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1.1 Theory

Suppose X and Y are ordered sets of real numbeﬁ, and F(jc,y) ig a probability
dis-:;z‘ibu’cion funétion on Ex Y, If X and Y are diScrefe we mean by p(x,y) the
probability measure of the vair (x,y), if F(x,y) has cc;:'ntinuous derivatives of

' J
first and second orders almost everywhere then p(x,y) = —J;F-j-;—lﬁ . The symbol

, [(expression) d(variable) is used both for integration and summation, Let

fi

V/‘P(31Y)dyji - ‘ o . ‘(13)
[repax. - (1n)

We look for mearurable real valued transformations 4} (on X) and \P (on Y)

p,(x)

1

- p,(x)

such that the PM-~correlation betWeen' the transformed variates is as large as

pozsible. Consequently we want to find

£ f[¢(;)l¢(y) o) axar, @

under the conditions that

[42) 0,0 ax = [420) 0,0 @y
j4 (x) p,(x) ax f\p (y) p,y(y) ay

This is a simple calculue of variations problem for’ which the stationary

1y . | (3a)

1
]
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0. - (3b)

equations are (using only the conditionsz 3a)

‘ .[p(x'y) d? (x) ax /U«P(y) p,(¥), . (4a)
/p(x,y) v (y) dy

where /"' is an BEuler-multiplier.

]

M (x) p,(x), (4v)

We can rewrite these equations, alternatively, as operator equations on the
(complete, meparable, real, Hilbert) space of all measurable functions.
B($) = p0,(y), o (5a)
! .
b
BHY) = p0,(4). | (5v)

Here B* is the adjoint of B, D1 ~and D2 are strictly positive and self-adjoint,
all operators are linear and bounded. Suppose Z satisfies
1
-5 x S | —"é‘ = 2 6
D1 o 3B oD2 oBoD,'v (Q) /4'7, (6)

‘ EN
then &J = D;"‘ (2) satisfies




zzzon o (¢) = o, (¢), | (7a)

‘0 B (6\7) sat‘isf‘les

EQD“‘ o BY (%ll)u F.D (y). ' , (7o)
Tha triple (6?, \f s ,_5,:,&) actisfies (5a) and (Sb) There are, in general, a
denumorebly infinite numbsr of solutions of (6), denoted by IZ 4 With corresﬁc’m—

ding charcctorisiic vaivsn f‘"’;‘ Suppose };i # /,c? for i ¥ j. Then the ¢ s

2—orthogona1 .

It follews from (4) and (5) that ‘(’g,o - 1oand o= —~ 1 give a solution of (4)

.corresponding with Qi é?el)“-—orthogonal, the corresponding q’i are D

with f*o = 1, eatisfvmg (3&.) hut not (3b). All other solu‘tions to (4)
‘sa‘cisfy D, (C:p ), ¢~ 07 <p, (W ) o q,'0>= 0, which is precisely (3b).
Conaequently (4) has one ‘improper’ solution, all other solutions satisfy (3b)

automatically. Obviougly 0g l“'i"‘ 1 for all i = 1, 2, 3, s Moreover, from (6),

:5:1 Pi /[ p1Ex§P2% y daxdy - 1= W (x,7), : (8a)

where (p ia Pearsons ccntingency meaaure. Momover

p(x,y) = p1(x)p2(y) (1+ . ,ui (fi(x) (G (8b)

The regresegion of é’-i(x) on q)i(y) (an@ of gai(y) on ¢i(x)) is linear, with -
regression lines _ ' o

¢i}(x) - Py ‘7’1(3')' | - (8e)
@ &) = puy Py | (84)

In prnotical aituations we ara dealing with éainples in which the Valuéu of X

and Y are cithsr diporete or gronped into intervals. B is ann x m matrix, and

we may suppose w1thout loes of generality that m < n. Tho ma,rgina.l frequencies
are collected in the diagonal matricea D and D2, the tota.l number of observations
is N, Again we suppose that none of the marginal frequencies is- zero. The
quantifications ¢ and W are’ simply an n-element vector X' and an m—element
voctbr y. The staticnedy eqatione are

By = pD,x, | o _ : (9#)
By = P.B Ve | . | N (9v)

-
Aga.ln we find/m-element rectork z such that




1)2213'111 BD;% z = p - (10)
and set y = D;% Zp X = f D ~1g y. If we let z'z = M, then x;D1x = y'Dy = po s
‘The m stationary values /ui (i = O,...,m~1), ordered in decreasing order of
magnitude, satiefy /» 0= 1 (the improper solution), and N mi—:lf equals
Pearson‘s X2 for the contingency tabla B. Asymptotically X“ is distributed as
XZ with K = {(n-1 ).(m-1) af on the hypo'théses of independence. We are not inteA-

',ted in 1ndependence, d'we can use the following app;ﬁoximate test, Compute

=NZ/»1' | S (11)

for P=1yeee,m~1, ahd coInpare it with a Xz with X df. As soon as prob( XE)X?} )

T , for some critical value T, we can 'stop faétoring'. Bissmtpirhnniveneed c

There are aéﬁeral aiternative épproaches to the problem which are also useful.
Thézfirst one uses thé indicafor matrices S and T of orders n x'N, ‘and m x N
.feapectivély. Both S and T are binary matrices with sik,=”1 iff the X-~-value

of sample element k is x, (t = 1 iff the Y-value of sample element k is yj),
By assigning numerlcal weights (a vector x) to the elements of X we get an
induced quantification u of the sample, by ass1gn1ng numerical weights (a vector
&)Ato the elements of Y we get another induced quantification v, by

) a=S'x, | © (12a)

v = Ty, | 0 (a=m)

Wq now interpref the N x 2 matrix Z,icontaihing the.two éolumns u and v, a8 a

one-way classification .with two levels. The ANOVA-table is

Source S5Q af

k=1 k=1

" Between _ 2 Z ukvk 1
N . 13
Within C Z(ey - vy)? oN-2 ' |
. : k=1
. N 5 N 5
Total E-uk + ka 2N~1




) B IR

(provided, of course, that :Zuk = Z:Vk = 0). In matrix notation

S5Q = 2 x'ST'y, | | (14a)
§5Q, = x'SS'x + y!TI'y - 2 x'SMy, , (14v)
$5Qq = x'SS'x + y DDy, : o (140)

We maximize S‘SQ,B'under the condition ;bhéé%{»equalé some positive constant. The

ﬁtationany equalions are ‘ ‘ |

| ST'y = MSS'x, | (15a)
TS'x = M Ty, " | (15b)

Because both SS5' and TT' are diégongl,“fhis is exactly’identical to our previoﬁa

problem (9), There,alsé is an improper solutibh._and we are also dealing with

Qrthogonal decomposition)of the 12 coﬁputed for ST', We also abtain induced

quatifications u and v.,This is nothing new, The U-score for a sample element

is simply the corresponding X—acore, +the V—score the corresponding Y-score, If

we want to oharacterlzn a sample element by one single score the ANOVA-context

demands an additive oomﬁination of u; and vi. 'This can also be seen by conuldering

the supermatrix [~ itself as an (n + m) x N contingency table E. We
o T. . ,
quantify the sample facet by an N-element vector w, and the facets X and Y

by a supervector ( x* ¢ y ). Call the maximum correlation /\. The

stationary equations (9a) and (9b) reduce to

w '.53«"1(3': + Try), : (16a)
8Ty = (2 A2 _q) ssw, o | (16b)
5'x = (242 - 1) 110y, - © (160)

Fiom thig it folloﬁé'that again x and y are the same as previously,, the vector

w is proportional to the average of u and v.

It is also quite 1nstructive to congider a geometrical approaoh to the same
‘problem. We start with a oontingency table B (or, more generally, a bivariate.

probability density), and define a pseudo~metric between the elements of Y by
N : - 2. . .
2 X '/x , 2
= ) - dx. 1
4y (x) fp1(x) \\ pzéy; -pzzy'g (17)

This is the distance between y and y', as measured by X. It is easy to see that




ds(i)(y,y') = 0 iff o(x/y) = p(x/y") f§r all x € X (assuming again that p1(x) % 0
for all x € X). If p(x/y) = p(x/y') for all x € X, then we can construct a new
point y'', define p(x,y'"') = p(x,y) + p(x,y ), and find dY(x)(y",z) =
dY(x)(y,z) + dY(X)(y ,yz) for all z é:Y. Thus we can Hring Y in 'canonical form',
such that. dY(X)(y,y ) = 0 iff y = y'. That the trianzle inequality is satisfied
can be seen most eagily if we define QY(X) gs
| Sy (x) = n;'8'0] 8D} . - (18)
Introduce the m;elément unit vectors ei‘and ej. Then ' |
d‘I(X)(yi’yj) = ‘(0- -"é.)'Q,Y(X)(e - 0-)- (19)
Because QY(X) is positive semi-def1nite, dY(X) is a metric. Equations (18) and
(19) are written in»terms of matrices, we ocan also use general linear operators,
of course. Let K-A K! be the canonical form of QY(X)' and define the vector
y; by yi - eiKJ(%? If’i&i? denotes thé sqﬁared Euclideén distance between the
endpoints of the y., then é 2 dY(X)(yi'yj) ‘Again we can disregard the small
. roots, and 80 on, A more satisfactory result may be rreached if we give each
‘the mass (weight) pz(yi), and then reduce t> principal axes. We need

i
an inertia-matrix My defined by

point e

My = D, - D,ee'D,, _ (20)

(e all elements equal to unity), and wé look for the right eigenvectors of

ey = gy T

Y(X) - D Tpe 01 BD, (D2 - D,ee Dz) -
-1 ] ] ’
| = D} (B D1 s - D,ee Da). (21)
And’consequently_WY(x)y = xy'iff .
-(B'D’;‘B ~ Dyee'D,)y = AD, ¥, | (22)
iff '
R T~ : :
_B.'n;' By = X\ D, ¥ (23)

The equations (22) and (23) differ only in that (23) has an improper solution,
which is removed by simple Hotelling-type deflation in (22). The same way of
"reaaoning gives a distance d (Y)’ with quadratio forn QX(Y)’ an inertia matrix

Mx, and the atat1onary equations




~

BD;'B'x = ADx . | - (24)
Again the solutions are obviously the same as those of (9), (15), and (16). It
can be proved (along the lines of équafion (16)) that it is perfectly legitimate

to draw the plots of X and Y in a jeint space.
1.2 Higtorical

The history of our problem is quite oomblipated. We have to start with Karl

Pearson, who investigated the relation hetween correiation and contingency

as early as 1900, His investigatiéns éreloontainad in (17, 18, 19). In 1935

Hirschfeld (7) studied.the linearizing'éppro&eh for the regressione in a

contingency table (generalized in our formulas 8c and 8d), This.reaulted in the
- idea of the maximal corrslation in a bivariate diétribution, which Qas

generalized to the continuous case by Gebelein (5), compare also Renyi (20)

and Richter (21). Yates (23) investigated the assignment of scores to the

marginals and gives a significance teét for the maximised correlation when

one set of scores (say y) i& known. In this case, of oourse,

Ty | (25)

x D
gives the unique maximum, The approach using the homogeneity ideas (and the
ANOVA-terminology) is due to Fisher (4), who also found the identity (8b)
for the finite case. Figher's approach was further extended by Méung (15),
Bartlett (1), and Williame (22). It was proved by Maung and, with more
satisfactory methods, by Lancester (11), that for»the binormal distribution
with correlation parameter /’

, /ui _ ‘f|2i . | _ , (26)
while the corresponding eigenelémgnts are the Hermite-Chebyshev polynomials,

As a corrolary

.Y 5?__1}*13 —C-—-—-2 , | : (23)

s
a result already proved by-Peafson (18). Thg'ANOVA-rationale vas dimoovered,
independentlj, by Guttman (6) using correlation ratio terminology, and extended

and used by him in many subsequent napers. He aluo_diaoﬁssed'the canonical

partitioning of Xz, which has been developed more extensively‘by‘bancaster

L]




(9, 10, 13). A generalization and summary of the previous results is givon
.in Lanooator (12), an easily aooesaible summary of most of the work in this
field can be found in Kondall & Stuart (8). Burt (2), Lingoes (14), and=
MoDonald (16) are also useful review vapers. The geometriocal approaoh to the
problem is due to Jean Paul Benzéori, ahd his methods have been oubliohed
moat oxtensively in the thesis of Cordier (3)e The equivalence of this
 'analyse de oorrespondencesf with our problem waa pointed out to me by
Matthi js Koornstra. The proof is minet Computer prognams for the finite case

have been written by Lanooster, Lingoes (under the name of MAC), and Cordier.

1,3 _ Aggiioations

. The 'orosa-table' and the assooiatod‘xz are used very frequently in social

l\)

science research, For some reason or another the partitioning of the total
in additive oomponents (which oan give a lot of extra information at a :vl
relatively oheap price) ig hardly praotioed at all., This is a regrettable
situation. The canoni oal rartitioning of X2 discussed in this chapter is very
nioe in the sense that we have a oatinfaotory geometrical interpretation, and
oonsequently we can make nioe prlots of two dimensional»pnojéctions. It is .
unsatisfactory because the canonioal oomponents of X? are not (asymptotioally)
independent x‘—variates (in other typea of partitions they aro), and oignifioance
tests are difficult to obtain, Peraonally, I am quite sceptical. about the useful—
lnoae of olassical hypotheaia testing in typioal multivariato data reduction
procedures, and oonsequently I do not believe that this is a very serious
objection, Moreover the exact partitionings of Lancester-Irwin or of Kullbaok-

MeGill have unaatiafaotony aspeots of their own.

The procedure can be applied to any oontingency tablo, and. will always give -

. supplementary information. Only in some rare cases (for example p(x,y) =
p1(z) - pz(y) for ail x,y)or-p(X,Y) is constant on X x Y) the outcome 'is not
interesting from a practioal point of view. Observe that in this method ﬁe
do not have to be afraid for departures from normality. In fact it can be_

argued that thenme departuroa actually make the method. worthwhilo. In the




binormal case we can alwsys reprcduce our data - within sampling and grouping
errorg- from one component. I+ may not even be such a bad idea to treat
(grouped) quantitative data in this way (we partition the correlation

coefficient in orthogonal components ).

In our theoretical treztmant we did not aime at maximal generality. Our use of
the integral sign indioates that, in an informal manner, we have used Stieltjes
integrals without going inio the notational complications this implies, for
example in deofining Qﬁz(x,y). It i2 poraible to generalize even further, forget
about the probabilistic interpretation, and deal with general produoct measures
on X x Y, In the finite case we can handle nonnegative correlation matrices
{our method redueeg to’principal component analysis of the first ocentroid
regidual matrix), we can handle symmetric similarity matricéﬁ, ratio-sstimation

data, confusion matrices, m rankings of n objects, and mo on. In the examples

we shall try to give some indication of the applicabilify of the method.
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We shall first give some examples of our principle used as ‘a one dimensional

scaling method. Consider the data on page 203 of Guilford's Psychometric

Methods (spot patterns placed in nine succesive categories spaced at equal-

appearing intervals). The squared correlations given by our method are.

pi - 86 s = w88
ﬁg = 0638 /Lé = 0029
,u§ - . 384 =010




/}2 = ,135 /hg o= .007

At least for the firast four roots the equations /uf = ‘Pfﬁ'are satisfied quite
nicely for105% .93, Consequently we may assune that we are dealing with a sample
from a normal distribution, and the most informative transformation we can apply
to the marginalm ig our Tivet principal compansnt, In figure Ia we have plottéd
the valuos of the Tirst left compenent as a function of the number of spots in

the pattern, in Ib we have a ploi of the right component ve the category number.
Obgerve the relative undersstimeiiorn ¢f the intervals between extreme ptimuli,

observe that the regresgion in figure Ia is linear, end not logaedithmic,

As a second example we have analyzed Cuilford's data one preferences for movie
actors obtained by the methcd of rank order (lc p 180). The squared correlations

were (first six only)

;,-f = o182 /QZ = ,019
po = 062 pis = O
P - 025 /;2 = .012

The maximal correlation is about .43. There are serious departures from normality
A joint two-dimensional ploi of actors and rank numbers is shown as figure Ila.
The second degree polynomial is there (especially fof the ranks), but obviously
actor KD deviates strongly from this pattern. Inspection of the data shows
that his conditional distribution of rank numbers is clearly bimodal, even
somewhat U~shaped (modi at 15 and 1,2,3). The rank numbers and their scale
values are plotted separately in IIb (first dimension only). There are only
two violations of the expected monotonic order out of a possible 105 ones.
A Tentatively we may conb%ude that there is an acelleration at the extreme of
the ssale, which justifies, more or less, Guilford's normalized rank method. In
IIc we compare the results: they are virtually identical. Neverthelaaa'our method
seems better, Guilford's method ascumes a.binormal digtributionff, and then
applies a fixed transformation to the rank numbers in ordef 40 find the acdle
values (essentially by ucing equation 25), We optimize normality by gcaling the

marginals, and we find additional information about the nature of the deviations



(and possibly quite mensible multidimensional solutions). The correlation
coefficient in this case is simply an index of agreement beiween subjeocts

(for a particular dimension). Consequently our socale is the dimension on.which
the subjects agree most. There is a way to quantify subjecte which ie consigtent |
with this model. Each subject k defines a permutation mgtrix Pk’ our data matrix
B ig the sum of these permutation matrices. Define (for a particular dimension)
8 = .z'Pkr, then Zsk = i z'Pkr = 3'Br = Mo with z the scale values and
r the rank number scores from thgt dimension. Because D1 and Dz’are scalar
matrioces, By is proportional to the correlation between Pkr and zZ.

In opr next example, formally jdentical, the usefulness of our method is even

‘clesrer., The dasia (collected by Dr, van der Komp) consist of the rankings of

nine Dutch nilitical parties by 100 students, WHe data matrix B is

KVP 07 05 14 1121 15 15 11 0
PVDA 19 19 16 10 06 13 11 04 02
VVD 31 12 06 14 16 11 07 03 00
ARP 05 18 18 16 2t 16 05 01 00
CHU 04 05 11 17 22 17 12 10 02
CPN 02 00 05 06 08 09 14 29 27
PSP 08 06 09 09 06 10 23 23 06
BP 00 01 00 01 04 O7 12 15 60

D66 23 33 19 15 02 03 02 03 00

It is 1£torest1ng to look at the conditional diestributions defined by‘the rovws
of this matrix. The three denominational parties (KVP, CHU, ARP) have flat,
gymmetric distributions, The liberals (VVD) and socialists (PVDA) have Xirmmiwk
bimodal distributions, indicating that our subjects are not homogeneous, them
are leftist students who dislikevtho VVD and rightist who dielike the PvdA.
Both groups do not like the denominational parties very much, while D66 .

is popular with both groups. Pinally sverybody atrongiy‘dialikoa the farmqr‘s
vnion {extreme right, BP), and the communisis (CPN). The pacifistic socialist

have some sympathy in the PVDA group. Our analysis of this table (whioh has

\J



violds tus (poamidly thres) significant oomponenta‘with

Tho piots cemparahle to ITa ond IIb are giver in IITa and IIIb, Observe that

thoe trancfcruntion epplied 42 the rronk rumbers is nonlinear (but monotonic) in
thiz caso {this i duoe toihe Torowding® of stimuli on the most preferred end

of the mecale), =nd obzerve thal Tirzsi-choice bshaviour is not very representative
for iho scale in this ocace (whiéh ie n conclusion of mome political interaat);

Az ths Dbest preforensce smecale for this example I would take the projections

on the perszhela of figrre I1X2, no%t the projections on the first axis. Tentatively
ve may also conclude that tha preference behaviour of our. subjects tewards the
govornmentai coalition (XVP, CIl, ARP, VVD) is somewhat diffesent from their
behaviour twvwariz the oppesition. The two groups mentioned previously may result

in two different cnrved scalen.

For our final example we use data collected by the Dutch student council (NSR)
in 1969. The data were made available io me by Prof. Lammers. Essentiaily they
consirt of a three-way contingency table having the facets universities,
pelitical parties, faculties. The two marginal tables which interest us here
are given hoelow, For the firmt +table (Xg = 177.7) we find two significant compo-
nents gﬁgf = .067,é§ﬁ§ = ,030), Joint plot in figure IVa. The first dimension
is simply right-left, The order of tha projsctions corresponds closely with

the one computed by Lammers using preassigned scores for parties (only theology
moves to the left). Thp mecond dimenmion is denominational (vaterinarians and
agricultural scisntiste are more inclined to vote for KVP/ARP/CHU, perhaps
bacanse they coms from rural areac). This explains immediately why the soale
valus of theology is chenged, compared with the one computed by Lammers, The
analysis of the other table (X2 w 202,9) gives ?3 - .070;f“§. «041. In figure
IVb we see that the interpreiation of the two dimensions s the same, only

their order of importance is interchanged. Because a precise interpretation




of the figures requires a knowledge of Dutch universities, politios, and so on,
we skip it. This example mainly shows how useful the technique is when there

is virtually no trace of normality, and when the /45 are low,



cpn

conf vvd pvda pep d'66 tot

DELFT 24 66 22 20 50 182

EINDH 12 07 03 00 13 035’

RODAM 20 43 20 04 24 111

. TBURG 08 12 03 03 17 043
NYGEN 33 22 22 13 50 140

. DRIEN 00 07 03 04 05 019
GRONI 20 46 43 14 55 178

WAGEN 11 15 08 06 15 055

UTREC 0 65 36 27 2 240

ADAMG 27 59 92 43 113 334

ADAMV 27 01 05 03 09 ’ 045

LEIDE 29 88 34 21 62 234

TOTAAL 251 431 291 158 485 1616
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