf-“-'t:ant) everage of the raank numbers, Aoplyins theoren 1.4 gives
0 iix - - .- -
e, = oM =y LY U
i %(()" 7w ﬁ AR ,/" { 1

J

='b..-2(§ijn/> + 2 o

i = (°

= b, - zf (ncgm - 1).

el

Or

B o= $A + 2f9 (nI ~ 1),
The row (and column) -~ume of both B and nl - B vanish, which weans thot e

3 ™ Lre K 1 - n oy
nd L. The gther e

2

is an eigenvector with cigenvalue zero of both A
tors of A (and B) are centered, and for all centered vectors x it io true

that (nI - ¥)x = nx. Thue, if Ax = )t x with x £ e, then

oy

Bx = {;A}: + ?f(nl - B)x = (’, + Eﬂf’)x’
' \
which means that x is also an eigenvector of B with eigenvalue - A4 2na,

(o156 Da

Definition 1,1: 4 real symmetric matrix is called a ! netrix (ofder Toampoky

A Tematrix is

TeT7a peeitive definite (PD) if & ¢, > 0 for =1l i,

F o
s

1.7.2 positive memidefinite it £ Cop = O for all 1.

\ . . PR 5y :
Proofe (£ C s a Tennirix then <& ¢. 2 0 .
i3 ii

x!
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A - % ¢, . with Zﬁ. ;Z 0. Consider the incuguality

( 2 Z ci “‘Xi}:"

< i y] J

e A . . ! Al 2l e Py encr 14ty g 4t b 1
Lf 5 0 for o1l i and x ¢ 0 *then 3his inccuelity is oirict, I 7 ;

for all i, then e is an eigenvector with eigenvalue zeroc. 0.1.0.

. ~ Y PR AT . .
Corroloary 1.%2: B is PSD, A ie PSU 45F A = 0 (this lagt part is true if

2ll 'upper—diagonal’ dissimilaritics are weakly ordered).

sare
-

- " . / ~ - .
Preoof: If i £ 1 then b, ig = b 5 < 0, moreover %»o.. = 0 for all i. Thus
. ij

¢5 ig o 'T0G~dictonce over the éﬂ. with § > i,

s

e

B oig o PSD Temntrive I
L e

then «% a,. = 0, whic

e

h means that the sum of the eigenvalues im zero. They

are nonnegative iff they 2re all zero. C.E.D,

Mo

4

The method in this section is called NISENE in De Leeuw (1968, 1970). It
is closely related to the procedvre for finding an initiol confisuratior

indeed

the GL-GIA programs (cee Cutimen 1968). The NI
extremely fast compared with other NiS-methodo, I do not know how dirty it
g

Ly

ig. At the moment I =m inclined 16 think thatVis theoretically someuwhat

L UDBCAL,

'
=3
<
2
o
it
-

leas satisfactory thon the projection—tyne olgorithwms (X

HISTA, my own HISPON, Youns's TORICA, and =0 on). Dut

GL~538A, Rockem's
I am also inclined to think that it may (in geners 21) give more sabiafactor
numerical results, meinly becnuse I distrust the iterotive Yimprovemante!

in the projoction—tyove algorithms., ALl this i very hypothetical of coursc
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We cnn drastically reduce the number of ineccuelitics dn this syotesm by

follow by transitivi

deleting the inessential ones (th

or ontisymmetry from other inecunlities). Ve may also delets the inerunlid

that are eutomatically true for 211 X (mueh as dk1;9 di')” In thig reduce
) ii

syaten we heve, say, m inegualities of the form

v

PUEN
~—

Tr(X'BK) = 0 (=T, 00e,m) (

and we want to find n x n matrices X thot v othese m oconstraluts,

Observe thet in thig form one cen recuire either semi-strong ov weal
order~isomeiridty. The p~solutions for p=1,...,n=1, if they exiwt, ore
cmong the n-golutions, lore precisely: we redefine p-solutions as p-soluti
of renk p.

Let 5 stand for the set of solutions to the inerunlitilesn (2).

»

S io & hundle of

golution, then so is >f£ for all real >\. It follows
. ) . 2

lines through the origin (of the n"~dimensional real linear apoce of all

" order n). Supvose that X and ¥ are two soluiions,

real acusre matrices of

Then considering 2

ghows that 8 is not convex in general.

Translotions nre olueys pornitied. Algebraicelly: if D ir an arovitrery

disconal matirix, then ¥D iz a solution (% i= ag in section 1).

: . . . . ne \
Por oll % € & it ig true that the gubsvoce soexned by X and 50 is a subae

3 T Va4 e ~ - - 4 A Oy YT
f nermitied. T K ie a2 scusre orthonermel

of &, Potationw

. v co - . Y ' 4 s domavnd T
then for all X & S it ie true thet AN & 2. Ve csn romove theoe Incoelornid

A

cies by recuiring in additicn that the colwwnne of X nmuri be Toth centercs

ond phivwise ccbhomonal, but it ir diffienlt to cee the effect thin hogoo
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2.2 Convexifying the problem

By using the identity
Te(Z'8, X) = Tr(B XX
k
we may agsin reformulate the problem, Find san rn % n real matriz O such thes
Tzﬁ(BkC)‘} 0 T=Tyaeaym (2)

This is a set of linear inerualities in (the elements ) of C.

Lemna 2.7t C con be decomposed os € = XX' with X real n x n iff C is

gymmetric FPSD,

b L7 ]

Proof: Wecessitye IFf C = XXt with X real, then y'Cy = y'Ol'y = 'y (say) >
for all real y. Thus C is PSD, Sufficiency: "o simply mention three poseihl
decompositionz. K are the eigenvectors of hout loss of gernernlity
K = KXK' = I), andujx are the corresponding eigenvalues (collected in o
d1(hona1 matrix, all diagonal elementis nonnegative), Then € = KAY', choose
X = R) . (orthogonnl decomposition). Alternatively: chooma ¥ = K]Lik’
(symaetric decompogition)., Alternstively: the Chcloﬁ“y process proves thos

T

. .. \ -~ - .
X can be chosen in lower~diagonal formn (trlangular decompositicn). 8.1,

Lenmo, 2,2: The columns of X are centered iff C is doubly centercd,

Proof: If e' = 0 then e'C = e'MX' = 0, ond Ce = XA'e = O, Congecuenily C

"

<

is doubly centered, For all real X it i true that KAy = O dmplies X'y =

Thus i’ Ce = XX'e = 0, then X'e = 0, which proves the converse. C.i D,

. By 1 A\ - .
From now on we work in the %n(n—1) dinsnzional real

symmetric doubly centered (¢ DC) metrices of order n.

(2) define o polyhedral convex cone in this ST

'D

v

(monpolyhedrnl} convers cone,

Pute

Lemme 2,33 The set T of »2l1l PSD nririce:

0

<

FProof: If C is PSD, then Af‘z th >0 ig PSD, Tf C1 and C, are ©uD, then

3
I3s

A
(1 - A )CQ for a1l 0¥ B‘ T, Using the Tact that o

and sufTicient condition for a rezl symnetric mairiz C 4o he PSD ie +h.=

8

Tr(C3) 2 0 for all POD B, it fellows that 9 is the dintercection of wn

infinite number of halfronces, i.,2, T iz not polvhedral, 0,1,0,
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Corrolery 2.1

both necessory and sufficient for D,

e gummarize our resultls in the following theoren,

£ lincer ineonslities in C that s

Theorem 2,1: The solution set of ihe following system of inecuslition mnd

equations
'PT(B],C) 2 O, k=1,c0e,m

Tr(ETC) = 0, i=1,eee,n

C PSD

is a nonpolyhedral convex cone in & linear spnce of ‘n(n-1) dimensions.

Theoren 2,2

(with ¥X' = K'K = I) such that X = YK, Conversely, if

motrix, C = YY' and X = YK, then C = XX',

Proofis XX' = YEX'Y' = YY' = C, which proves the sccend

C = YY', then 4 can be written (unicuely) so ¥ A L' and ¥ ag ¥ .4 L7

T

the Mi and L. smcuere orthonormal, and MLi digronsl). 1t

i
o . N
1, A ?J; = I QJLEM'E’ and thma that i . M, =M (gay), A

Let K = LL!,

G, D,

2e If C = XX' and C = YY' then there ig a rototi

then K ig scuare orthonormal and YK = DAL

part, 1 C = XX' ond

- A = A{eny).
Sboby = ALY =

Thus we have eliminated the indeterminacy due to rotation snd reflexzion in

our original formulation of the problem. The indetorminacy due

tions wag already eliminated, Only uniform strdeching and shrinking rvemaing

permitied (i.e. ) C with Xz, ingtead of L) but thie

by resuiring | Cli=1, where ] H iz any motrix norm, Qbs

can be eliminated

~ o4 Yy S IS IS .
cerve that adding

hC[}‘g 1 to the recuirements mokes the golution set inte a clomed ond

bounded. {and thus campact) covvey aot.

The giructure of the cone P of =zolutions can be describ

A

Let Pr derote the subset of all wmolutions with renk v,

od more precicely.

]";1(“) REER Yh"—} o ,,{.'h exn

is o pertitioning of P. The sote P (rza 1) arc bwdler of
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of half-oven roys: if C is of renll v, then =0 in ” C with A }(ﬁ. The set
P_ is a sgingleton, only O & P The P are mogt certeinly not conveX. I

,C? QﬁPr then in most cagnes oo+ (1= p e &P witn s “~ r. n fact

"

/. : ‘ oo . - N
rd 8 mln(Zr,n - 1). A more elecant woy te pariition the cene Lo Reoe

ossible by the tollowing theorem.

Theorvem 2,3t If A and B are PSD noivices with the some null-spooc (end
consecuently the same rank), then 4 + B eloo has the sane nnll-snece (and

thus the came rank).

Proof: Suppose A snd B have the same null-space. It %'Ax == O then x'3x =
and x' (A + B)x = 0. The null-space of A + T is a subensce of thot of A @7

that of B)e If (A + B)x then x'Ax + ¥'Bx = 0, and becwure both A ax

4
are PSD, x'Ax = x'Bx = 0. The null-spaces of A+ B and A (end B) sre thus

3\

jdentical, snd renk (2 + B) = roak (A) = rank D,

et
¥

The relation of having the same null-nuoce ie an ecuivalence relation,

s [

pertitions P into equivelence classes PR

The ecvivalence clasues P/Q- are cConvex coneg,

Another basic result ic the following existence theorem.

[heorem 2.4: If d) ig a POU~distence, then there alwsys exlele a sirong

(L"1\~refre‘on ation. Moreover this representation can he chogsen in such
2. way that the columns of ¥ erc athoronal and that either the endpoints ©

all n vectors x4 lie on the unit sphere, or that the centroid of the

confiruration is the origin.

Proof: e rive a congtructive preof. First we embed our partial order iv

wenlk order. This cen of couvse be done, bui the embedding igo vol unioue.
Then we Torm the matrix T with all dirconsl elementn erunl TO DCTO, the

-
ine with the smellest t)ij counl o -1, U

oft-disronsl element correcepond

v

N {as \ o | .
next eruel to =2, and go on {(tles =2ve cverased ), I ;)_.L_i ;2 G Ehen
R I

1hore ia o rveculrement
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strict incouality io met., The game }’ms(’l the vlaces vheve we recuire

ecuality., Thus T fulfille 211 inecuslities and ecunlitiocs stricily, but it

L e . . ig .
ia not PS8D. The form of the matrices A ‘%)uncevcntxuarantess that we moy add
g

81111 maintain etrict monotonicity.

an arbitrary diagonsl matrix to T,

Ye do this by determining the smallast eigenvolue of T ( which is

.

ceurse), call it ) y and define

Ro= -4 (0o N1),

Then R iz still ;urlctlv morotene, bul it also iz PSD. Ti4s rank is n-1 (or
less when‘\ is a multiple cigenveine). Foreover a1l xi do heve unit lengshs,
The strict (n—?)msolution iz given by the n - 1 pealed CLECNVECTOTAE COrres-
ponding with the nonvenigh ing eigenvelucs. The secend type of solution

mentioned in the theorem ig obtained by trenslating the ceniroicd to “he

7T

origin and rotating to principal sxec., CJILD.

2.3¢ I f\ is a PCO-distence and there ig at lcast one voir of

. ~

dissimilorities such that . > O, ., then the cone of theorem 2.1 hus a

nonvoid interior.

2.4 The uni

"heorem 2.4 gives vs a solution to tre representation problem iy theorem 2,

N

says something ahout the unicuencas, ot rmuch, however, The solution sot is

a convex cone with (oxcepi in trivial cases) a nonemnty interior. o
fird & mearure that expresses the desree of unicuencee of 2 solution, owr,
more precisely, we want a measure that gaye hew large this cone ig. It is

of the

tuitively clear, that for this we muct investisate the boundary
cone, Our further procedurcs will uvse the Tact thod o nonpolyhedral convew
cone can he apoprovimoted to an arbitrory close desreo by molyhadrel ecorvex

cores (both from the ingide and from the ouiside). Beenuce the cone of

Flllmmntricos 18 point ody our avorexinating cone will he pointed,

(on

PREALEY I I HE O o
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{
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Theopomn
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and Befine

theoremn,

definitions

a cone oi

a5 a of

meagsurae

solutions are on &

o,

Theoren 2,5: I C are PSD, then r(w,,: );, o,
22 o

vectors X are either in the null space of C

1

Proof: Both C1 and C? are P5D, de, can be writton i

with ¥ real orthonormsl and L vpositive disgoncl.

(f/IK./L) Pr(Ading(X 'C

' Y
17T 2

?,CL (T L and QJ are the eigenvectors and eigenval
Tr(()qCp) 0{11_1i;91_1 toeee + W 1'C1 'S 0. Theso s

nn 2 n

-

A
and 1'C 1 =

T
1 271

and ond Y
4 on Cg* and ]

to Y2

21} nongzero \ O for all nonzcro

the null evraces of C and ¥ erc the
:

firast condition reduces 9,21 and the second t

are eouivalent to the assertion

space. C.0.D,

Another messure of relatedress that is nsed a great
ig the cenonical correlation. Sunncse that C, and C

1

P3D matrices with wit Buclidesn norm and cenonical

K has v, columng, L hag p, columns, 1 = AR, Y = L

Pli—-correlation bhetween coluam i1 ol X en

1 correlations are denoted vy R

3G Lo

15

- 5 n, D, o
I TR R e Pt

i I L

i L G L0

) 1]

My Po

. ol . 2
r(C,,C,) o2 y

thot the union of 21

k

and r +1 i

obhviou
P al
and r(bq

,(‘:2)

Spacs

of

n csnonicnrl form
AY :
Mhen T C C,) = v
[
1\.'(1 1’— + see ).
21 ‘ n

T
woen

of

una veniach 1177

G- TL %, end

nonnull
o 7, 7 e
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7
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and

deal in

are
2
KJ{ toan
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forng

34/
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The symbol

HDNCER,
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of ¥,
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pavehomeiri oo

two doubly center



T T, 0
Proofe 1:\6162)

i 2
" w R g . el
= TT(A‘Y}'“> = 2.‘2 A, ?@ AL The sum of the scunred
PR Y A

; {

. X . U U [ . B
canonical correlations is ecusl fo "ri(X'X) A'Y(Y'Y) vty = Tr{ELLYK)

It follows that r ie a sum of scunred coverisncoes

mn

va

e ER
g QX .’Jl?!;"‘ RSS!

differential stretching and shrinking of conligurstion matricey iz not

ig clear, Consider the prehlem: find rotation matrices N1 and N? sucn thot

rens

(218! e oy . R -
fhe stetionsry ocvetionn arce

Tr(MéY'K&1) = Tp(litX

YUXIM, = M D
/f 1

K'Y, = 11D,
T

with 2 symmetric,

Lorol x, end X, ere two centered one—cimensional solutions, the

wherco /A denotes the PH correlstion coefficient.
‘ t
fﬂ§917"11w3x21 If the NlD-problem hag one-dimensional nmolutions z end ¥ the
c,,C o M,y
( 17 12)~$ /"Niln ( 73)9

Trin
N {

where the minimun is teken in the first cooe over nll (n~1)—solukions, in

the second cose over 211 1-golutiongs,

These two corollaries give the connection with previous work in the

dimennional field (Abclson and Tukey (1) -3, 1j)0\, Lind

theorem ig our main result on unicuoncso.

Theorem 2,7: 11 C

a pointed cone of TLC~-rmutrics:
then there sre indices 1 and j such thot

min r{4,8) = r'gi,c,),
A,BgF

T.’.

\_\
et
por
=~
—~
o
o
]
o}
gy
-
@
-]
D
3
2
-

Proof: we asgume thot the Ci neve unit Muelidern

there exn W nonnegriive nuwbers . wuch Lhn

norm. If ABEP




2p 2&\ j}d‘ min r\cl G )

i,

Moreover

—— ' — - -
\j ‘“’\A ) \72 3 s 1‘(“ (' ) (Z'ij- moX v(C,,0,) =2

o

In the sone ..,y

Combining these resulis yields

r(4,B) 2? min r(C 1)«

1 “) -

Q.,15,D.

Tt follows thot if we want to compute rP for a prriiculsr cone VP, it snili

to commute the cdges and their intercorrelsations For a polvhedrol cone 2

K

number of esices is finite ond this procedure con be carried out. Heverthel

it moy be a 2ble task, even for the fastest electronic couputors,

Our coefficient r is related to the Huclidean nornm oend to the Fuclideon

3

dintrnce betweeon the endpoints of uwnit lenght vectors. 4

sometimes also uselful,

cum of the diagonal elements ig an edditive nows over e

Proof: If C ig PAD, then c,, 2 0 Tor all i, and consecuently Tr(C) 2 G
ii <

orcover C ig P70 and Cis 7 O for sll i iff C = 0. 9r(C) in linenr, vhich
i

imolies that it iz additive (ené o Tortiori subod ditive ). Minally we wogt

prove that “o{CD) & Tr(C) iop (D) for oll PUD C end D. We une the crnonical
- a— e

form of C as in the proof of theorea 2.5. r(CH) = 2.Xi313k & 2 il TU 5

SEe(e)ea(n). ©.m0,

Adding the recuirenend Pr(C) = n=1 to the onec meniioned in thoeorom 2

iminste the indeterminocy due to unifcr sthroten
pud shrinking, thod our solution net beeomes o cloged and bounded (and UI°

compnet) cenvesr set, and thot the suvorox: Liating cones ave revloced by

closed ond hownded conver nolyhedrs, For our ‘exirene' solutions ue only

howve to conciter the vorbices of aolvhodrn,
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Lincarizine the problem

v

3.1 Sufficient condi:

We congider again the incoualities ond equ ations
7r(B, C) ¥ O (=1, 0ee,m)
$ - 1 4 ¥ L] y
C 5DC,
C PSD.

5

. - 2 yerr
Call the solution zot (» nonpolyhedral convex cone) P. Corollary 2.

1 atate

thot 'C PSD' can not be translated into an ceuivalent syetbem of linesr
inequalities that is finite. Ye o"“;howeveiifind finite eyatems of linear

: i 3 el apv . He gtart w 1
inermalities that are either sufficient or necessary. we start with the

sufficient conditions.

- " A econditions o
Theoren 3.7 get of conditions sulficie

..
et
=h
=3
P
—~
)
<
]
[
S—
A\
O
-~
]
~
.
L3
»
-
=
N
~

for P3D of €, and P is the golution set of

»
3 T,
‘].‘r(DlC) 2 0,
Ny ’V\"’ .
then P is a polvhedral convex cone gnd P o P,
Ty T e DO +1 I8 20 Oorallary
Proof: Rather obvious. LIf C € P, then C is PO, sand thus O € P. Corollary
o
. I o N
2,1 iwmnlies that there is at least one P3BD C #.T% ColeDe
min r(C, ,C.) 7 nin r{C,,0. 0.
‘ s JRa - R s 1V2
G .,Cc.e? C.el
1172 2
The most prectical set of linear inevunlities su Fficient for PULYL bave ¢
able to come wo with ig
' A}
/ LN
C.. = 0, (\V1 %é i)
1]
- At
Jc..> 0. (\ i)
* ~ 713
. . . . Taoer ,\('»lv.'\
ie redundant, becouse it iw iravnlicd by Sl
¥

ie clesr thnt we waat C to he o doubly




i

=
e

—

centered T-matrix (condition DCT). The system ig

C beT.

The T-method,

(N
-
N

This suggest another guick-and-dirty meth

the requirements (3.1.1),

"he recuirement that C must be a T-matrix

LAY

YR
( §Cs g

(1%}

he cone ¥ defined by

polyhedral convex cone in the 4n(ne1)-dimensional lineor onoce

pointed

of

ot

real symmetric matrices of order n. The edges of this cone are the n{n-1)

1] ii

. i , . . . . .
matrices A and the n motrices B defined in wsection

thet C must be a doubly centered T-matrix defines another vointed cone P

1. The recuilrenents

in the wn(n-1)-dimensionsl space of all symmetric Dl-matrices

i ; ij
‘n(n-1, edges A J.

Proofs The recuvirement 'C T ig ecuivalent 1o the

inequalitiesn
(Vi ’[ Ji)y
(Vi).

afied ag eguations iff C =

c,. £ 0,
J

-

W
O

.

<

i
2%
J

.

Py

[N

A1l inecuslities are sat
peinted, All inecuslities but one from the first set
ecuations by the A, And all but one from the mecon

These are the edgez. The cone PD igs zpanned by the 4

C= 2 AR Zp
i ) =74

LER

/
#

thenC ig DO iff /3_ = 0 for all i ¢ N, and thus the
i

Observe that for this cone PD we slready have L >
dL

~

: : 1] w1 .
ecual to zero if we choogme A7Y and A vith 10 # 3 #

A B I - . y
can not be done, and rﬂiw = 0,29, Beceuse the cone P definaed by (2.1,
1a}

{a

is a subcone of Pq, ve hove of course
L

i A_I-(C1,C?)

\

ot

b

=

E

—

p)

-

<

4
A\

Vi

n(n+1) iinear

D

0, thus the cone ig

1]

f
it

1]

hecpuse

are th

<)

if

ed o,

(0



In the next theorem we
procedurce, 1f O = {C l T (

C.

l} in the

edges iC1,»..,
matrices of order n, and @

)

ment vector ¢. = Tr(B_ .C,
i it 1

1

negative elements, then

order n by the rules
i)

di'"} 0A

Theorem 3.2: The mairices

°
-

elenments of ¥).

Proof: Of course Q isg als

equality for I — 1 linear
+

are two posnibilities, IT

for k ¢'m, then C ig also

rule takes care of these ed

k & m, then C must
%o be an edge of 0 it must
two diméneional faces of Q
Intersecting thic set with
already included anmong the
iff d.i“y 0 and d < 0 or vi

edges, DL E.D,

This procedure is very sini

Lindman (1969). The differcnce is

at a time (which has advant

Teast

start with

3

pointed

e
AR

nroblem). The final ossumpi

ziven by Uzoua ond Lindmen

ghall

B.C
k

form

in

independant

an edge of Q,

lie in one

cur most imvortant

; 1:'\7:1,..-,1’?! % iﬁﬂ

)

"1 5 . .
2z @n(nwi) dimensionol

7,

v

HPLGE

it

L

zero eleoments, n

n

+n +n
+

Qy

inl
Y

d.< 0 Z» d.C, -ad.C. &
J < 7 13 J 1

% spsn the cone Q (i.e. the

o pointed. C is an edge of Q iff "i”r(l!”iy())

t metrices b Tees

b

ne

H -« 1 ecuations 0 e

and

If there are only ¥ -

mon,

of the dimensional

Vi

o
2lao lie in the hyperplsane Te(B

cets §0) € w o,

L

are among the

the byperplane produces a C malr
of B by application of

The sccond rule trkes

1ar to procedures vsed by Uzava

thni we operate with one

in ouvr loter procedurcs)

aoen

inn mokes ovr proel muclh einpler

—

! .
{the thecyvem ia of ceourse

SHC-

od

2 ewu

Ia]
IR

computationnl

poaitive and xu

em

matricegs of

ces of Q are

@ s og-
/;" O vitn

o,mi1), There
re 11 seticfis

a0 the first
atione for

ol

~i
AN

2y

1
ix which iz noi
the firet rule

crre of these

P P B TR S A
added i1necucliit
. =
thot we

cona {(which crn be done becanse of our particuloar

than the ones

o\
e poneral).
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Tho procedvre will be 1llustratel by oa eweasnle in which no= 3, ond <,n
1

. N - . . "
] Qv . L Ly ey b s o A g o S St
‘. : s e agbtor Eowith the threo eo.oon Nt 1 LoT~cone })4‘

)

Nal
—
[N

—
-
]
—_
o
i
-
]
<
]

-1 1 0 o o ¢ ¢ 1 =1
0 0 O -1 0 0 -1 1

(1) (2) (2)

fhe valve of all three r, . is eounl to 0.25. Our firot inecuallitly

f

5
- Ny - . 5
0, or Tr(B,C} 2 0, with B, =

The three velues of di are {3 -3 O), which mecns thot the neow goenning

. P a T . .Y 8 I , 3
set ¥ conteins numbers (1) and () (hy rule i), and the sum of (1) and {
(by rule 11}

1 -1 O ¢ 0 0 2 ~1 -1

-1 1 O c 1 -1 -1 1 0

0 0 O 0 -1 1 -1 0 1
(1) (2) (3)

= 0.25, 1,.2 79, v, % 32, which means thet r . ~is still eues
) . IR

2 2

3 k]

Now
ou T,

. “ " Y ') , 3 4 e o
o1 ‘1‘:(112&/) 2 Oy with B, =

"to 0.25, The next ineg

The values of di are ( 0 ~3 3), so the final cet of edgen (they are duds

all edpes) is given by

X .79, T, N .71 {ond mivinal), r,, N .89, The corpeunonding
> <D

in fisure 1a,b,C.
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Neconpnry conditions

L
.
s

Theorem 3.3: If T?CDwC)E; 0 (1=1,...,p) ic & =zet of conditionsa
Laso 1 T

<
}_J
~
=
ot
i
D
te
O
o]

for FSD of C, and P iz the coluti

Tr(D,C) 2 0

then P is a polvhedral convex cone, and P & P,
This theorem ig the dusl of theorem 3.71. The duel of corollery 3.1 follour

Corollery 3.2:

‘min . r(C1,CO) < rnin r(@l,Cz).

CaC,eP C,,C €7

Let )( be the set of nll real PSU symmetric matrices of ronk one, i.e. tho

sel of a2ll matrices that con be written ag X = xx', with x a real vector.

Lommp 3.2: A matrix A im PSD iff Tr(AY) Y O for all Y e;)( .

Proofe If Y é:X then there exists a real vector y such that ¥ = yy'., I
A is PSD then Tr(AY) = Tr(hyy') = y'Ay 2 O for 211 Y € 7( LoTIE re(RY) o6

For «11 ¥ ¢ X , then y'Ay 5 0 for o1l y & R, snd A iz PSD, C.B.D.

Ve O

It follows that, given any vector the linear inccuality Tr{Cyv')
| 2 ) ¥ ¥ X

. o~

in necesaary for PSD, Any finite liet of

these conditions 1is

for PSD (but not sufficient).

3.4 The complete method

Our method can now bo deacribed completely. Suppose @ is o pointed poly-

139

hedrel convex cone containing I, Horcover 1,...,C iz a spanning sct for

Q_. Pind the smallest eigenvalue k. of ecch of the Ci' Let C_ be the

natrix for which )P is the onellest of the A., ovgy let y_ be the

N 1 £
corresnonding eigenvector «f ¢ . Then add the conglreint Tr(ny') 7, 0.
Comnute the mnonning wet of the cone O by the procedure owlblined in
] ] & "y .
A
P
theoren 2.2, normelize  the eiecents of this set suceh that WP\Ui) = - 1y

ond atart



Dy,

S >

D

e
pR3

'ad o]
F [} P . . 5 .
This procedure generates the meguescon iQ % ¢ o pecuence of polyhedrsl
el
iC

?
convex ccnes, the sequence oF matriocan and She gecuence of ronl nuw
Y 1 3 b ;

bhers ‘"Ar}]. Iloreover we compute in coch iteration (using the elomcn
the sponning set
g i

r o= min T(CT’CE)’

=

.
and we obtain another secuence {zﬂq% s

This procedure genevstes on infinite gseguence of nonempiy

vpolyhedral convex coneg, that are related in the following woy
Z . 7 e LR

DD 6, D...
B 2D Y0 %

[

(and inclusion ig mtrict). Horeovo§ 211l these cones contain P,
Proof: It iz culficient to prove that k < 0 Tor 211 w=0,1,2,... Junnoge

.

not. Then all elements in ihe spanning sect are PED, and consequently

1s a

o s ~ 5 € - . . . s \

sufficient) Tor I'SD, It follows that C_ violuotes the inccuality Tr(ymﬂlﬁ;
ol {5 t — Tt — . m 8 I R i,

0, bhecoure Tl(ysyscg) = yOoyy = A o < 0. Thus Qs+1<: QS (etrictly). The

conditions alweyn remnin only necessory for PID, and thus P& ¢ Tor oll

(also sirictly). Q.B.D.

Corollory 3.

2ll . The sequence {A } ia dncressing, Aﬁ < 0 for 2l

a

1=
+

Corollary 3.4: The sccuence .YQ 3 converges to o cone QWD P, The pecuens
, . - ¢

f . . aa e z -
{rq} converges to a velue r £ r,. Vinolly A «» A X 0.

In order to comnlete our convergence proof we rolormulnate the problon o

(C)  min !

;\ (¢)y> o.

nin 4

Phin probla: will be colled oroblos (D),



a motrix funection vith eoantid

RALTT-L N V'

I"’l"l n’mint

vhere y the the eipgenvecwor corrernonding with the cmnllest eig

Proof: ) ( (1= )C,) = et Ol o (U= fe vt Cor o 2

X}. (C,) + (1-—/t

1 . (C?)' The continuvity of =211 roots is well Y,
rmin mzn 2
the formula for the derivativ cnlculetion (wo The

. o - . oY ‘.
simelifving aeeunotion thet the snellest root ds mot o multinle root). i

ollouas from concry

2 bournded set A . (C) ie bounled, snd continuity I
“in

i
A

golutions much thot Tr(C.) =1 - 1 for oll wetrices in
i

nfuhiz' solt mosns that we actunlly use f$his repling recuivement too. Inte

prote SDC Trom now on (sand alego in the Toraulsiion of neoblem D} ap senle

o

QL

doubls centercd, couvrse, that wve sre in

npaduced Dy cur procodLre Lo

tle coeme ag the senuences of golutions and function voluves obinincd OF

- N\
apnlying the cutting nlene procedure to problen (D).

et that in »roblen (b) the mininization subprobloms ore not

~
=
o
zy
3
cs
3
e
D
5l
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o
(6]
~
@
O
=35
=1
=
e
=
pER
i
C‘L
.
o]
-
jost
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o3

linecar dut concnve only complicoies @

pidbm. 1h ie obill o true thot we find tho molutions o b

basis of the algoo:

o e

. . - N L T . - P A A -~y
verticos of the merniscible resion of the subproblema. e hove only one

convex noenlines~r rectraintg,

P R e 4 b
violates this ond Lag to bhe vhich zecompliis
thig is (in the 'eoncove' cutiinrg plone method)

- 7
/ 4 e \ / IS
. ¢y - I C - C ;A (0 ﬂ-
'11;0““. ‘v ‘.'“) \' RIS o
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A and Co

Chevoy

The cultting nione nmethod wow ooy o ol

by Felley (19606). 1

|5 IPR)
et

. v £
cerling (’if)ow n 93~

conversence we only hove to apoly 1ie usual convorpgence theorens
cutting plance method t0 our pavticuvlor mroblem.

i) X = 0,
ii) r = Ty
iii) O = P.
¥ 1
Proofs e investirete the socuence }f"‘c‘)f o 511 G lie in the

0

% H

Terelars avheccvoence

n - 1} . Therciore 30 hog 2
C. Sunvone c é P, then } = XIW,‘_‘(C) < 0, Boecrnee of
Rt

;\ (C) we Ymou
min

%i
to, =7,
dontinnity of thot
that

such

L= ol <

fic

X,
and’

\

min

(c*)> -
/ 3
now have the identity

‘ min(ct) *

well as

boundod

whiich

aubner

DO

P bh
Top thoe

Crny e’

FR)
e

wenge

as the ineguality
g [Nl PR T IO |
>\mln( L\) N X_(C - ©, ) Fql < v A= ii G- \’-t\ i 3\74{;7"% “ -

Y \r v
Y -«!{C-—Cth £ o,
. ,
- " \ ;
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our complets method i that the nuwabhor of
nultiply at an alarming rate, In a sather opitimictic cace thic nowper will

obey the differcnce equation 1'3ﬂ‘1 = 2(n_ =~ 1), Uping the initial condition
S+ S )

( b
n = ), we nave a ber 'L(’D.. .

n \ . v N
R, = l( 1 o2y

1 . C - .
and we must store ((?) + n)nﬁ numbers. Tor n = 10, g = 10 this is already

larger then 107, Thereforgit could be importsnt 1o delete the elements of

. I

new spanning get that are not edges {i.e. those which sre positive linsor

combinations of other elements in the apanning cF) Thin can be deone by

investigating the number of inecnalities saticfied es ecunationg, or bhy

solving the scouence of LP-problens
b S » .
jf 2 - 2 a et ) min !
P 1]
) A
it [ . .o
L__ q.cL. 2 0 U[l < ]

1] % o Do

T

for ench CP in the spenning sget. IT the minimun value of thisg pro
<

zero, then delete O% and gelect one of the wreunining Ci for o new tewt. Tn

mesngs, of courte, s consideroable reduction of memory recuirements, but =2

congicerable increase in computer tinme,

Despite 21l the possible refinements in our method, it will remain o curio
ty which cen only be apnlied to very small examples, ond which in moot
certoinly not o condidate for routine avnlication. An algoriihm which aolv
the some problem in o somewhat different way will bhe discusped in a Ister
section. Thig algorithm is expected to he frzter, s~nd it requires only & ©

lotively small amount of storage. Noveriheless it ie still cuite cxoensive

and its ume in the future mey =1ill be limited to investigating certain

»

theoretical vproblems (such as unirmenean) or to atbacking nome poriiculoid

nasty cogses of decenerccy., The alsoriihm in cection 3.4 cnmn bo conpsy ol

gith Usews'e Liennathod (1250%), or with itle also clecoly vrelsted o

el al 1253). These methods nloo golve the L




problem by constructin & and dinvestipsotin g 2ll besic Teonwilleo soln

e
ong

?

which means that they do sive considerably more informiion then the

23 o

x simplex method., Recause you cannot <ol somathing frow nothing they ore

£

o

much lecse efficient.

»
3.6 Initisl epennine sed
Supnose that all 'upper—diagonal?t digsinilerities ape veskly ordered ond
that there are no ties, In this crse we have in(n - 1) -1 inecualitics
Tr(B, C) % 0,
k
Ve add the n inecurlities (nec9sriry conditiong)
Tl 2 L) ‘
Te(BTC) 2 Oy
end the gpingle inecuslid ition)
Tr(13C) 7 o,
Thic malics » totel of +ni(n + 1) dnerunlities and ‘the cone turns out to
. “be pointed, The edges cen be found reletively ceosily., The finnl inecvalit
corresponds with the edge C1 = B —~ I, The middle n inecualities with the

n edges defined by

C, =T o ——py

i n-1 = -1

s 4 . C . . " . -
The Tirst n(n - 1) inecuslities correspond with ecunlly many edres defina

by :
(.~ 1) nln ~ 1) = 2(p .~ 1)

g J___._._. -

i n(n ~ 1)

ij’
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=
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Thog G, 0 = B ~ T — . ., "ho pnevy thing to do in to project tho cone iate

* C) = 0 Tor 211 1 & 7, Dhis ia dono Lyon vrocelure oic

subongee with Tr (R

1o very sinileor o the one expleined in theoeon 2+2s Ve have now o alo -
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initial egix zdoes are

0

-

1 1 0 0 -1 0 -1 ¢ 0
(1) (2) (3)

[

(V)

{
\

The vector d is ( 2 -1 -1 =1 ~2), which that thero ore

matrices in the next set.

-

0 1 -
14
-1 1

(1)

-—

O - -

1
0

2 0 =2 2 ~2 0 2 -4 2 2 -1
o 4 - w2 0 -1 ~4 0 1 ~1 0

A

v

-1
(6)

t . -velue (=um of
"

The origia of new elements, and their nex
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The final
R:
-
R

The

exxenciated

gives us

nine
4 ~3 =1
-3 4 -1
-1 -1 8
(1)

1
S oo

i
NSO o
SN oo O

2 =1 ~1

-1 1 0
(2)

(1)
(2)
(3)
(4)
(%)
(6)
(7)
(8)
(9)

Spanning et

>

A

N~
R A
Nt S N

anoctrs aro

A
with the

2 -1 -1
-1 2 -1
-1 -1 2

(1)

1.000

elaomonts

zealed,

(2)
(2
(2)

47 3
-7 3
3 3 €
(=)

2 ~4 2

N
FuN
[

(3)

x (4)

x (4)

+ (€
- (7.

ON

-3
——r s

LS BN

)
)
3)

co

(i.e. the edges of QO) i g

1 -1 0

-1 1 0

c 0 0
(2)

(07 AT
1,000 038

1.0C0

1the valuen of

gipgenvnlne =3 ia

ia the new

r

apanning set,

O
-1
1

-2

-1 1
01
1 4

(3)

2 -2
4 =7

-2 =2 4

N O O

G

O\

- "
snectial
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(1
(2
(3

\_/\/\-/
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must sdd the inequality Tr(CD) 2 0, with D = yy' =

0 0 O
0 1 -1
0 -1 1

A . . B - Al
“ The new di values are ( 6 1 -2), which gives ue® the four edges

2 -1 =1 1 -1 0 4 =2 =2 4 =3 -1
-1 2 =1 -1 1 0 -2 1 1 -3 2 1
-1 -1 2 0 0 0 -2 1 1 -1 1 0©

(1) (2) (3) (4)

R: (1) 1.000 .707 .707 .655 Spectra: (1 303
(2) 1.000  .750  .926 (2) 6 0
(3) 1,000  ,926 3) 6 0
(4) 1.000 (4) 6.4 0 =-.4

We know now thai TPE, .655. We algo know (from the T-method of section 3.7

that rp £ .707. The same conclusion follows from the example in this secii
. because T, = .707 and both (1) and (2) are PSD. The configuration correc-

ponding with edge (3) ig given in figure id. Observe that if we had requlr
* in addition that d$2 £ d$3, then there would have been only two edges,

(1) and (3), both P8D, and r, = .707.

P
An plternative procedure (which can also be uzed in the case of partizlly
ordered data) is to start with the necessary conditions
c, . 0 i N
" Vie n,
o .
>0 Vifj en

C,. -2

- c, . C. .
ii 3 ij
These inecualities define a pointed cone with,%h(n + 1) edges
B o+ BV Vie v,
—et sty Wi/ oew
. i
The minimum value of r for this cone is already - ;lT \[n -~ 1., Then we
apvly the equations
- - | ’
Te..=0 View,
. 1]
l}
> and the inegualiities

) .
mr(Bkc),¢ 0 K=1y00e,m,

which gives usg QO‘




bl 2 Baatd

We can olgo start with the system

A
Zoc..=0 Tie N,
T ij
J
. S ¢ Uiy :a)
¢c,.+c¢c..~-2c..20 viYy je .
ii i3 ij
“ By uging the equations
C,, = = Ef' c. . Vi &N,
11 v 1]
J#FL
we can eliminate the iy from the inecuslities, and obtain 4n{n - 1)
homogeneous inecualities with 4aln - 1) unknowns. In our siandard exarple
they are
Ac. _ + ¢©,. + ¢c..>0
12 13 237
c + 4c + ¢c., 20
12 4 13 23 7
c,. .+ ¢, + 4ec,. >0,
12 Gzt 4032
The matrix
4 1 1
A 1 4
11 4
4
is nonsinguler, in facl it is even PD with specirun (6 3 3). The ccne ig
thus pointed, and we can solve for the edges.
c + cC + © =0
4cyo 13 23
c + Ac + © = 0,
12 13 23
Subtract
C - 3C = C
3 15 3%43 '
or
C,. = C
12 13°
Substitute
-
C,m + © = 0
%42 T P ’
or
»
c = -5¢, .
23 5 12°
M . N .
. The first edge has the form (oﬁh 013 0?3) = ( a a =5a). The Tinal

inequality demands that a + a -~ 203,)»0, and consequantly 3,:7(), The edge

N
[}




]
i

1
()

-2 1
T4 -5
-5 4

And Dby symnetry the other edges are

4 1 -5 4 -5 1
1 -2 1 -5 4 1
-5 1 4 1] =2

All three values of r are equal to —.20, “he spectra arec { 9 0 -2}, Lex!

we may apply the n necessory conditions ciif;:O. The poasibility is clear:
for n = 1(1)20 fér exanple we may make a standard library ol edres., Again
the decision muét be made how mony necessary conditiong these edges must
obey. Adding anéther condition meang higher irtercorrelations {a snailer
cone, a closer approximation to the cone of P metrices), but it aluvo
means more edges, If something like thig was done, the program thal takes
care of the first stage would read in the ready-made edges, apply the

inegualities Tr(BkC) 7 0 one by one, and deliver the new edqges of QC for
/

the mecond stage.

Some remarks must be made on the treatment of ties ( 5’j % ig,l).‘ff e
i; X
. . . . . .2 .2
require geni-strong order-iscmetricity, then we must require dii = akli
N o I

and this defines an squation in C, Yeak order—iscmetricity means thet we

there simply ig

require nothing about the relation between dij and dkl'

no ineguality in this case., Both apprcaches can, of course, readily be
incorporated in the first stage. The semi-sirong approach makes the cones

e

Qq (and P) smaller, and the values of r  lerger. For the weak approach the

reverse is true.
Congider the partial order

1o 2 “ o3

co_C ¢

vhi taing leeg i neti 1 he weak orde 0 ) - e WO
which containg leecs informetion then the weak order p12:% Q3 2%C2j WE

investigated ypreviously. If we ume the corners we have already comruted

£ - . : _ N L
(i.,e. the ones on this and anply tie tuo inegualities faem the date




then we obtain edges

2 -1 -1 A1 =5 4 -5 1
-1 2 -1 1 -2 1 =5 401
-1 -1 2 -5 1 4 11 -2

(1) (2) (3)

with -3 goes the

The values of di
)

-1

-1

The value of r . ~is still -.20. The cdze (3) has spectrum (9

vector (-1 =1 2). HYew inecuality Tr(CD1)‘3,U
i1 -2
1T 1 =2
-2 -2 4

are (18

0 -3), and

g S0 T
’ rithn _1)‘ =

\ 3 .
36 -18), which gives ve ag new edges

-1 =1 4 1 -5 4 =3 ~1 1 -1 0
2 -1 1 -2 1 -3 2 -1 1 0
-1 2 -5 4 -1 1 0 0O ¢ ¢

1
(1) (2)

end r . has gone up to oy = 0. Cut off (2) with Tr(CDQ)'} 0,
1 -2 1
-2 4 =2
1 -2 1

Values for d; ( 18 -18 18

9), new edges

-1 -1
2 -1

-1 2

(1)

-3 -1 4 -1 =3
2 1 ~1 0 1
1 O -3 1 2

(2) (3)

-1 0 17 0 -1
1 0 G O O
0 O -1 0 1

(4) (5)

-1 =5
0 1
1 4

(1)

WiTh 1, =



R (1) 1.000  .655  .655  LTO7T L7070 .690
(2) 1.000 852,996 .463  .632
(3) 1,000 J463 .926  .700
(4) 1,000  .250  .620

(5) 1,000  .900
(6) 1.000

(8
(@]

Spectras (1) 3
(2) 3+ 2\3 0 3
(3) 3+2\3 0 3 - 2\3

1
N
il

(4) 2 0 0
(5) p) 0 0
6) s+2{2 s5-2\2 o

This example illustrates =mome important points. In the first place
investigating the partial ovder makes clear that, in any order—isometric
representation, interchanging the points x2 and XB iz permitted, Therefor
edges like (2)*(3), and (4)w(5) oceur in pairs in which the secoud and
third row and column are permuted. The sccond important point is that the
minimum velue of r in this cycle is obtained for edges (4) wnd (5), =nd
that both these edges are PSD. It follows that the value of 250 iz the
minimum value of r for all pairs of nntrices C1,C2 E P (convergence in
just two steps). The representation corregponding to (4) im identical %o
the one in figure 1a, the representation correcponding to (5) is the

gsame but with X, and X3 interchanged. One-dimensional procedures would
give us the same configurations with minimum Pli-correlation of 500,
Finally, while r“."? .65 in the weakly ordered case, deletiug one inecuanl
ty makes rmin egual to .250. This hns a moral. It zhould moke one a litwl

caling soluticnsg with categorice

L2}

bit pessimistic about the unigueners of

data (such as those collected with mociog em—type technicues and multinle

choice teats). Hot too pessimistic however, becruse we ¢id nov yveot aiudy

the effect of an increasing number of noints cn Toin® It is not true

that r\.ﬂwéaﬂ if n~»ac(cf section 3.7}, The dereneratc solutions turn

1.



_?\C)_.

out to be the big nuisosnce once agrin, There are two waye to circumnvent Hhii
Ve may cling to strong order—~igometricity, but it is numerically very
difficult to work with open convex coOned. The numerically more fesmsible way
ig to have an cbhjective criterion for selecting a matrix ir. the cone which
ig, in a mathenatically well—defined sense, the best one, Thia apnrosch io

discussed in chapter 4.

3.7 A somewhatd different annroach

- n . e s s .
Suppose that all (?) upper-diagonal dissinilarities are wealkly ordered., [

. N . .o >
gives us (2) ~ 1 inequalities of the forn

ac., -4

i k1 2 O

and we use an extra one (for the smallest 5 y Say cS )

2

. n . . . . 2 . . ;
Congider the (?)~d1m9n81ona1 space in which each dii defines an axis. The
. s . . . n

inegualities define a pointed cone with (2) edres

(00 . ..01)

11)

o

(0 ..

(01...+11)
(11...11)

. n . s \
Yow congider (?) nonnegative cquantities Xp' and let rij denote the rang

.

Y . . . . 5
nunber of 8 i3° Then a vector §dij} 1iea in the cone iff there 18 anoths

vector x such that
2 il
d 2

43

For 211 vectors X we can define o matrix V with

I‘i,
11 \fl"g ’1’

o
i
B
g

1]

and. o matriz W with

& Ll n 2
W,. =1/ V., +n v, . - ;L_ > V. o~ D Ve
e =1 o B ® o




T+ iz well Jmown that V can be interpreted ag a matrix of scuared Buclides
distances iff W is PSD (it is always true that ¥ is SDC), If we substitute
the expreassion for Vi' in the delinition of W we ohtain a matrix whose

clementa are linear Tunctions of tue xp. We reguire thot V is monotone, Or

equivalently, XD?' 0. This defines the edges

(; 00...0)

-
(@]

(0 . . 0)

. 4 L] . L] . .

(0...001),

and by substituting these edges into the expressions for w.j we obtaln tho

edges of Q In our familiar example the matrix V looks like

OO

0 x1+x2+x3 Jc,|+x2
x1+x2+x3 0 x1
X, +X b 0

172 1

which gives for ¥
O 4-Ox% +4Ax D L b L —3Y =AK W
6)(1 8X2¥4k3 311 4\2 )(3 3 ] 4&2{ 3

-d¥ Ay =5 ro403 ~33 ’) S
3x1 432 53ty 6y142A2+4x3 £1+?X2+ 3

- + q —2X e
3x1.2x + X 6x1+2x2 2y

-3x1~4.x2+ X o 3

3

Substitute the edges

S T B

(o 0 1),
which gives

6 -3 =3 8 -4 -4

-3 6 -3 -4 2 2 -

-3 =3 6 -4 2 2 1
(1) (2)

The extrs recuirement w

s

i
Es
-— -

N

RN
!
S

(3)

0 cuts off (3) and replecen it with {wo others

(SN

33>
1 -1 0 4 =3 -1

-1 1 0 -3 2 1
0 0 0 -1 1 0
{3") (3r%)



The rationale seems different, but is es:entially identical to the one we
used previously., Ve use

Tr(BkC) >0

C SDC
and an additional ineguality that malkes the smallest d2 = G + C - 2C
q pp qq 8]
0. Observe that for these edres it is automatically true that
C.. + ¢Cc.., - 2c,.> 0
ii " i ij 7

. . n -
for all i,j (which are (2) necegaary conditicnga).

Ve have transformed the problem back to a different apace in which each of
2 . N o . . .

the dij with 1 <j defines an axis. In this new space the edges turn out to
. . _ o 2 P -
be much easier to compute, The inecualities dij 2; dy] reduce to xpé; 0,

and the eguations 4

= a4 to xp = 0, For partial orders the situstion

is somewhat more complicated. If we analyze the partial order

812
\.
5/ 9

13 14
|
b / \
523 824

we end up with about 25 xp—variables and ccngequently about 25 edges) in

stead of six. Nevertheless, even in this case, the method is =till much

more simple than the ones in the previous section.

3.8 The role of nI-E

From the examples we have investigated so far it is clesr that the matrix
nl - E plays a peculiar role. In the firsgt place it is always a solution
(in moset cases a weak (n—1)-solution, it is strong or semi-strong iff :;0 ig

), in the zecond

an equivalence relation that connects <the nondisgonal 5;

-~

place it is 2lwoys an edge of the cone P. Using hI ~ B we can give upner

bounds for the value of T

Theorem 3.7: If our system of inccualities has a weak k-solution then




(1

T4

Proof: Suppose X is a weak k-solution. Yithout lozs of generalily we arounm

]
that X¥X =~A, ig diogonal, and thot the colummz of X sre centered, lirite
- C for nI —~ E. Then
jis k
r TS " < t — =T
Pe(CXXY) = 2. x'0x . =mn fﬁi Xii,
=1 1=
and
5 E
Tp(XXAXY) = Te(A°) = 2 OAT .
i=1
Of course
Tr(Cz) = n(n~1)2 + n(n~1) = nz(nmﬁ),
and thus — -
AL v k2 )2,
. ii ii
I‘P \$ T(C,J"‘x}:') = = \'< . -
5\ 2 f 5y 2
V(n~1)i >Hi \(an)Z Aii
Q.5.D,

Corollary 3,5: If the system has a weak 1-solution then

' , \ ’ 7!
evrt) =\
rPg r(Cxx') = \n-—’l .

The next thing we investigote is what exactly the influence is of adding

nI - E to a particular solution.

4\
Lemma3.,4: If C is a SDC matrix with eigenvalues /\,], >\?, cee >‘n-~’|’
~ R o ) ~
and C = C + ol (nI - E), then ¢ and € have the same eigenvectors. C has the

eigenvalues zero and \i + o0 (i=1,.00,0=1).

v ~
Proof: Both C and C are doubly centered, therefore Ce = Ce = 0, and oll o%
. ~ o,
eigenvectors arc centered. If Ox = xix with x £ e then Cx = Ox + « (nI -
' ~ ) o
>\ix + onx = ( Xi + A n)x. If Cx = }{'i}: with = £ e then Cx = Cr -
[}

a(nI - M)x = 613: - & nx = ( 6» - #n)x, Q.BE.D.

In termg of the reprecentation: if C KJ\,K', or X = KJA\, then C =

it

ns 1 ~
s it ~ s g o
* KA+ &nI)K', and X = KA+ o nI)*, Tnterms of the disionces: if d. .=

5 >\S(k. ~ %, )2, then &7, = "2 (N, +an)(x -k )? = )\ (k, - X,

is js ij is .]L ig ]




- s
. 2 2 . o : .
+ n i_(kia - kiw) = d‘i + 2dn. This cen algo bhe proved by veing
_ b i
i / \ 2
d + & (2ln-1) + 2) = djs+ 2am.
l\

thig new solution

i) 211 scuered distonces increage by vhe same

ii) the principal axes of C are differentielly airetcheasd,

For each solution C we may now solve the problen
® max !
¢ - « (nI - ) PED,
From lemma 3.4 it follows that if € is an (n-1)-colntion with smellest

A r
— . A\ N ~ N . .
pogitive eigenvalue , then the solution « = /n. If C is of renk less

i

than n - 1, then P 0. Finally, if C is {6 (pI - B), then o = 4. The
I}

matrix
v ~
C=0C— o (nI - E)

is call’ed the o ~cononical form of C. Evidently rank(g) < n — 2, =2nd the
® —cononicel form of nI - B ig O. Becauce Wl - B is zlways a solubion, we
have interpreted it as jusi enother type of indeterminacy that hes to be
eliminated. And now we may sey that we are only interested inm sesled 5DU

solutions in o —canonical form.

Theoren 3.9: The edges of the cone P (except ul - B) are always in # —cano

cal form.

s

: ~
Proof: If not +then there is a solution € and a positive nuuber & such 7t

e
L
-

"
P

which means that C is not an edge. Q.E.D.

Corollery 3.6: All edges of P (except nI — B) have renk  n - 2.

o \:
~ ~
o . . - A o 5
If we opply the procedure cf the previous caction to the example dm};’,: 0,

(-\ - - 0 £11nd + Al oo
8147/ 0237/ 524/; 53‘4 we find the edgen



~A 0

3 =1 =1 =1 7 -1 =3 =3 S B
-1 3 =1 - -1 =3 -3 -1 2 -2 1
-1 -1 3 -1 -3 -3 3 3 -2 20
-1 -1-1 3 -3 =3 3 -2 1 1 0

(1) () (3)

g -3-3-3 3 =2 =2 3-5 1 1
o T I -2 1 1 0 -5 3 1 1
- 1T 1 1 -2 1 1 0 17 1 =1 =1
- 11 10 0 -1 (O T

(4) (5) (6)

Ldges (1), (2), (4) are PSD. Bdge (4) is of renk one, which meons (oy

, v s
corollary 3.5) r14 =\{§ . The configmration it given in Tigure 2a. Ldge (2

. . 2 .
is of rank two, which means (theorem 3.7) r105 7 « In fect the eipgenvaly
2 3

P
are 12 and § and the proof of the theovem shows that r,, = 20/\/0?4 SIS

The configuration is given in figure 2b. Both solution are, of cource, neor

or less degenerate, and both solutions are in & ~canonical form,

Another exomple starts from the distances

Y a\fg 22, a\fg

0 a g‘é 2a,

0] a\rg

0
obtained from the configuration in figure 2c¢. Requiring semi-strong

order—isomnetricity gives us the two cdges

3 =1 =1 =1 11 =3 1
-1 3 =1 -1 11 1 =3
-1 -1 3 -1 -3 1 =3 1
-1 =1 -1 3 13 1 1

(1) (2)

Edge (2) has the following proper vectors and values

10 1 -1
o 1 1 1
-1 0 1 -1
0 -1 1 1

N o A ST

4 4 0 -4



fig 2=

fig b




Observe that the first two vectors slready vsproduce the confipuration

exactly. Neverthelean the edge is not PAD; we cut it off, and obtain the

new edge
0-~1 0
0 1 0 -1
-1 0 1 O
0-1 0 1

(2')
which is PSD {and in X -cenonical form) with spectrum (2 200), and with
eigenvectors equal to those of (2). We have applied lemma 3.4 with K= 1.

In this case the two eigenvalues are ecual, which is the necessgory and

||

™
sufficient condition for equality in theorem 3.7, and thus-rp = \!%. f we
congider nI - E ag something redundant, we can say that the solution ie
Kad

essentially unicue, In this particular case the metriz C = C + o (nI ~ )
has eigénvectors equal to those of (2) and eigenvelues (2 + 4ot 2 + 4&
4% 0), which means that the first two dimensions s%ill reproduce the
configuration perfectly, but that there also existe a third nuigance
dimension with positive eigenvalue. From the point of view of minimum
dimensionality (or: if we are looking for the meximally parsimonious

solution) it seens auite natural to restrict our attention to & ~canonical

solutionsg.

The fact that nl —~ E is among the solutions cen, incideutally, also be
used to epply the supnorting-hyperplene versicn of the éutting methods
to our problem (Veinott 1967; Zsngwill 1969, ch 14). If E is the solution
of a linearized subproblem with minimum eigenvalue'x <0, we find a poini

~\

C on the boundaory by

QY
(=
n

. \ - - < o :
PSD, bhecauce by lemma 3.4 A (E) = ) o (C) = A= ™~ A = 0, The

next supvoriing hyperplanc is

[re— s — -~ y —e oo
Pr(371{C = €)) = (¥ ¥') - ¥'Cy = Tr(Cy y') = O,

which ig the came as the cutting plene constructed in the concove cutiing

(S



plone nethod, In this particular case the two methods are esuivalent.

The remults we obiained so far make it poszible to prove a conciderably

more precise reprerenistion theorenm. For tho noment we acsume that ;P is

3

a. POG-dictance, and we even siart with embedding it in a CC-distsznce., In

this way we obtain & weak order over all unper-dinconsl discimileoritiecs <S

A

ij
with j > i. The elemente of the matrix W in section 3.7 are linear funcitions

n.

of the (?

) nonnegntive varizbles X0 and
n
f l <?) '
= N C = == o j’
QO {(’ e Xpr ’ yp)/ 07,
D=1
where the Tp are (2) 5DC-matrices. In our example in section 3.7 the
expression for W gives
6 -3 -3 8 -4 -4 4 -
=3 6 =3 -4 2 2 -
-3 ~3 6 -4 22

W
- N\
- -

!
N

-t

If we recuire d.. = d,. we simply set cne of the ¥ ecual to zero and the
: ply D

correcponding matrix Tp i not included in the gcummetion (requi?ing x1 = 0

. . . .2 A . o .
ig ecuivalent to recuiring dpr = 0 if uop iz the amallest of the é;j)' Ve

eliminate the T  corvesponding with valuecs of Xp thot muet venish., Thig

giveg

oD

4 k
= = 5 Y, X ~ }
0 {C ] c nz:_1 x T X2 0,

n
2

senge, If we demand xrj> 0 for p =1,...,k then thoy are even monotone in
"

with k < ( ). A1l elementa of the cone Q. are monotone in the seni-gstrong

0

&

the strong sence, Let

. o :
i \ =
(\ = ‘? C C = 3 3 T “ O } .
VO , b p >

- . . i . .
Lenna 3,85: If one of the T_ iz not PSP, then Q) hos an element which ir

e D 0
not PHD,
. _ e
Proof: Sunnosne A . (7 ) <0, Concider onv voint C = = =T owith ¥ > 0.
. min' k . o = pw P



vt} e
H

Then the point
o cous.
C e 04+ (1 = g0
' / ( / ) k
; i N . . .
helong: to QO for ¢ < /(4 1. Along this line 2. (C) is o continuous

s ~ 1 w0 \ : i ~ . K e B .
function 01/4 . No metteor whethor N . (234 0 or A (C) = 0, it {ollove

o
—~
~—

N
«
-
®
e
[
.
I
)
.

by continuity that there is 2 O‘{/d-é T oae

i - . Y - 1 r T i -
Ce QO And. A‘. (C) = A <0, 3hen C = C =% (ol « w)e& o

1
i

and renk(C) € n - 2,

nert follows fran Lemms 3,4,

Qur now represcentation theorenm uses the following delinition: » P

(N

iz nondecenercte iff . ir not an ecuiveleace relotion that connects the
£ A

&ij witn J Ty 1.

Theoren 2, 10: The Buclidean #lS-problem hne s sirony (n-2)=golution Gilf
q)is o nondegenerate PCG-distance.
Proof: Trke a positive combinstion C of the ¥ nmotrices T found by recuiring

2 .
ceni~etrons order-igometricity 2nd positivity of the dij' T

a way that C % nl - B (if 4) ig nondegenerate thig caon be done). If C is

it in such

SOt = ‘< o 5t o £
PED of renk n - 2, then we are ready: C = C. If C is PSD and rank(C) =

VA

. C i the & —canonicsl Torm of C, If C iz not PUD, then wve find

e

po 3.6, Thus the condition is sufficiont. Hecengity Tollous

eagily from delfinition C.1. C.E.D,

Thig representstion theoren geens somewhat sironger that Guiltmon's SS5A-I

theoren, Cuttmen's proof iz not publighed ag yet, and it is quite poesible
thnd he urens cuite difTerent mothnode. Thoe twe exietence {heorema mentioned
by Guitnen in hisg bosic NMES-poner (Cutimen 1968 p 476-477) rre corollories
of our theoraem

3,10, Qur representsion thecrem 2.4 i not exnctly a

- T

corollary of 3.10. A third form of the represenistion theorenm con he
s

Tound in » comvmaicn naner (Do Leenw: Tetric methods in Muelidern TS,

in preneration),



Kad " o - : L7, U -y o - ) owurd ey .. Syceh - o, vy ol L . . - - [
Cf courge thone theovene con Nrrdly be cowncrod vidth the renpesentetien

mn

theorenm of Beals, Krentm, snd Tversly (cf

seals & Krentz 1968, Yrents

| 1264, Xrentz & Tverslky 1969). Their theorem o neant for the infinite,
. ifenlized cnoe, and their cufficiont ditrons have the evcsentinliy
at etotus of underlying scientific soo mtions, whiech can (o mbét)
be tested by exveriments. gsufticient condition 1o

T
SCrenviile

nerely a metheustlical nicety without any
3410 states, crudely, thet the Duclidesn "iS-uodel ig more or less Loutolo~

cen olimost #liioua ha

gicel in the finite cose, becruse ita

gotlefied for p=n — 2. A1

as o solution nay be called a ruisence for connu

- - wor gy T . >
ab worln, it ic very

point of view, T4 hre given v pome interocting

importent Trom a theorotic:

theovens, As o final cornllory of theorvens 3,7 and 3.10 we hove

' Corvollary 3,7: If (Z:i: o nondegenerate POG-dict=nce then

v 1

‘e investigate wo exemples in which our POU-digtence is oliont degenerato.

de fand

The firsl one ig o =

-1 3 =1 ~1 -1 -1 1 1
-1 -1 3 -1 T 1 3 =5
-1 -1 -1 3 11 -5 3

mosotone) conbiustion

ag the two edpmon (T—matrices) of QO'
X7, + T, her roots and veciors
i

eisenvector:s 0O O
1 -1
-1 -1

-1 cigenvolues Ay o+ 8{3

[«
O

2

=

—
b
S
-

.

£
i
>

Tisvee 3o, I we tnlke

o

% = f3 = v gives us the girvong 2-solution in

ol }UG‘7O, then we also cbinin molutions, but they ave notl in & —~cononice

FTorm end of ranlt 3, The gccond examonle is Ls1qrr d = 614 = G =]
e J
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In tr cese both 7,

1

retion idebical to the

of r., ie snoroximately 557,

cennutotio

crepoliono

The method of section 3.7,
crn

to find values of x_ such that

Iy <Y
D,

where the T . nre the

Indeterminocy dus fo

pagiring
15
- oot
i ( « 7Y = 2

o

el

Solvine Torp

I'sD,
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1~ e .
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The problea of
x5 4+ Q Pib,
D P
-
XD g O,
and *he linesrized subproblens becone

")

cty € n(a-1),

min!

Ax b,
0.

The linear restrictions Ax < b 2re generated

Lx y' Sy +vloy 20
s g Ya
or
|m \ A |
2~ p(~y e inSCWSo
The form of these linerriged subnroblems mal

ordinary simnlex tableau. Furthermore we cen

bagic Feasible solution, pivoet step, etc. am

the moment we formet ahout the relrtive--cost
objective function). Obviouvaly x = O defines
feasible) with tebleau Cox

mn(n—1j

*c s e

b

s eecesBsEe s

J

1

v

In that 7.

o

the cooe

igs connected ond x1

it is esrsy to see that the (basic feasible)

X1> O, }:?53’;3730.' = er i rOiS nt—ﬂ.
which ovt of the basgis and %! into

tnkes'21

hosic Teoanible solution. IT

larger then

) - (k+1

g

novt

e 1141
( Yol

solutions 1w

corr

Ty +the

es

use the

in the
vector

a2 bagic

egponda

colut

S S
che

cutting cons

it porsi

terma hoslc s
simplesr methord
andt the value of

solution (in

with

for

the smalle

If we perform one pivot

thn

n
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the

er1 we ohte

numbher

trinta
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s e A e raen K4 R P -y . I LA . " By R N . 3
Cuite a nuabhor of thene verticscs w11l net e feagible,

This suegests o firetd alyorithm. Congtruct the tablesu, investisate all

RSN TSP ¢ - - - P

bagic solutions (vortlh *); if they are

» ™ - - . . ey

then cowmmute the correspon-

Y .
ding matrix C and its ’in? rotain only the onz b ot L ulth ancociated
eirenvector. Thig procciure has over the

oneg we outlined nrevicusly. In the zece ve do not need much stor

in the second place we sre sure thet the pracedure does not genevete fensible
nmetrices which are not verticez, The smount of comoutation, hovever, nay
ctill be enormous. Unfortunately alternative nethodn which sre sure to find

a1l vertices (2nd nothing but vert tices) do not seem to be oveilsble. The

1

method that comes clorest in the onme duve to Balinski (1961), which iwy in a

gsence, the dual of the double description method used by otzkin et ~l,

Umerre,

re,, Lindman, and by ur in ce ciion 3,72 ond Further. Bolineki's method ig

cuite mimple. If the polyhedron in n-gpsce ig the solution set of Az LDy
then stert by picking out one of the a5 and find 211 vertices on the
o

hyperolane o, X o= bi. Ve heve peduvceld the nroblem to one in (n—1) —DACEC .
-~ oe

This problem cen be rcduced to one in (p=2)-sprce, ond so on, until we
reach two-gpace in which the problem is particulory sinple eand can be
-

colved encily without further reduction. I we have found all the vertices

on the hyperplane we delete the constraint ei‘m:é bi’ and. we start o1ll over
again on this new polyhedron in n-space. The method doen, of course, find
all vertices of the original polyhedron, but it alco findgsll vertices of
the polyhedra that ere formed in the course ol the computstion by deleting
hypevplanes. As an exsmple of how the method works we atndy the polyhedron
in fimre 4o. Miret stody the hy evrplens (4), ond Tind (1) and (2). Deleting
the congtwmint corresponding =—ith (4) nmeass Torming the neu polyhedron in 4b,
Toke (B) and Tind (5) and (6), obrerve that (6) is not o vertex of our
original polyhedron., Delete (B), pick () in the (unhe ounded) polyhedron 4o,
find (A). L finnl gtep gives Ad ond (ﬁ\. Dolineki revorts runite aticfectory

I8

. ,
results with thie method, even in o comparvetively lorge problen (85 nonnoege—
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recundont.

intive nrocedure is

altou

An

himve found n

e

Linearine M

b)
g
e know thot F(x) = A. Now smolve the letely 1lin

o
-

by eorme voriont of the gcimvlex methol
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conditions for whis

conditions
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happens,
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ey
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S0,

cuite bothersome

comnlic

hioneg,

T
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veclors, Hou

mivdmis’ v
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trict

SRS R CEARRETALE

gy N

QN

chernoos

r}:h o

region viere tho naarioes Dae

ro thore

to

us clomer




Without these tricks the method runsa soncthing like thie
i) Make the tableau.
ii) FTind » basic feasible solution (nT - B is alweys available,
but it hae the disadventsge that it lies decep in the PED-

region).

iii) Linearize the obhjective function and minimize it,

iv) If the solution we start iii) with is already the ninimining

solution, then go to v), otherwise to iii).
v) If A

stop.

.. < 0 then make a wew cut and go to 1), otherwice
min - '

Another refinement, which Coes not take too much time, is to investigote
all neignboring solutions for every new basic feasible gsolntion we find.,
There can not be more thon (k - 1)(1 + 1) feasible neighbors. It may he
profitoble to insert such a gtep whenever it is celled for. How easily the

algorithn gets stuck, and how much time it tnakes on problems of the

usuel size (n = 10~20) is not known, ond can hardly be guessed, The following

'branching' algorithm may also be useful. We start with g = 1,
i)

ii)

Ag in previous method.

iii) Sesrch for the neighboring besic Teasible solution for
which the sum of the ¢ smallest eigenvelues is mininal,
;v) If the solution is the starting point itself and q n - 2
then g=»q + 1, go to iii)s If ¢ = n - 2 fhen fo to v). IT
the solution point and the sterting point differ, then
.

teke the solution point as the new storting point, set

~ .o N
y and go to iii).

g = 1
v) Ag in previougs method.

In this section we also mention & special technigue which seenms cuite
efficient for computing the minimvm eigenvalue and the correcponding

eigenvector,



Problem E: F(x) = e min !
We use a variant of the cyclic—coordinste sscent method (Zangwill 1969
P 111-112 gives a convergence proof which clso applies to this problem),

,
Subproblem E‘.(:

. (x + ee YtAa(x + éﬁvi\;

1<@)= (x-er (x + ’e:jf:
t ox ¥ a m'f
x'Ax + 2@ r;'..i AT

= - - min !

Some eslgebra gives (supposing x'x = 1, and wrting x'Ax = /\ ),

a ¥, (9) = 0 iff

——.........—..-».-...

d e
2 \
(xia.. - X’a..i) 8° + (aii - e + (x &5 - A}L )

ii
or
’)- 2% - :
P&+ Q8 + R = 0.
The minimizing @ ie given by

0. \] 2 _ o

"~ /PR - - .

e

if P £ 0, otherwise & = 0. The new x is defined as
<3/ @R

with

X =x+0 e, .
Then i becomes i + 1 until i = n (one cycle completed), and if the minimum
of the absolute value of 5 in the cycle was larger then some gmall positiv
tolerq,nce, ther we start again with i = 1 (new cycle). The method was tested
Tor the generalized eigen problem r\\z x'Ax / x'"DBx, and worked fast and
reliable, Although we do not study the method in detail, the following theorer

may be useful,

e

Theorem 3,12: If during a whole cycle @ = 0, then Ax = ,\ x. Moreover

2 _ 4PR, 0.

Proof: llecessery for &= O is that R = 0. If R = O for all i in a cycle

then Ax = 3. x, The second part ig lepg obvious. We have the uceful identity



=54~

P+ R = x0. Then 02" 2PR = 07

‘J

- 4P(:Xio ~ P) )

¢ 2]
the 'tI‘lV:L'?lly Q 31’{ 2 O. It X. P(\"> O then ‘;.2 —_ 4PR <O lmpl.L\.;. Q2 " 4]_)‘_4
4~XiPQ = ) \! QZ Consequently Q - 4PR

<0 implies (@;2 + 413')/2 <
\) 4P ¢ ? which contradicts the arithmetic-~geometric mean inequality. Q D



4 Selecting a porticular solution
+ . « . .
| 4.1 Optimal p-parsimoneous golutions
. The first avproach we shall discuss is locking for a parcimoneous solution.

The alternative is looking for a representative solution. Both objectives
sound desirable, but in most cases they yield far from identical resulis.
This ig intuitively clear: repres entatlvenv s meang that we want a vector
gomewhere deep in the interior of the cone, parsimony means that we want a
vector on the edges. To be more exact: the optimal p-parsimoneous solution
(in short: the O(p)P—solution) ig defined as *he C-matrix from the cone for
which the sum of the p largest eigenvaluves i & maximem (assuming that
mr(C) is some constant). The sum of the first p eigenvalues is a convex
nmatrix function (cf Lemmsa 3.3), and the maxinmum of a convex function om &
compfct convex pulyhedron occurs at one * the vertices, The soluticons ore
thus given by those vertices for which EE 'k ig a maximum, it suffices Lo
ot
compute the spectra of all vertices. Combined with the 'complete' algorithm
of section 3.4 this approach does not require separate special steps. Or:
in the complete algorithm a relatively small amount of extra computation
gives the O(p)P-goliutions for p=T;e..,0~2 Obgerve that the cutting off of
nl - E is especially important in this context, Adding nI - B to a particular
solution always makes is less parsimoneous for p{n .- 2, Or, to put it
differently, the 0(p)P-colutions for p ¢ n -2 are always in ¢ —canonical

- . . - 13 £ » AY .
form. It is obviously true that if there are (weak or gemigtirong) p~solutions

then they are by definition also 0(p)P-soclutions.

The general problem can be written as

jf A (C) max !

Tr(B,C) % O,
cC  SDC,
C PSD <P ,\n(c);; 0,

where the eigenvalues of C are of cource ranled. These problems nmusi




=562
essentially be solved sgsepsrately r all different values of p. The C(p)r-
solutions are not unicgue in general, which creates a compliceted unigueness
problem for each p. The structure of the uel Sp of all O{p)P-solutions is
complicated. Sp is not convex: if 01,C9e; Sp then
L) N
20\ | 1. 2y , 2
2 A oG (=R & oz A(C) + (1~ x) 22 (C)
1=1 . i=1 ) 1=1 )
Y ,(0).
CeP i=1
2.1 and at the end of section 2.2.
sun of the firest p

Comr-are the discussion in section
the

notivation for maximizing

There is an obviou
eigenvalues. We may be
sechion ig

nents,
fact the procedure in this

Yerror'. In
familiar projection-nrocedures for NI mentioned

W Dhe

pace we have o cone of matrice
and let
P

Let V be this cone,

Problem FP:

sult Frcm least

I{+ is a well known re

D(C1V

nd if we use the

is ecuivalent to

interested only in the the first p »rincipal compo-

o

O G
and we mey be prepered to regard the remaining n -- p eigen values
clogeiy relatecto the

av

data. )
£ p. In the vrojection-type salgorithms we try to solve

P
&0

the end of chanter T

..‘.
then in this

all Cematricexn

Ldch $
If we translate their rationale into the svace of C-matrices
that satisfy the order reloticns in the
of renk

Fuclidean, In a glightly different notation

where the norm i
min_ D(C, 0 )2
C,ev

1
D denoting the distance of point C1 to get Y_, and, equivalently,
P
min D(Cg,V)?
W
02&
scuareg theorv ths

then problem PP

LY
raquirement that Tr(C”) B gome conslant



n

NG
~
}
—

max =y XxIHC

LY i
_C1{;M i=1

which is very similar to the pmblen corgidered in this section. The nain

alporithms iz that they worlk

difference with the current vrojection-

V. ot R T e s
an exig), and that ther uze

in a difTferent spece (each distence delis

norming of ‘the objective function in orfder to circunmvent dejeneracy (in
atend of restricting the attention to = particulsw polyhedron in the cone,

ag we do). A closer examination of the re'ation between the projection type

algoritbms and the methods described in this paver is given in chapter Vi,

2 Vinimum devirtion solutions

. . . . e .
Another interesting solution can be constructed if the ui. are numerical.

Uging

we want

Tr(B ")«/ 0,
C 300,
C PSD.
Unfortunately the function \lA «-Dl\ is not convex. We mpy ugo tie

aubstitute

lig?. - dijﬁ = ]}é?. ~- (e, v c,..~ 205.)‘H mint

ij

| Sl
.

.
LR
e

~
)

and this ig convex, The problem cen then Te solved by anv of the methode

for convex progranming (if we use the least ouveros norm, T would sugoest

¢

ag the nost natnresl algorithm a corminetion of the cutting plone method,

Led

and Deplets OP-mothod between the cute s)e Fow this leasti siuares mebhod ey

very well durn oub wo ho o practical method for the Ul S=-npronlem, It i
rptod 4o i ding dota end §ifferent vector nerms, Although the

relnted o the comvlote decoripiion method, 1% hes o culte

cad dmnlementation. The act thet we muct sovore the

gy soecmn o disadvent P we do not couare, however. W hova
. :

I
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a nonconvex problem and we are in for lcecnl minimum trouble.

A clogely related problem was investigsted by Hartley, Hocking, and Cooke
(1967). Their objective was to solve the regression problenm

a . 2 .
QQ%) = 2 (v, - E(yt)) min !

where

B= {{/'})jrl] i,j = 1,¢-n,ku

-]
{(’io’% T .i.j:"-: 1,'."k0

under the condition that B ig PSD., As sn algorithm they use the method of

>
I

tangential approximotion (Hartley and Hocking 1962), This method is cguite
gimiler to the cutting »lane method, it is alsc based on linearization of
both the objective function and fhe.feasible region by, respeciively,

Tolfe's device and the gencration of linesr constraints when they are necded,
It mey be interesting to know that Harﬁley et al also give (both classicel
and Boysian) optimality properties of their estimates. They do this asgeuming
normal theory, which is herdly tenable in our context,

We give an exawple that is somewhat different in nature from the other
P

examples in this paper. Suppose thet we have obtained the dissimilaritics

0 6 4
0 1
0

and we require d1é> d1j”7di but, moreover, we want tbﬁsolution to be
2

23’
one-dimensional ( by theorem 3.10 such a solution always exists, because

1 x2, and X% on the

dimension. Hach of these cases implies a certoin partial order of the

n = 3). There are 8ix posggibilities for the order of x

distances,

H “Z z >,.‘. = .‘ ‘7 (1 A e .\:? N .
1 x1 5 73 => 013.1 10 613 ,62

. ‘" % 3 3
2.x12x33x2 = 6122Q“5A u.EZQQy
3: 5;2:; x1‘~,3 x3 = (1?32(11,j A 6_23 ,3613.

I S 2 4 oot L, A d G,y ne
4 Zp233z %y =2 Ao Wdyy AT,




s XX, =2 > d 3
D AZZ X T g Gy A 03700
6s Xy P X% Xy 2 d?f}?’d?’, Ao o

Only posesibilities 2 and 4 are compatible with our ineg@ality restrictione,
they are 'mirror-images', g0 we moy celect either one of them. We take
x,€ x3§x1, and thus

Qo = Xq = X

137 %1 7 Ty

oz = *3 = Xy
By this trick (which we shall call the Coombs-irick, becsuse one-dimensional
unfolding is hased on it) we have reduccd the system to onc which only
involves linear inecualities, and the coavlete descrintion method becomesn

feogible without any iterations (and the least squares meihod without

. Yo sre now working in the three~dimen-

f

S~

firet sguoring the dissimilarities
gional space ]:'{3. The inecualities &, 7 6, . d. . 5 &, ,y0, 490,
- 12 137723 127 7137 23

(closed, convex, polyhedral) cone P (in fact they define two cones, if

>/ 0O define

x & P, then ~x slso satisfies the inecualities). The solution set is P4 P,
Compare this with our multidimensionsl anproach: there we convexify by
eliminating indeterminacy due to rotation, reflaction, and translation, In 1
one-dimensional case there is no indeterninacy due to rotation, by not
paying attention to -P we eliminate the reflection~trouble, and the problem
beconmes convex., The fact that there is no rotational problem even makes the

problen both linear and finite. The constraints are

Q= 0320 < ~x, + %y 20

A3 = 8,320 D x4z, - 2}:3440
4,2 0 & x -x, 20
6413'7/0 == x, - x3‘/}0
a,y o0 =D - x, 3537?0-

Thig syetem i reduniant., If we eliminnte the redundancies we oblain



il n, =¥ bl then poth inecunlitics

2 4 T 3

]

The correspending cone is not pointed {

4 x_ = 0 the

3

cone becomes pointed (in a twve-dimensional suuspaoe), and. ot the some time

-~ are satisfied a=m equations). If we add the ecustion X, + X

we eliminate indeterminacy due to translation. There ave two edges
(2-1-1) (1 -1 0).
We shall refer to them as X, and X, . Obviocvaly A ° . « 1Dy J& . & L0606,
1 2 . min nin
Observe that our multidimensional Trin < L1071, and our two one-dimensionai
edgas are nmong the multidimensional ones (vage 30, edge (2) and (3)). ALl
solutions in P can be described by  ( 2 =1 =1) + 4 (1 -1 0) =
. A
( 2% +{5 - -[2. -—q’), where o a.nd./; are two arbitrory nonnegative
: L4
qiy_::z.r;.tj.’bies. The digtonces are
Gy =38+ P
A d
d = :
2 s |
and we must minimize
N2 2 p \ 2
F=(0u«+2p-6"+ (B +A4-4)"+(p-1)" =
Q {
2
= 9a ~+4ﬁ24~12ﬁx —36%=—216 + 36 +
4
2 2 .
9A“ + 17 ¢ 66?{3 - 240 - B8f + 16+
(}Z - 2(’) + 1 =2
2 2 0O [agin}
=184+ 6A° + 18024 ~ 60 ~ 3448 + 53,
! i
OF
= = 364+ 18/5 - 60,
U4
JP
o
e must solve the linear
18‘
18 12.
. Rl

The solution is & = 1, he leost sguores solution is thus

= 5- 2Qe e ; (31?) = 4&3300 ; d?j = 10?)3.0

= (10 =7 =3), with dis

The cuesbion how representative this solution is can nov Be Tormlsted

as Tollows: find the solution y with minimum acunred covrelation coefficient

\,

. . . ey L8 ,
sith the least souares solubvion X, 1.C. {3 (%,7) = mlnﬁ(x,z .

ze 1
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It can be proved that the soluiion vecter in an edge of P {of section 4.4).

The squared correlations of K3 with the c¢dyes are 150/158 and 2892/316, or
\P\ nin = .956, The least squerss solution X, iz thur considerably more
Ll

3

representative then either X1 or X2»
If we apply the 'metric' method outlined uy Torgerson, and consiruct tae

matrix of fpseudo-scalar~oroductst (cf Awvendix A) from the scunpred

]

discimilarities we obtain a matrix thalt iw not PSD (this follows, of cource,

‘,

v o . . . . . . . . . \
from the fact that our dissimilorities violate the trisngulsar inecuslity).
The ratio - A1/,A2 ig, howver, about 15, so ihe reproduction will %11l be

cuife perfect., The first dimensicn of the metric solution correlates .999

OO0
\/’)_) .

with the le=sgt scueres solution, end ifs Wa‘rjn ig .
11.71

4e3 Derreeg of feithfulneps

A different way to find more wnique solutions is fo construct C-malirices
that are 'faithful to depree n'. Fundementally this concent ie due 1o

Tversky (1964).

. . i . .

1}

Definition 4.1: A solution is said to ke (weakly, semi-sirongly, strongly)

&

failhfull of derree n iff the solution preserves (weakly, cemi-strongly,

. th < .
stronjy) the order-relsations between all n  ~order diffcerences of scnared

Thus an ordinary solution (as we hove considered them) is faithful of desr
zero. In ithe sirong case
¥ 2 5 2
Degree 0: Y. . 2 g SR - ] = d,
< <
v v

Depree 1:

Ohserve that the Tirst is a special case of thie second ( set k= k', 1 =1
and o on. Agsin: the complete deccrinpbion method cannot be uwed unless we
geusre the dieccimilarities first, becsuse it is not true that

dij - %7 d‘i'j' = Cprpn ~

dr. - 4
ij ]

5N
H
\\\f.
£
P
f
Qu
N

e
e
",
o1
-
[
b
-

ce



Thig obviously means that we must heve nuwnerical disginilarities, eolthoush
the definition of a faithful solution could easily be made to depend on
order relations only. In the one-dimensional case there is no cuch die—

adventage.

If Pk denotes the convex cone of solutions that are faithful to degree k,
then

P P, 2P 2 .ues.

If k iz lorge, and the system hag a faithful solution of degree 1z, then we
expect this solution to be almost unioue. We may be interested (as Tversky
is in hig discuseions of faithful solutions for additive conjoint meagure-
mcnt) in the maximel k for which the system ig still golveble (s coclution of
this revpresentation theorem and some infofmation about the unicgueness

problem ig given in appendix %).

We continue our one-dimenzional exemple, in which we have the first order

: . ¢ C ( (
information ()10 - ()13 = 2 3 ()13 - (}2,
12 ( :

i

3, Thug
v}

< (

U,y = Gy 7 U

¢
13 23 12 7 Y3

and we recuire in addition that

N

(x1 - x3) - (x3 - x,) = (x1 - xg) + (x1 - x3) =

x1 + 2x2 - 3x

37 O

Let b' = ( 1 2 -3). Our edges were X; =(2-1-1), and Xé =(1-1 0).

The first one satisfies the new restraint (b'X1 = 3), the second one does
not (b'X, = ~1). The new edges are

2
(2 ~1 -1),

X8 o= (5 -4 =1).

U

Now (32(X1,X4) = 25/28,1/>)min = ,945, For the lenst squares solution X3

ve obiain b'Xg = 5/3, which means that X, i in the cone P1 and that it is
¢t111 the lenst scuores solution.

., : . (2 . :
Definition 4.2: A linear functional of the d'j will be called an inteyger—

S PR . 3 2
contrast of order k iff the coefficlents 2y 5 in i 2 ay ‘Sii are such that
i 5 :

[

: i

' i
for all i,]
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i) aii ie a (positive, vecative, or zero) integer.
: v £ e
11) -5 aij <ok
iii) L 1L a, . = 0.
iog

In order to obtain more and more unicue solutiong we may use conatraints

of the type

11825 204> Ti“ iy 20

ij 7 1ij

(linesr-lk constraints), The consireints used to define PO are linear—1

constraints, the added constraint in our lacst example i o linear-2

constraint (in the dij’ it turns out to be a linear-3 constraint in the

2,5, = =3, and a,, = 1 {a linear-3 congtraint),
13 23

1 20, so

xi). If we choore ST 2,

35 . 4
then )) 055055 = 12 = 1241

2(3:1 - xz) - 3(x1 - XS) + (X3 - xg) =

-X, - 3}{2 + 4}(3’2, 0

ig the corrvesponding requirement., Let ¢! = (-1 =3 4). Apulying this to the

edges X, and X, we obtain ¢'X, = =3 and c'X, = 3. The new edges are
8 g

1 4 1 4
X= (5 -4 -1)
4 ]
Xg= (75 -2),
and r sin is now up to 3249/3276. For all practical purposes we are

working on an intervel scale (a ratio scale of distances).

If we work with numerical éij we can gketch the real function F that
relates 8ij to ‘dij' Requiring strong faithfulness of degree zero means
requiring T to be strictly monotonic increasing (some pecple would prefer

to talk of a scattergram in stead of a function, Gutfman has surngested the
neme Sheperd-diagrem). Suppose that we require in addition strong monotonici-
1ty of the posgitive first-order differences . In words this meons that we
want small changes in the argument of F to correspond with small chrnges

in the value of F, i.e. we want ¥ to be smooth. There is an obvious connec~
tion with the work of Shepord ond Carroll (1966) on maximizing continuity

(but I do not want to use that word in this context, ci also Krackal snd



64

Carroll (1969)). It is not too difficult to reguire both monotonicity and
smoothness, it is more complicated to reguire smoothness without monotonicitw
 One approach is the one outlined by Shepcrd, Carrcll, and Kruskal. An

ot esgentially nonmetric alternative is outliined in sppendix I,

The e“fect of adding constmints that make ¥ more smooth is iliustrated in

figure a~c. The distances using edges X, and X, ore
O & > 4} n
48

1

d.12 = 3x + 2[3,

d13=3a 4- -’/.‘,1

dpy = (3 ‘

We require d12 +d,,+d, ., = U, *+ CS' + ﬁ( 11, and eliminate/f o Thig

gives

11
dig ="

6+ 11
3774 '
L
. 23 .4 !

with 0<x < 161 « For the edges X‘l and X4 we obtain in a similar way

dyp =

a1
21
L 3%+
13 4

dpy =77 '

. U -
with 0 & £ ¢ and for X4 and X5

11
dio =5
33 - 6%
8

dq3

]

64 + 11
dpy = 8 '

~with 0¢«x < % . The small circles in figure 5 a—c give the value of 4 fer

oL = 0, the crosmes for & = Jéj ' -161- ' 18 respectively.

—_

Thece plots show that F becomes net only less varinable and more smooth,
jn fact ¥ becomes linear (cf Appendix #7zwd B for an- explanation). This
result may be useful too in projecition~iype nrograms, where it ig haordly

ony exira trouble to recuire monotonicity of positive first order differen—




- fig 5»
crossen of = 11/6
circles 4= 0

N oW OO
]

fig 5b
crosses A = 11/6
circles x = O

fig 5S¢
crosces N = 11/18
circles = 0

N -
(OV)
oL
o F
ok




ces. e may even include inecualities of the type &, .2 d,] - df' (# 0)
KA ) ’

and obtrin o joined wealt order of digcinilarities and differences, Whiw will

tend to produce less jagzged Shepard-diesrsne, and possibly also fewer

derenerate solutions,

4.4 Representotive solutions

=4 ~

There are two general methods svailable for finding a vrepresentative
splution in =2 polyhedral convex cone. The Tirst cne ig due to F:
of the University of Michigan. His procedures are unpublished but Coombsa
describes them in 1964 p 96102 for the one-dimensional unfolding problem
and in 1966 p 102-107 for additive conjoint merzurement. Goode's nethod

is essentially a convenient tunrk—oheet'~tyne method to compute the edges
of the cone, and his tocual-A) t—solution is siwply the average of theae

foct

T

edges, There are some arbitrary elements in this method, due to th
that edges sre determined only up to multiplicstion with o positive conetont,
L o b5 Ky

Goode chooses them in such thes they concint entirely of integoers,

)
<t
~q
2

4

and that there is no integer edges with smaller length. The method mentioned
just btefore theorem 3.2 is o congtructive preof thot integer edges always
exigt, by reguiring theat the coordinate values have no coamon divisor

other thsn one we obviously make them vnigue. He shall call these gdﬁes
ianoodé~shape, and make gome a’ditional comments on Goode's edual~ud methed
and its applicability after a consideration of the alternative method due to
Abelson and Tukey (4 & T for short).

- ) . . . " - ~ \
The basic theory of this method is developed in the paper A & U (1563), a

number of computational exauwples ig collected in A& T (1959). The idea 1iw®
ginple, CGiven any solution 01 in the pointed polyhedral convex cone r, we

can compute the solution C? such that

( ; . )
: r(C1,02) = min 1(01,b/.
cerp
v This is a mezsure of the representativeness of ¢,, and we have alrendy used
]

it thug in our Li—example on page 60-61. The proposal of 4 & T in to select

C1 in such a wey that thig minimum value of v in mavimized, This ve zhall

e
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problem AT:

max nin r(CT'CP)'
C,I&P C2€P -

The maxinin solution of r is written as X if we oro talking loosely =zbout

the AP—golution we do not mean the pair (Oq,CO) which golven AT, but we me
fa

01 from thig vrair., In the theoretical develornent of the AT-procedure | we

20

ghall use different technicues ag A & T do. This is mainly because our method

ghows the algorithmic implications more cleerly, butl also to rpreserve
continuity with the rest of the paper (we also use comevhat different

terminolocsy and a different notation), Ve 1ot S5 = ¥51,..., Sﬁ}denote the

js
set of edges of P, scaled in s=such a way that Tr(Sé' = 1.
Theorem A,1: If (61,62) solves prolem AT, then Ezti S.

Proof: This ip holf of theorem 2.7, and the proof ig elmosl identical. O,

[

be written as 2¢X ) with “k 7 C. Conseguentily for fixed C1 (of unit

lenght) the problem

c,)

min r(C

. T
CzéI

is equivelent to _

Yo, Tr(C

. Ly T 11)

min g G T 1

(x By J..A),
k7/0 >'/\1’_0\1 I() 3 )

Ag in the proof of theorom 2.7 we have

< - P
UL ’c‘ . T Y
2%:”1'(01 )k) Z ‘2,<>(1 i],l_n I‘(C,!ok),

2o, A r(5,5)) € (Tw)? mex me(s,5)) = (Zx)?,
” k,1 "

ang

r(C1,02)

for all Cieé P, with eguality iff 01 ie the edre which actuslly minimizes
r(C1,.‘:->‘ ) over 8. O.05.0,

my

This thoorem is essentially o formalization of A & T 1963 p 13%2-139

concider the slighdily more general case in which there may be vectors in in

sene with r o= =1 (vhich impliesn that the cone is not pointed). fven in il

un
e
v

£
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more general cnse (any nondesenercte cons) gho voral possible outcome i1a

v

1

4

_ e T s \ o (1Y e ‘-
Tpp = 0o If P is the half-spuce XCI Tr(0) £ 0y, then C, mey be token as
-B and CQ as ony vector in the hyperplane Tx(BC)

= 0. I P dig the whole

s

space (= de generate cone) thon Tym = -1 ¢ for each C1 e have nin ( y
1
¢
=1. A% the other extreme: if P is & singie roy then Tip T 1, 2
Ji

Consider the following p problems () o

max  Tr(CS, ).
Cep =

Tr(CSk) < Tr(CSl , (1=1,000,p)
or(C?) ¢ 1.

o o ___,'l,

K - . 3\ - .
Let the solutions be C7 with value r (obviousiy =% 0 for all kY. It ig¢ ensy

L o

D
= =k . o i
to see that max v = r, ., or: fthe Al-solution is the solution ¢ with the

AT

higheat value

/

- . 4 . o . P -
£ r7e The 2lgorithm (solving all problems ) susnested by

this result ie cuite inefficiect (28 we shall coe).

Congider now the problem OL vhich is identical 1o 2., bul without the
L

congtraints C & P, The solutions of Of are dencted by 6; with value ;f. Let
z 7 Tk N
C& be the molution with the highest value of ;Q.

Lemma 4.1: A fessible point Ci zolves Qi iff there are nomnegotive multipliers

k o k
such tha
P ) /01, cea /‘p such that
T o . -;}'

Proof: These are ginnly the Kuhp-Tucker crnditions for the convex progromming

problen Oﬂ. Peoople who are not fomiliar with those conditions con look thom

ap in Kuhn end Tucker (1951) and, for that matter, in any textbool on NLI'.

An esvecialiy thoroush treatment con be found in the recent book of

Hongasorion (»769/, and. a very gceneral one in the contribution of Huruitsz
to the book Arrow et o1 (1958). 4 short, systenntic, precice .and very

reedible dircussion is included in the second edition of Borge's oxcellont

book (Berge, 1964). .00,
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Sorollery 4.1t C' solves QF iff KT,

Lemma A,2: If C' solves Q(’T then there iz o subget K<CI_ = {1,.,..,'_@}9-‘;1«-,}1 that

18 ez D
— 7’—. el ] \ -
I — @ A %4 o
K:(‘!. C(!I = —-—«- D“,Lul, YL L,\l if\ \K l,’: xX.] > Oo
1l X -
Kaos (\/,1): Tr{C!'S.) = v',
K o} i &
kn3: (¥ . 1): me(ClS.) > vl
S g1 ]
tq: o(Cr %) = 1.
Q"
re Mp(Q1S oy’ T~ =k ~ N oM '—'{‘ 2 ( : .
Proof: yr( ) = r!' = mex T > moxX r =T > 0. If lr(b' ) = O <K iy then
q q a L. k- AT o]
kel keT
1Y P
S ”C; would be feasible for Q; and give a value for the problem of LSNQré >

s

ré, which contradicts the fact that Cé solves Qé. This proves K04, KT% con

be written as
m _?l (& . ”‘Q ot ::—» q —
Lr(bquq) <’¢r(Cqbl) :’/b&
a . e ~ \
T = cts ) = Tr(Cts. ).
/U'l> 0 = T ( qvq) JI‘(Cq 11)
Define K = ilK/ﬁil;,O-}. Then KQ2 and K03 are autometically truve. It follows

< - . e
from KT1-KT3 that we may always ausume g &K. We mey write KT; a8

qs >4

C' = § = 2 5 - 5.).

@ &= 5y "-/"1(%; 5

Multiplying both sides with 6&, taking traces, and using K0/ and KT% proves

that /3 = ;.‘\ 0. Supposge XK = Sn} . Then KTV gives 3q6’ = 9 and (’qb) =
) vt ! 1 ? “a g’ /7

(r') = 1, Ct = S , and P ig the roy S . In this $rivial case cr ig, of
q q q q q

: 5 -
course, the AT--gsolution., We exclude thin case by assuming gq}C:C K, If

p,¢ € ¥, then Eé is also feasible for Q%, and Tr(EéSq) = TP(E'“ )<{ WP(‘”F ).

Using corollary 4.1 this implieg Tr( F § ) = vr(Trs ) = 7o(Crs ), end C*
: q P D q D q
golves both Qé and Qé. In fact it solves Oi for 211 1€ K,

Te hzve

7 tor y ,
K TC e k'k
with
/41 if kf1
....l d
sl [ ]
k
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-0

o

Horeover,

(Y :

"G — N'
p D Te(C 1) s Yy

Conmider an arbitrary vector C in the subsnacsz spenned by the 8, (LEX) such
\ =2 ¢ = C - S
that ‘l‘r(C ) 1, and (\/ K 1): Tr(C ) e 5. Let © o2 3::1L;l, end cunpose {,( = O,
A o

\ b z L~ €= . . { ,
Then 1 = Tr(C°) = xl’i’f{-(t.ff;l) = = O, which ig impospible. Thmg © }Z Co

S Nt + T T - v e +
Let ¢" = 07 'Cy, and C_ = (r')” 'C', When (|, 1): Te(C'S,) = Tr(C'8,) = 1,

q g ; i 1 g 1
v (et +- L t : . . .

or Tr(bl(C Ccr)) = 0, The vector C - Cr' itc alwo a linear combination of
the 5 say wit cefficients Thus Sr(8. 2 ¢ S ) = _j (S, 5,) = [

81y say with coefficients Y Thus T Ly 1) / r11( ) 0 for

01

. ) . + + ( -
all 1, which imnlies that p X'f)‘“ =Q, or ¢ = C , or O =+ r'., The only
tkk o} - T
posgible C different from CC'_ ig thos -C! {thig is lemma C of A & Ty 267).
B ! 1 g
. . Y ~1 -7 . .
It follows t1hat (\7[1,_ 1){ \/Y 1:):/41{ = in particulor it follows that
<\ AN

/p'k’

-~k  =q -g =k ke - -1 =g
i T = My oand A = kom0 for k4 g€ Ko Led N, o= (o
Pr T T M I I oo | ) ;1
then K31 is true, C.L.DL,
Lewma, 4,3 If there ig a feogible noint C(' and a subzet L<.'-Ij such that
B o] I
Kfi1-K04 are true for L, C', »', and X,, then C! solves Qf,
¢ g 1 a G
- . -+ - ) ] e
Proof: Suppose there ig o C('j / ng that solves \?(’I. Then (\{I 1): Tr(Cgivl) >
o " N 4 - h

A . Y. +
1) Thig inpliecs 20\’1’1?'1:'(0(}:81)

1, which ig impoassible. (This is A & T's sufficic

Tr(C'S.) = r',
a q

2
) =

. (c' 5,) = Tr(C('I

ency argunent on page 1368,

. T =X s Tk oL 5ok
Corollory 4,2: Cf solves @' but not 0O iff P Ty RS O B i A VR |
el Rt TR k k k- i 1-% 1
BYGAPAN
iff k%K.
.G
4.4 Cf: = Campe
- N N . 2 . - ..

Proofs If Tapy O then 'l‘r'(CAT) = 1, If CA’P / C; then we get a contradiction
as in lemma 4.3. C,L5.D,
Lemme 4.5 IF r-“)O, then the solution of Q"I is unicuve.

Proof: Suwnnose 1C' and C' are two different optimal soluntiong of 0('[, and

) a o G ) 1
- ¢ = Ty = . P . P - .
let 3(;' = u‘,'(‘ﬁ + (1 = 0. CYy with ©< 0 < 1. Then 371*(30;;)1) = ré for 1& K,
' e To o e r N .
rrd Tr ( (‘(',) = T+ (M=) 2ot -0 )'-‘—‘}"(1(":1- '\U('}-) < 1. Conservenily
_) - = U
there is a ) ~> 1 ounch that b/).{g& i 8ti1l fersible, dut Ti‘r(f.il( 6’33(f,>) =
. g L .3 v - B



= Jré t? ré which coniradicts the fact that 1C' and. oC' are optimal. V.1,
‘ g 2°q

e are now ready to state the key-theorem of Abelson and Tukey. In our proofs

L ]
we did in fact never use the Tact that P is polyhecral, it moy as well have
v an infinite number of edges. e did use the fact that every element oi P

can be written as a positive linenr combinstion of a finite rumber of edges,

and this is true in any finite-dimensional ernace,

. 4
Theorem 4,2: If D s the get of edmes of 2 pointed cone P in a real

iy

C

finite-dimensional linear snace, then tha trinle (r, 01, golves the

)

problem

r = mnex min »{C
C,e P O &P
1 2

,C

1 2)

iff there ie a finite set -d7 7S (indexed. by X) such that
AT C o= 2=« .S with (W, 1): . > 0,
1 1e K 171 K

»
=
3
N
o

—~
<<
=
-
h—'g
3
H
—~~
<

-

T

)

N
|
=3
-

~

. AT3: (V/) v 8): Tre(C,8) > T,

C1 is unicoue, C? igs any one of the S 1K,

This theorem (or rather a slightly less genercl vercion of it) is proved
by A& T on p 1366-1368, but their proof differs considerably from ours.

They uze more elementary and geometriceal reasoning and not the problems Qk

and Oi with their KT-conditions, As a mziter of fect they derive the Ki~
conditions for AT 21l over again, in stend of anplvins them directly. Ve
have choson this route, becavce it has imnortont alsorithmic implications,
and bécauﬁe we agsume that our readers are femilisr with the brsic focite

from NLP--theory. The most difficult part of the proof is the necessitly of

KQ1. In their version of the proof A & T use the separation theorem for

]
convex nolyhedral sets and cones ( the most useful version is Coldmon (1950)
- i 50). Thig is, of course, a more fundanential rveocult than the Kfwthecren,

althoush it will be familinsr to the mame circle of vendors, T think it 3~
t

fair to ony that the method of precof ism clomely related to the aleorithuic




B T S . e,
Secochrue for AL T

mothoda 1

L & T aketech some heurictic iterative synrosches baged on judicious trial-and-

ol the

error and on nal

31 voreible use of the sneclal

oS e
g

particular problem. They also mention

\ - N I
) wnd conclude, corrvectly, that this

anproach (investigete all subsets of
is most certoinly invractical. And they menticn the possibility of a GP=enprose
but do not work it out because their examricn ‘yield with satisfactory eece

to much less nowerful toolst (1943, p 1350). 1n any case they assume fhat

the edges of P are known beforehand (snd, a fortiori, thatl there ig only a
Finite nuwnber of them). This ssoumption can be relaxed to the wesker &?Sﬁmnm

Ltioi thed = finite mpanning set of P is knouwn, which may be important.

Tn the WiliS-apnlication there nre three main problems. In the firet vloce the

nurber of edres of the cone P may be infinite. Thie is not too important
oy 0 ]

however, given ihe complete method. Ve have a number of wolyhedral cones

QO:D (H ... which all contain P, and the AT-solntions for QO,Q1,..é

converge to the AT-solution Ffor P. In the second place the number cf clementw

o

¢

in the spanning sets for O_ is usually very leorge. Thig makes the heuristic
[~
methods of A & T guite impractical. e must ure 0P, the morea nowerul tool.

A detniled cnolysis of the problem shows, I think, that the CP—appronch ig

Agoin we congider the case in which we do know all edgen. Problen 01 is

-
>

ecunivelent to

r ) O' (t31,ooo,p)

N5 0D R
/\‘—. AR \l"‘17~“7p)
N o T . A . L -~ L T S N
Yo Define R by = ro. o= ¢ .. Then &, can be wmeidton

£
ERG



R Y

-
S

\'R\:Q'I,

A
’\/) 0 .

In QFf we drop the requiremeyn t\X C (the solutbion is not reo
k a7

the cone, only in the subecop ) e

=¥

ce spanned by ihz S.). The results of

uired to lie in

theoram

4.2 can now be formulated ag: if N golves the modified form of PT with

— ..' [ .,.1{
corresponding maximur value ré and subset M o= 2.81\ At

N ok k : -k .
C, = 22,9, and C_& 3 arbitrery s v AT 30E ]
1 171t 2= " B k

very convenient criterion to decide whet

or note.

The problems Qf are not yet as simple as they could bhe, The
c :

helps to simplify them further. 4 clightly different

Zoutendijk (1960 p 81) in the cuite different

'fensible directiong' in the steps

I\J

problem %

I3

)'R\ min !
Rkk S
>\'rk‘ = 1-

Theorem A.3: If Ak colves Qﬁ and. r >0, theu for some y70

solve Qf.

P

k
, and suppose Ax solves

3
2]
O
[»]
L—b
LE}
H
i
A
N>
V4
(@]
N
¥
o]
o

2 “K,ovk =2 vk, ok
~y and thug A ‘R,\+ £ 3( ,\ PRNT =

s = ; —) 9 - . T . .
AN = 0 <K \“. If O = O thea RA” = 0, and r! AL 0, which meons that
- o .

wvould not be feasible for €

2
kl
r

TIPS ST R o ,
CYyooomd ¢ rr A ‘ ! = r! 27, vhich corntralicto
for o7 and ¢ rk,A+ 7oy k. A+ e i ; 6
k { =2 - =l
N ie optimal for OF. Con ecuently U x y ond IR golves
s § {

. ‘ 2 '
We shall now eoliminate '\,(_ {rom the vroblem O by unuing X'r,
i

k

P ¢ 1/31 = 1, Then

e, of course,

version
context of finding

of iterative WLY-proceduresg.

Con-se-tuently 2 0 and ¢ * A; is

- ';F' . ihen
k 7

o)

ey a particular soluilon is optinal

following theoren
wan proved by
normelized

Congider

I =) T uill

Qﬁ. Cleariy

.s-'? R
Y e suUDPOTE
v

=k

+
feasribio
wne faeot thot

0%, 0.12.D,

AN

. iy



JIRN =1+ 7 (e MA

and

Define Ri with »

i
T/, k . ¥ : . Jo
ro(i,k)= r+(k,3) =12 (k) = 0 for all iy CTonsiruct 8 of ovder p -1 by

el In

leaving out row and column ¥ fron 7 end w7 by leaving oub elenent & Irom
-k ) . 3
r ., Then (P can be reformuloted as the ecuivaleni provlen Qk:

.

This it a very simple OF-problem but still not simple enovsn for our tasie.

It covld be simplified further by uring a troansformetion thet diesonslizes

gimplificetions are svailable, which gcen

(e
<
ot
=
o]
m
o
jas)
)
bt
&
1
ot
Qs
o]
o
A
—
7
L 3
<
s
ey
[
=
2
]

more effective,

K .. van e . B XKoL
Theoren 4./4: 57 is V8D for all k, if R ig PD then S is PD for all ky s> 0

for all k.

Proof: 14 clearly suffices to prove this Tor k = 1, R coen be partitioned ss
Bt ‘-]
}1 ort
R = Cae L
Lr . R
1 o . R . )
and 5 = R - rr', Because R is PSD we have for =2ll real « and =ll P—-1

. 52 - . . . .
elenent vectors z £ 0 that &% + 2xx'z + #'Ry 2 0,y which implies that the

. . 2 o 1 2
digcrininant 4(r'z)° - 4z'Rgz S/O for all = % 0., But 'S’z = a'Rz - (z'r) y

o

o , . . 2 " ~
ind 5 ig PSD, If R is PD, them 2'Rz — (2'r)" +-2'3 7 >0 for all g % O, and

s

3
. - ¥ e s . ! . . . -
3 ig PD, By definition B, o= 1—r1if3,0 for all i. C.E.D,

. 4 .. .
Consider the vroblem Q?: find vectors x and y such that
k Kk

SX -y = 8,
: - 1 —
x20,y20, 'y = 0,

" - a—. N A o By 3 P . 3
Theorezn 4.5 Tf (x,y) solves Oy then x solves O If x solves G ond r! >0,
~ 49 &
. S e Iz 4
then (%, S’z -~ &) solves N




i
-3
\Ji

{

3

Proof: Qk iz a convex programming nroeblemn. The KT-conditicons (necorsary ond

sufficient) for a feasible y to be a solultion ig that there are multipliers

2 0 such that

Yo~ Ypen
Sx

21'...,ZP-1

i

n

]
~-

& W X e 8

T T et el ke e ko,

It follows that 2'S 2z = 2'S % = x'@ x = z"a ", end that 572 = $x > g’ Thus

Z 2 0 ig elso an optimal solution. If ré » (0 then unicueness implies x = &,

— — id [,
: . y K k. A
Clearly in that case (x, 5 X - & ) (x, y) solves D} then set

z = x, and the KT-conditions arc satisfied, Q.b.D,

The general problem of finding soluiions (y,d to a cveten Tx -y = 2z, 1n
which the PSD gauere matriz T and the vector ¢ are kvoun in o Funillior onss
Yo uee the terminology of Drntzig and Cottle (1967). 4 solution (x,y) is

celled complementary if x.y. = O for &ll i. The problem ig importont in
¥ 594 ¥ _

different contexts: Finding the solution to o system of linear

with minimun nrorm (Xy Fon 1956, p 1?/), finding feasible directions uwhich

make o minimum engle with the pradient vector (Zoutendijk 1960, v £0-907),
4

investigating symmetry and self-duality in OF (Dorm 1061, Cottle 19637

B

oy e

Dantzig and Cottle (1967) study the problem from a more general point of
view and investigate the relations with LP, €P, and duvality theory; The
principal results ore: if T ig PD {then the system hes o non-regstive
complementary solution (Dorn), if T hog all érincioal mincre positive then
the eyvetem has a non-negative complenentary solution (Dontzig & Cottle),
a0 hog a

if T ig PSD ond the system has o non-negative solution then it ol

nonnegative complementary solution (Cotﬁle).

Dantzig and Cottle also give an algorithm for Finding non-negative complomnen-

tery solutions, but this algorithm im just & special come ol the ones provorted

enrlier by Zoutendijk. Conzider the toblenu

E:'X::O »J

[ |



R ]

s

G

We proceed just 1lilke in the dusl zimplex mcihod, but we nivot cnly on te

diagonal elements of the tableau. The resuliisz of Dantzig, Cottle; and

Zoutendi jk nrove that it is alveye vossible to find a suitable vpivot element,

and. that the procedure iz finite if we use an anti--degenracy vreceutbion.
Soutendijk points out, however, ithat in prosfice cycling is very rare, and
that in most cases 1t is better sinmply to choose the most nezalive element
from the rirht-hond side in determining the main row, This 'complomentary
pivot' elgorithm wag algo investigated by BDentzig (1993 p 490-437), ond
Lemke (1962) Tor solving the general QP-problem. Zangwill (1969 p 204-200)
slves a geometric interpretation hy relating it to optimizetion in a suite

manifold.

s . 4 . . .
It ie importent which one of the problens Q; we solve first, Le. hou do ve

A

chooge our first k. In genersal 1t seems good prectice to gearch the natrix
R for the most ouﬁlying edge., In particular we may ctert with Qf, where 1
ig the index corresponding with nl - E. An interesting problem is to find
the maximin-r solution for the cono of all PiD-uatrices. "he edges of thie

cone are all PSD-matrices of rank one, and for C1 = I we obtain r(zx',I) =
1T 1T n v the oo
PR for all x., Thus Tap = VM and. the AT-golution is I. For the cone
S 1
of all SDC~PHED matrces we obtain in a similar way C1 = nl - I, and Tip =
43

1
n-11\
(in the AT-gense), but it ig, at the same time, o very mwvecicl edge of our
cone of solutions (that ie: almost always). The cone of DCT-matrices, =

subcone of the cone of SDC~-FiD matrices, has the same T and AT-gelution,
S3L
which meons geometrically something like: the cone DCT is symmetrically

placed in the cone SDC-P'SD,

The next problem we have to solve is: suppose 2ll edges are not known in

advence, wheat can we 2o ? 0f cource this situstion avises when the number

e — \fn ~7 o Thue nI -~ B is the center of the cone of all SDC-PED matrices

of edres ig not Tinite. Imagine two players A and B engoged in the following

Ay

game: A is trying to find the Al-eolution for o pointed cone P, but he doc:

not Imow the cene, U knows wvhat points belons to the cone, The two players



are opnosing each other: D is alweys tryins to malle A's currvent solution as

bad ~s poseidble, or, evuivalently, he ic 2lwoys trying to show thet Afa

.

current solution ie not the AT-solution. Zut ot the some time he coan only do
this by revealin~ vitel information sbout the cone, which m-kes it possible
for A to immrove his solution. The procedure is as follows

01) A produces a trisl solubion XO, = C.

" . K. . L
02) B finds the solution Y" in the cone which mininiznes
k vK . .
r(Y,X"), vhere X is A's current solution.

03) A uces all Yl (1 = 0y4..,k) to compute the AT—polution, thiz

k+1

is X y £ = k+1, go to step 02.

oG
Ir (PA C,y, “S') rolves AT, then X = C St loreover there are tuo

T 71

1?
sequences of r-values, In the second step we find
0 . 1

-
. 2}

. < r . =
it min

L S 4 irAr;ﬂ

and. 1 the third step
0 1
> . S
Top 7 Tam T e o o 2T ne

14

In each iteration of the procedure (each pair of moves) we find (converging)

upper ond lower bounds for r, if they are c¢lose enoupgh we may stop.

T *
Observe that we did no% recguire that the cone muct be polyvhedral. If it is

then we liave, of course, finite convergence, If it is not then there will he

R
44
. , v o~ §50 1 L1 o pa
an index 1 such that -S'cC 4Y ,Y ,...,Y y and convergence is finite too,
In thie case A gtill does not know the cone P, but the AT—solution for P is

identical to the one for the cone svanned by the Yl. B cannot find on edgo of

I+ s 1

Pwith . o = hi
' min™> TAD AT?

n

additional information doeg not heln hin suymore.

1+1 1
Tap -7 Tap = Tage

L

On the other hsnd if A should try out = subset with then B

. . . lv2 141 ‘ . :
is sure to come up with with Toin S Thn e The syaten is gtable, the gome heos
miz 1 :

ended in a draw, This is a consequence of the fact that a mixed version of

~the ninimex theorem anplies, the secuences A ond B converre 4o the aame value,

it doeos not mattor who nmekes the first move.

Thir ig 2 nice method. HBolving max—min probleme cen be fun. Alag, moct of the
fun dizappears if we consider the amount of computotion irvolved. The nroblens

L

A bhro to wolve in each move do not seem too probibitive, but neor B has to



minimize a preudo-concave Tunction on a nenvolyhedral convex wet in each nmove,

1,
There are some slightly comforting circumsisnces., “he function r(Y,X“) doeg

K

not deviate much from linesrity for fixzed Xt if the situation im not ‘oo

. , . 2 . . " - . e e
degencrate then Pr(YT) will be apvroximstelr counl for all vertices. liinimizim

T..
the numerator will bring us a long w I v, %% 0O then we ney also moxinize
£ s min / S
bl

the denominator and add the condition that the numerator is rome positive
congtont, This is o P-moximizing oroblem with a convex objective funclion.
The maximum will be on an extreme point, and the algorithm discusged in

& b

appendix B arplieg,.

method can not be anplied, This ig einply

In our HlS-problem
because not all edges can be trangforwed to Goode-shane, as in the polyhelral
case, A slicht moﬂéfication nakes the method wore general ond theorctically
more sound. In the polyhedral case we transform the edges to unit lencght,
take their average, ond make this average vector of unit lenght too. Suppoce
the unit lenght edges are 31,..c,Sno Ve molve

£

P
= Tr(XSi) max !
i=1

er_
TI’( = 10
m . . s . ) T o« o ” )
The solution is proportional to L_ai. Hore gercrally: suvpose the cone is
pointed, and solve
S 1/
L .l"(uoi q—] q max |

For q = 1 we find our 'centroid' solution (that is the ceniroid of the edges,

not of *the cone 1), for q = 2 we obtain X = 2_\.Si, where the /Xf} 0 ave the

i
59 = YTr( i“Jj% y Tor g X

can be taken as anyone of the edges (compare the comnlete method), for gk

elements of the first eigenvector of R krj
>~y the solution X converges to the Al-solution. For all o the oroblem cin
be forrmilated as a game cinilar to the one we digcussed previnusly. B's task

ig the some for 2ll q, A's dnek veries ond it exirenely siuple fer g = 1 or
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[}

For our one-dincnsionsl exammle the maxiriv.r colutions are sooy to £ind,

- 2,0
P ChL {’3 (A1 ,)»LAT)

Iution. Mor the edgen

and X, (page 60) we obtain
[

Kpmo= (14 \i“‘;) -2~ {3 i)y

2 - 2

I’”T, == P 093)4

ar = [ ar

Por the edpes K? and. X4 (pose ¢2)
- - : YN
A‘AT = (4 - \),—7 ""5 -2 \‘:{

= 972,

ig alweys o

by dinancation.

In the exsmonle on page 32-34 the Afwpsoluvtion is

-

following simple result is helnful.

O, is a pointed cone contuining P with eldpoz 1 = {T1,o.a,W
§ .

Tl

N : n LRI : ; . r : 4y Gl e oyl TR T T e
if &, ds the A7~ r @, if ' ie the subset of T for which f{AH y
i g U
]
Iz
vy “ r . . “ v -
U A of T 2y, de Ahe AT-golution for ¥ oond
£ e
i

. Teo 2y, - I N T AT e ¥ g
Proof: Tf the edgen of O soe 0D, then oy A
o 7 g
i

It followa from theorem 4.2 Hh-i X] € P, IT V€ P then Y& ¢

< k

again X ig the AT-solution for P, ¢, B.D.

[0
|5

Chrerve in the Tirst place that (6), 2t the bottom of page

vy

foot thot

n
1ty
L
o
=
<

=

0

foliow

e
e

cage of P.o It iz not even sn edge of 0O,

(6) = (3) + 2 x (5), it also Tollows frow corollary 2.6,

solution Tor Q.. We try the average of {(4) snd (5) as o first gvers. The

v

v

r-~values vith the edrses are

(1 (2 ) (4
.89 .88 L8

.
T

jNo
.
~J A\
NSRS

It follove thoi this sverspe dlo the AP-solution for 7, ond heoeoure (4) ~o0
<.

'T\ - AT . o L ay - RA ¥ PR P N 4 - ™.
(9/ are POD At is aloo the Al-melution for PP The

k . . . ) . ) )
« In vorticular this is true for 2ll edges of P noet in T, By theorem 4.7

and ?(Y,Xk) >

2
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figure Go. Yor the corrermondings one-2dima

define two cones: one with edges
(2 -1 1)

and the other ocne with edges

(2 =1 «1) (1 0 -1,

The union of these cones ig the cone gpannad by

(1 -1 0) (1

Tae 4AT-solution is the average of these two, [’“

is shown in 6b.

inerunlitios

the confirmration






The alporithne that are used moat in cnd related arenn ere projeciion
alporithna. We give a renerasl b o bhoth neteie

and nonmoetyric sczling theoriew, uvaing the noveiion end terminolosy of

De Leems (1970),

Some of the fundemental elements of eash Ang theory eare o mavping of the

pogsible dnta structures into the sligorit!

o

P 2
(S [-l - ")

and o manning of % reeible roor

4

aloorithms need

5

Projection sngle-ctructures

for we agssune thet ig a Hilbort space, Th
. .
\U () inf (o) -

and. the gecaling problen is

inf inf L
well e My

e

i;-
=
—~~
[
~—r

§

.
. " ; "“
In nonmetric nroblems the eet ()

problems it vill, in most ing be 2

honcos,

sot
Y
algorithnaz
N

(

detines sn exis, and = L-ig the s=et of =all »

. . . . 4 i v ’
centroid in the origin and }gwﬁ = 1/on <0P

csenteticone

einsle point.
( _) can he cuite comnlex., In the Kruclal-Rosken-lhepard (KRS,

<& is the reol linesr svace in whi

gnace

Sone onesce

iarest notions, The

Node Aol

o dlose function A if ined o
i

‘!f

ig a convex coney in metric

The structurve of the

\

ny .

¢h each of the () distences
[
cos wi

et with

=ticn

P cor

¢

The get L (&) ic

!
“

A i . .. C .
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hecome periinlly. decencrate. Tied distences sre vroduced nt nlocer where
strong order“isometrioity would Fforbid them. Letting cws( in POM dg on
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This anpendir gives some additionnl ceoncenie which properly belone in the
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to A x A cuch thoor

Aoty (A x A) hes A

&1, 3 (V!a)(ﬁab}: é(a,b) = A (VAC): 5(ﬂ,¢) = o (h,e
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next three asecumntions are mors fechnicnl and neoeded Tor olr-orithnic purns
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A . Y - A
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Ch: If x is & point not bhelonming to 5 we have o
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e Q ~ &= A 2
b X &R x& AL
0 0

02) min  p(x) & nin #{x) < nin (%)
xg A WES FED

-\ . . . N . 4 s - . N - -
0%) T£ Y is the get of vointes for which £ is minimel on A

then ¥ cont

aine at lesgt che of renie points ol A

ned by opev

A, by oin the previous cenlenco.

Y prehlen GP:

We ave now ready to degcribe our

-

-
.

To golve G we fipst solve (g



e

ie an LP=protlen, the oclotion x| in on exlreme point of Aqa Compuic

m(xé), Bvidently

1 1y
. H . N N - v
nin  alx) = glx)) g nmin 00 I(xO).
XA ) X b

€0 0
- ] o] - . : (I . X R .
I of }:,\) .1‘.(3:0) thiz evidently merns thnt 2. is the rolutbion of wroblem O .

[ 9] A

point of A, which given
DOLY 0 I

7

1 this ie not the cone we find

Ty

volue of ﬁ(x) on 211 the exitreme woints of 2., cxcludiag KO. A procedure to

P

. N . . T N e . K .
do just this is described by MHurly (19@@). Thic gives xo. Aesin

min (= 5'f<XC
¥ & b ’
O

but not necessorily
?

0

Y omin I(x)

e

ra
ol

of couprae

Do
t

N 2 L ol ) . N 3
Lot £7 = mln(I(r)),f(v 3), and let £, rnd g donote the minima of £(x)

.
T et . 2 .
and g(x) ovar b I t:g{30>, then

0
T .
min

1
\ A LRI SN
and conpecuently f(xo G4, Concecuently either x

2 . s . .
or KC mininizes f(x) on AO' A gimilar conelusion holds 1T 7 = ﬁ\x(,
7 !
,2 2 . . ’)) s qe r\} » F s
I g\x“) we Find the next oxtreme point x7, test i I = m(x”), snd eo 0N,

of A, in Tinite, there are only two

Decrure the numbher of

possibilitien, Wither & o(x7) for some ¥, or at some clapge all oxirenc

woints of AO have bheen investigrted, and the solution is the point with the

lowest f=value. The vrocedure ends in = Tindte numbor of wieos. 1 Q. is
2 L,

solved, then we investigate if the solution s, liec in B, LI 1t does, we

1, -~ A " RN - - ~ L . S I S 3 aa 401 I R T P R
hove solved V. IF it doos not, ve melie o out by oddins the acconatreiiant l,/): '(‘,),,
i Y

Thiv defines o new polvhedron A,, and ve wsolve the problem U,. And #0 on.
i ’ i



L 1 oare

mivnoar o problene

A
[ A1 Yo Y “ e G L% vl ol cone A e - o Foes
1) Hltort wi Yow O, 1o b, T ds the eed of cxivome noints
i
Fad A

Go 5, e

1~

Ix

i s .- g
Thig given

ruy of the 2 {di=

The storning criterium used is not

convermence., Thon we gh

then stor, or: if & ir ooy then come meinima]

crihned valne, then ston,

Por erce of referenco we formulate ental theoven »onine.

[l

t comevhore botwown 1

solves problem O, .

cone o \/5’.\(,';'_[‘;}_1_ chsoen,

e te e = Da the

algorithn reduces to the nariticn!

linenr, and § = S:} l £, (J3 e .orre a number ol convex
, 1 {

<

ble functionn, convex cutting ple

in 715).

or the sconnortiny hvoerplene methnd (dmn

TF () i cveriesoncnve, snd o

o evunerstion of 11 verticeos,



G hraid -t
s . o =
B It < e e c ~ B
- [ - - - e
o ~ I 9
‘= - o — e
w — > - .
- . RE 3 S
- . - Ld L NE
: N &1 v . = ..
ot & - =y - ’
. . . — o
o g pa e
5 ;s = G o L s AN
n 2 = i - i B
- b U
: s ~
K + o =
. I - 0
~ a A
< & N
R - N — c
& o » - s
& i Do K
p 5 -
€L o £
- - o =
-+ o et -
- ¢ [
T : Py
o -~ -~ W/\ &
~ — . P o e
v o - v
- - S
! it

! , . S
. - L . .
P ~ ! V]
B = L
; e
i | o 1S
& ; S : . &
—— [ s I
e 5 o = £
S = s - 5
¢ 4 < . & t ¢l
w o ol @ — o .
. =z s - e =
L] o = s
o I o b
o o ¢ 5] .
.Tu = < . -
©l -+ = © i
[ < L. f“ < B
£ - T g ey © -+ -
i b - & <
< ; S D c o
o 4
< e -+ et
o s - :
[ 2 s 75 4
b ~ I o N
= o e . N
Rl 2 o o & .
i < B e M} <
.~ ~ - T - Y
. =) i - [ R A
- = — Ve - - —
- i L el i o
- = - 1 LN
rd & el . « b
¥ ) o s e Nv(xw
@© v, s s ) o .,
1= Iy o o = +* o o
[ =4 o 2 =
P -~ ket . < 7.‘. e’
[ = [ e o “ = 3 d
o Cs o s @ -+ e o
b Co - oot 4 i - & — =
e w ~~ [ o < e e - @ . G
I < £ £o¥ “
PN = ; - ¢ 0 -
[9] AN S g ” [ I (=]
m £ 1t c ~ = 3 =
o Iy «
- — [ I q <
e ¥ [}
ol e ey s o L2 o
N . o=t H i~ B
i < & - H I “ . - B
: o HB -~ 9]
< o s ot [#] & 2 o
< o] B Gi — < ] hu
: e = 2 o & o < < G &=
o 3 & b - & w &<
K N . . i -3 T L [ i
Gy [ [ i —_ i [ i H -




Lhenm v

I G is

COULENC

finite

-

2 of LP-nrobh!

rommaroed’ wi

-

.

e

muat chooso

e

thnt svo et »

]

T OO TR0

R P
[STRANEEID v A

ol

L

9




. 1
e . - {
() d - <
- ..
& ~ o
o

N
@ I
. .
- £
~t
[ 1

. .
" - -.;
: ; ; .
¢ 2 I - o
=+ R : S—— :
; 14 — a -
o . B
&) [ b} H o o
b ° [ o :
9 {
v < [an H
x5 < 3
o e e -
- < < e ~ o
4 - [ S~ o~ e
o - - O o
s —
- : >
- : i~
i - P :
7 - ~ < O :
& L & ] A :
~— [ :
] N
- :
[} v 3
- : > i
o - o i
e . bt
=7 G £ =
& fad = o o jgs
" = . .
g © O = 5 &
I « o "
I O [ &
I ; . -
.. B P s o
Faed . o~ T M .
o i o< o L e
= o ' =
e e o ~
i C ) (] G (o) i ~f ] b
i = - b= & Fs @ g s
b B ", — - L
. 5 v < = b -3 ~
S C (& < o= et [&] [ C
. = — " = | . ~
e < — P s — C < b &

Sl
.
t

¢ e




P
s —~3 .
v . -
& e
g i -
N -
PN
ol =
o
e
v
G
=i Ay
— -
W <
- o
oo . u“
o 1 &
\.\J o
- L . . o~
= E - t
< o 3
2 -c o~ <= - N !\)L v
"
H i i ~_
Pan ~ <
) [aY < o« - Il «— [ N
. H i H - 5
L = -l
< (4% - D3l . ” o~
3 o~
R H : | b

/~ e
o~ o~y ke

o~ [ bt

el (8] (=

- I -

-4
2
2
2
2
— l"'.
=
+
3
"2

O o7 ~ el g
N <z N Nw N i o et
Lo m b 8
[ . . o t
(SR oo Gd i o
: o i i e )
e .-V. s N ey !
t o (9% b
+ o o =
- < o] €3] g —~
(@] C ~1 - S . o~ —
-~ - L —
) [oht I [ < ¢ 5 <
I b = o - e
- oy o O [QUE S AN A [N - fony
* - b = -
o = e H H | ! Pt e ri S
< (] [QN] s N [

U RN i = T =

e H § o { i
= o S N
ey > o QNJ. g N < J ¢ _c
b i =
< o] o
< Ly
G I o
by i &) 3
i & bt )
< < = < , -
< Cs e o ot
-
E = g o

O
T
T
T
13

O



-

\ L .
A (S0 NS AP
- »~ - - - .
et ¢ 0 2 3 o

o
’
i e o O P 1
()\ ety A o _/}‘1 VAR B ) »
! u} i D

vertico: J
£y 2
A\ 0 y 1 J
(1 o) 0
RN I 7
b)
(0,0) 0 C
eliminstion of », gives
G0 (ST Qe A =51
12 ~6 .05 G -0 e T A
* - Lo A / £ 4 5]
RO e -6 0 4 [ BESE.
re (8l f\
\ 9] [l L
\ 1 2
4
o 6 . -
P s - N -
| 1 ’ >\ 3 o 3
|
dx, o+ 2x, <,
o
. X, X, 2 O,
’ ok ‘
vertices (x>, = A (x, )
. : | 1AL | 2

>

the other onges we sre reeldy oftar the con totion of

L

vertlicon, U 3 } ~5 eliminstion of Goming henl,

elimin~tion of w. pives the wvorst resuls heve to o aomnube
2 £



PoD motbricen, unloos

. LaC

e

contoins ite nining

" - A ol 1 « BT |
e that 0 de point

whi

o

Cil

o)
BN
ve

Ay [558]

ol *the conditiong i

e true that o Tindte gumber

20,

aenticnoed previouvsiy. In coroll

0 L

Lde

A0, 45«47 Phe crit]

-

-

e, O

Seaars
e

@ anpendiocy

5

ol

TOT S

ine

Tuvin, U

feom

in ler

a
e

1

Tosion




[y
HEWS

LoTS COTrOs

the p lormost

10 L R b B P
1 it we ther
N\
o=

o = 7

[
. b wy eb o e R B A . T - .y Lyl
and by the CHeinequslit b elcenveluos most

of couvrse, bhe nonnarsotive.
s :

rplied o tha inner

A
[Z1

( A . e e
RN e LSOO v

the eoame

neodod

. B | .. KT U S N e - EEP I
noxow myed oA of 4he Connba drich,
conpideoring all po A vz ped o

- S e
QL Loana

polyhedral




2]

P
Vit

O

(&3

o

oy

i

e

31y
Y

¥

AR S
AN

1

T

TeRel

&

mmehie

ok

ooperfect

cnpEen

IO
PR

™
¥

itie

RAENE

Lires

2N

e

non
s

)
/@

J
<

<

PRERE IS

hes

.
v

e}

@

¢ COMN

1
i

2




CONVeE felE

oot [P R I
of Lhe volybedron.

s obvicus olternotive meagure ol

) e
coverging to v(¥'). Th:

s " N
SO e DIToUT

2hooff T fuom O, % L) o=
: L -

o 3. PG T I N S

LT hs SRUGy the

dafine

choidce iss N o= 0., which answers

(unitorm distribulion) Ffrom the rel of ail po

uwee for R

corrernonding with this wnicuvencns menrure

solution would be the centroid of P

5
t

D16s Apvendix B. Ve

problen for one-dimennic

solution, eng oo hod carional uniolding.

i for excmnle Los oo

Tae solutiorn of the sproe problen {for b

netric opoce ig it in completa, convoel,

COnveR i




r

e’

Vo e -
S B

C




aoa s
[

ALy

of rimmle orooer

Arrowu,

G

nive.

alpors

convex nolsy
. Je SoCe Indust. and Apnpl

B, & ond peodenice 1

Re & Ypentz, D.H

g O iy (j,’-”ii?l:','v", A -

topolas

Duned,

e
¥

Biumenthot, Lelies Digtance

x Toile Theoury and svolicatione
{ ‘ord, Clorenden Vropgs,
f
A VL BONBCONTY

P all vord

Hnonrene

Tosenor

®

alinosr T0GH

renn

- I e
neea oy

tudy of the

ci dintrnce

Lociol

iveginee,

"o

B

Ot

y b s
SR
pooen
Vi




Al - e
Cheney,

o ey b y e T ey e T
Ameterdan, Horth

u

] ¥
Leouw, J,¢

r [

Top nontetrlc




EY T o tl ey - -~ oJem E - e - N
Do bLeowr, Jot The sbotract cteucture of soaling theorior,

Univ, of Leyden, Den. of Dote “heory,

oript (a0 yvet), 19704u).

o

Doru, WeS.: e,
ki J an de and Enanld 1~ 1(\,?11 Ie) [ -] o/
< U : JORNE RO Y and .L.,Y) e witi Uit e 3 H /! ] y Vs PR RVE I «

Golditen, A.d.: end. soparation theerene fr

CONVOI S¢TH.

Yrne Fuim, Hot. & Tucker, A0 ((}C,{;:), D

Guttmen, L. A gencral nonneiric technicue for firding the
snallesd coordinate gpace For o confiovption
of points.

Peychonetri

Hartley, H.0., & Hocking, R.H.:
Convex progrzmming by tongensial spnrorianbio
Pansgement Science, 9, 1963, 600-617,
Hexrtley, H.0., Jocking, R.Rl., & Cooke, U.P,:
Leagt gouvaras fit of definite cguedratic forns

by convex nrogrammaing.

Memagement Science, 13, 1967, 913-025,

Keiley, Jule Jra: The cutting plane method fer molving convex

Jo S()Co

sth., 8, 1960, T03-712.

1
=
-
sty
.
as
-

Krantz, A svrvey of meacurement theory.

Ine Dovtnip, GoB. & Veinott, A.F. Jr. (eds):

iathemrtice of ithe decision sciences, »ort I,

-

P 314-350, Providence, fmer, lath. Socc., 19C..

&

Eruckal, J.B.: Fultidinensicnal scaling b ontimizing goodnen

of-{it to o normetric hynothenen,

1964, 29, 1-27.




o,

FARR SR RS N AN G

Kruskal, J.

Drtorne,

:

N T T T T I TE T R
sl thlvorinote rnelys

wovT 2.
i

Kuhn, H.49, &

L

: Froc, tec, Berieley Dymn. on

end Prob., 401492,

EPRA] 0

Kuhn, H,M. & fackery 4007

oy PR - Yo 2 G o et e
OF moth L stwdles 35 Princeton,

FPrinceton Unive Vx

Ky Fon: Svetems of linesy inecualidien,

B \ o -
o omyeker (eds), p 99-156.

ATLC PTOSTan.

£2-453.

1t

Lindman, 1ot A numericsl soovroximotion to ordered miric
scalen,
Tndiena Fath. Peychol., Progesin, Revort $9--2,
£ Peve

Dep. ¢ chole, Indione Unive, Bloomington,

Inéionrna,

Lin

’3

ty J.0,e Dome btoundary conditione feor a monofonc rnnlyve

]
e
1

tric matvicen,

. - o/
Vichipon tath. Pevenol. Vrogran, JDepors ThoF 6
i . PR T TTom S vy NI
J.’{‘.]). of t"\:"._,' Cﬂ',!]_g ¢ Univ.e ot )

v .
Hachisan,



Hangmosaor

Fanmasoy

Y
YL
MR

O,

Roeskoen,

worien, oLt

ian, Oul,:

; Stone, .l
Bas
ot
o 0T '
e Ve y He g
to the theovy of m, L1
* - &) 1 Ty
Avmale of o SEIVPE R R
. . N
Princeton, Vrin 1953
: Solving bhc wed se o problen by 0
extrome nointo.
- . Wy 1 YA 4 TS A W AS]
Operntione Resewrch, 12068, 16, 2560-279,
o S A {* Tan for
e teCaias ) (SN Les 10T
T . S R RO A P e
theory rnd olosriting for nonnetnld




T
>

he

AT

N

¢

ki

8]

£m

COT

+1,

t

&

A




¥ .
AW,

r
Lo

r”.' 9N ey i
EERAN PRI

Zowtend

1y ‘
S .
LA »
EE iy

PRFEVIRS

coucsLoNn

KA

inesy

nraoy

[N

LLaeor

SR aNs

my

e

3




