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In this paper we analyse a model which ig gomewhere on the border line of
factor analysis and fixed effects analysis of variance, combining an additive
structure of meang and a multiplicative strﬁcture of interactiong with an
additive structure qffﬁariances. This generalizes some reamt developments

in ANOVA, and i3 alsofextends some old ideas from the factor analysis afea.
We derive least gquareg estimates of the parametersvand.MINQUE estimates of
the variances, The possibility of gimultaneous maximum likelihood estimation

of all parameters is briefly discuseced, In general our treatment of the model

is sketchy and incomplete,
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0 Introduction

0.1 Notational conventions

Lower case CGreek letters are used for scalars, lower case Latin letters for column
vectors, and capital Latin or Greek letters for matrices. An important excepiion 2
the lower case Latin subscripts and superscripts, which are used for indices and
their ranges. A tilde under a symbol indicates that the symbol stande for a pandonm
variable (scalar, vector, or matrix), no tilde means that the symbol is a constant
(parameter). We use the notation ’% Y ?(/u, 22) to indicate that (the scalar
Tv) )( is2 normally dis‘tributed with mean /,c and variance 22‘ For vectors the
corresponding notation is x o ?p(u, z ), indicating that the p-dimensional
r,ndom vector x is multinormally diesiributed with vector of meane u and dispersion

matrix z . If no confusion ig possible the subecript p is dropped. Unlese otherwis

:.:

gpecified all random variables are a.ssumed. to be mutuzlly independent in this pap
Primes are used to denote row vectors and transposed matrices.,

0.2 FPactor analysis

There are two basically different linear structural modelg called 'factor analyeis

in the statistical a.nd peychometric litera ture. The first model is

k
At: "'lJ EJ 52-1«1“(338+§ij’

k 2
&5 fZ(o, Zf).

The second model is

«/13 arJ ?‘sﬁ,]s ’V'-‘-J
€55~ 1 (o, 2?),

S ~ ?p(o’¢)'

In both models the range of the indices ise

B1

o

‘B2

.

B3

.

1=:‘l’ see ,n;

k

[}
N
-
L]
L[]
-
-
o]
L]
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In this papevr we study a ctraightforward generalization of model A. Other geo

ralizationg, and similer generalizations of model B will be discugeed in a related
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1.1 Assumpiions

In this paper we investigate properties of the model
k

D
V2 S S \ -k
Mz Xy S+ A+ /‘j+sz'=1“is/3js.+3i+zj’
N i 2
A2: i) fvgl;“’ '2(0, ri)
. 2
ii) 7150‘\/7(0, Zj)'

Observe that this implies (and for all practical purposes is eguivalent to0)

P
k k
A1': xij= 5+Ai+/‘j~?+g1°‘is[5js+§ij’

La d

. ek 2 2
sz &5 o 1) (o, rs+ éj).

1,2 Indices
The range of the indices ig

i:‘: 1, see g n ;

ij
Let
>
1- = l. )
ix joy 13
>
1 . = 1. :9
¥ooiau
by
| 1. .
izt jar B
and
M, . =
' 113/1ﬂ1
i = Lia/Tems
W= 113./1&,

Wity = 23/ 0

Wiy = lij/lix'

In an important special case TTij = 1ri.1r.j for all i=1,.es,n3j=1y00.,m. Thig is
the provortional frequencies (PF) cese. In fact the general cose leads to not

Very interesting complicatione and we concentrate on the PP-case,
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1.3 Identification

If the equationg® given by

S+ hit e +Z“1°(33'=
has a solution, then this solution may not be unique. In this section we describe
a get of conditions I with the property that if E has a solution, then it also has

a golution satisfying I.-In the fiwt place we can choose the Xi and /‘j in such

way that

T4 1 Aivi. = 0,

I2: 2 /.,J.']T.j = 0,

For «, and A, we use the conditions
is Fje

I3: zTi.“is uit = 0 for all s,t=0,..%,p with s # %,

I4:

.

J T.jﬁjﬂﬁjt = 0 for all s,t=0,..,p with g # t.

Here

aiO = 1 fOI‘ all i=1,aoo,n,

pjo =1 fOI' a-ll J=1,ooc,mo

Another 't;ype of 1dent1f1cat10n can be achieved by rewriting

= Z leﬂJs

ag

= ?_‘ oth(qu q,

and by requiring

I5: ZTi;“ie.s = 1 for all s=1,...,D,

16: § ﬁ:j{s?s = 1 for all 821,...,p
g = 0). Pinally we

=

(of courge these equations are automatically satisfied for
require

?fZ pARED 7, Xp;&.

The number of parsmeters is now
Ho=1+m+n+pm+ pn+ p= (pr1)(ntm+1).

The number of identification equations is



CN. =1+ 1+ p(pr1) + Fp(pr1) + p + 0 = (p+1)(p+2).
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There remain

NF = NP - NI = (n+m-p=1){p+1)

free parameters, se equation E ig symmetric in both modes of clasegification

Becau

we can supposge that m < n, It follows that the number of unknownse (free variables)

ig lese than the number of equationg if p < m-1.

1.4 Solvability
The equations
Xij” S+ )i+ 'U'j+ 9ij'
where the parameters are identified by
2A. 7, =0,
Z‘Lj‘ﬂ:j = 0,

0 for a.ll j=1,00',m,

26;,T;, =

pA eij'w.j = 0 for all i=1,...,n,
can always be solved by getting
L

(S:x ?

i® %, TF,,
A
/uj =Xy TR0
~
Biy =y = ®y, mF T

Consequently a eufficient condition for the solvability of
D

= \
X S+ it I“’j+s€1°‘is(zj8)fs

1]
N
is that the rank of é; does not exceed p. The condition is also necesfary. Because
n
rank:(@) £ m-1 <n~1, the condition pY m-1 is sufficient for solvebility.
1.5 Unicueness
It is obvious that a NASC for the uniqueness of the solution of our sget of

equations E and I is that both the decomposition

C
L= R 2
le NS Ai + ﬁj + eij’
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and the decomposition
2
i = 2 % :
ij — &, is PJSKS

have unique solutions satisfying the conditions I, There remains only a single typ«

of non-uniquenegs that we usu ally do not eliminate in practice: for each ¢ we can

change the signs of all Q’iq en ch gimultaneously, This can be eliminated by the

requirement

I8: Let ks be the smallest integer such that t('k o #£ 0. Then dk s> 0 for 211
hd [

s ~
s=1,.-.,p-

A NASC for the uniquess of both decompositions (given that Fij > 0 for all
i=1,00ey0 3 J=1,00.,m) ig that 31> 525 veey 6’p> O. A necesgary condition ie

ra.nk(é) = p.
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2 Eetimation

2,1 Betimation of verianceg by NINCUE methods

Consider the slightly more general model

p
k Sk
SO S T Z xieppe TR O D

-

where |
A2: iii) &km iZ (o, £2)’.
This implies that if ‘
ex S rzk+ K_k,

~1j ~1i .vj ~
then
k 2 22 2
SR 0 . + ..+ .
SlJ‘ 7( ! fl ¥ £%)
.k . k .
Suppose € ., are observations on € ... Define
ij ~ij
r - k 2
e, =2(ens
Obviously
& 2 72 2 2
and thus
E(€,..) = (p2 2 2
( ij) (pi+ Zj + & ).113.,
2 2 2,2
v . o = o > o PR
(éla) 2(fl+ ZJ+{ )113
An eptimator of the form

A f% n
1= 2, 2, %%y

hag expec{ed value
Bh) - Tp2 ., 1721 257 T,
(lz) iﬁl hij P Z;J.Zl..’r..+ g<2 L5 Ty g
and variance
l‘ — ey
v = 5J1 72 2 2 2y2
(2) 22 ijlij((ai+ J.+E).
N
Ir f) is to be an unbiseed estimetor of

[-2mpie 280547

(the ber under these symbols is used to distinguish them from our parameters

A, f‘, and )-) we must hsave

1ij:‘l’ij,. =, for all i=T,.usyn,
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Zlijbij 2 for all j=1y...,m,

llJ Lij = _Lo
For’L we clearly must have

Z:Ei = I éﬁ = ;,

()

1

The HINQUE estimator minimizes
Q‘i?'c

under these conditions.

ijtiy’
Using undetermined multipliers-&i, f%, and § (agein the b

ie used to distinguish them from the parameters of the model) we find

U5
where

Y+ 27 P

~i + “jh. =j +J /llﬁ’

21 IIJL’L#‘“S ﬂ/l -

2T‘-:i..)-‘-:i.‘ihi(i “:+¢ Ul-?i

Thug
~ ol - —
= /11+£j/1§j-{/1¥£+ ‘Z(lei_ Tj) /_1_&3.;.2('1.'“3,.. ni.)é-i’

€. . . .
ij =i’ Tix
and in the PF-case

~N
= A -
Gy = %/, + B, n,,

ij
Ir
1-p5+ 35+ €
then
f o
f2=(ve. )/ +(ze gy = (2 Z €)1y
If
- 2_ 2
'l fi (".1
thﬁn
7- (T €43)/1 - (2(Z & g)/iyg)/

A similar formula can be derived for

- 23 28,

<
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In the epecial case in which
f

("81;_‘-'—_'. O for a-ll i=1,'oo,n ; j=1,oa.’m ; k=‘l,ooo,lij
|

i.e. |

€5 S/ACE é?* %)

C e B Aot i

we minimize @ under the conditions

i 21 ‘Z’ fﬁ fOI‘ all j=1’oo.,m,

i=1 ij

n m
1..2.. =
51 :;z=1 +d 213 "'t"

é where
» m

F A Y
28 F |

. It follows that.
‘=/u +°=ﬂ/1

: and thus
A m

estimatee

Z 2.‘3 22+[f—_.
=1

If

’Z= ]§+ ¢?

FOETWY TPy

we find

]
2:6- .o

oJ
Contrasts of the Z? ore estimated by corresponding contrasts of the é 5 In a

Huisttinos;

fimilar way if

k . . .
zjiofor all l=1,o..,n; J=1,'o',m; k=1'...,1ij

n
then

I
D=2, Spi+ i°
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If

p-priv E°

o« If Dot

Contraete. of the /‘f are estimated by corresvonding contragts of the c—‘i

Wb

.k . X
kaofor all 1=1,ooo’n; J=1,o..,m ; k=1,ooo,1ij

k e .
QiE_OfOI‘ a-..l l=1,...,n; J=1,ooo,m ; k=1,0'071ij
~
then
”n

? :’leoo : M
estimates

<462,

2.2 Eetimation of parsmeterg by SLS methods

We want to minimize

gaziZ(xl_fj—fj_)\i_/,‘__Z “sﬂaq)z

=1
under the conditions that the parameters satisfy the identification constrainis
i“on the previous section. Any set of SLS—estimates of the parsmeters satisfies
m n n P
8 — A — =~ = A A
= x —2_)‘ -2 4. T,;=- 2 2 T;: 2 x
&7 s AT T Ty Tl
A m m hs)
"i xl ‘S 2 1‘- - 2— W oo 2 'X g fOI‘ all 1 1,...,n’
: =1 A5 054 =1 iji =, is Pjs
-
: hy = 2 SN T, -5 S . 2
. = X - - AL i - Tr “.. y for all J=1,..-,my
/'(J o o, il 12;1, ilj =, 15/53
and
v [ § 5 “ L a 1A t=1
n % - ) : f = a N i= s e H = )
< W5 \.‘{ij (d+ it ’uj + 5 kisﬂjs)- A s 0 for all i=1,...,n } ,
J=1 g=1
n r L D
S o~ " ° A - N A .. . ald
{?;1“ 1j L"‘ij - (g+ \1 + /wj + 51& is[gjs)] LRI O for 211 Jelyeeeym 5 T=ly0..
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In the PF-case these equations simplify considerably. Using the identification

conditions we find

‘
L
v= X
e
A
*
,\.::I - X s
1 le. o

LS .

"~
Mj= T

To simplify the second set we define the matrix T by

1 !
~— 2 3 . [N . o

= c \X. . =X, =X ,4+ X il
" l.( lJ l. .J ..)

LR

j’

3 A
ig ~ ni."(lﬂ’
Fy

Pie = T.jfie

The stationary equations can now be rewritten in matrix form as

A
) A~ » K 4
where A ig the diagonal matrix with the values a;, and B'B = A'A = I, ag recuir:

3
<

by the identification conditions, It follows that

v A & A
o LL: S T) O S 7
~ N n
e E - v EA L EA2,
~ ~
and consequently A and B are normalized eigenvectors of, respectively, T7' and

A ) 3
T'T, The ;s are the square roots of the corresponding eigenvalues. Assuming
U

m <n again we find for these values

.= A (TrT),
8=p+1

and consequently the SLS-estimators correspond with the p largeest eigenvalues.

2.3 Estimetion of varameters by WLS methods

If

157w

2G5 -8 - *r/“j"Z“isms

ij 1
Where the f%.t; O are nonconstant weights, the gituation becomes more complicated.

The methods from the previous rection cen be anplied only if E&j = '4~g{4/ngT,

ot

his section we develop & more gonersl

0

but this cese is not very interesting, In

b

Method to minimige %, which cen of course algo be used for SLS eslinetion iu th

" NON-PRE gnen,



g Define the vectors y and z by

D W g g o ow

~ mn a m ~
= : * o€ - T

-~ o] n ~
= -:5—- . TAY _ 7

n i
where the number U is defined by

A n m A ) ﬂ

-~ -~ T e ] j

v= 2 Z Mo (xl-8.0/ 2 2_ ..
i=1 §=1 2 U iag je MY

Define the matrix

(P)ij = _‘rijwij’
and the diagonal matrices
m ,
(Q)y; = ;2}-1 T 593 40
L N
(R)jj' = ]%:1 1 i,jwij'

We identify the ,\i and /43. by

29 ) .2
i=1(Q)ii i = j§1(R)jjluj - 0.

Then the stationary equations are

S A
=

v,

- A _ A
y = &+ Pu,
-~ A —1 A
z = Mo+ R™ P
Let
7 -

=R }1,
Toa
A= Q",l,
A e
¥y = Q y,
~ Lo~
Z = R~ Z,
~ P P
P = Q ‘TR Li’
then
~N v A
y = A+ P/.x,
~ N AL
2 = ;.’,-I‘— P'/,
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N
(I -PP') A=y - P 3,
AN A A
(I -P'P) p=12 - P'y. _
N A n "
If . and /3. (and thus 2 .) are known we cen compute the corresponding A.
“is R Cij * CEEE
' - -

A

/bj’ and é using theee formula's. As a next step define the vectors %.and bj by
~ -~ H h

(3 = Gy = v T = (S 8« h,

(1) (i)

and the matrices G and I by

() = - 2 A
Bet = 2 "iiWijBie Ly

DI N
hﬁ}c) =2 Vi3 Tigpie Aig0
S img T3 PHARE

~ -~ A

A
”n C
imple iterative procesz to comnute A end B if Ai' /%, eud o

-~

0w

Thigs suggest:z a

known, which is closely rclated to the power method. The complete computational
A N

procedure is now obvious, e minimige 2 over . and 4. for fixed 5, A., Fake
- ie je i

<

L]

A I3
ﬁ‘j by the 'iterative procedure we just mentioned. Roagonable initial estinste

S A
&y A

1 *

L] . L] . e

3 and ﬁ‘j are x°' , ¥x. -x", x*. ~x" . The next swep is to minimize_é C

A A
.y ond fL for the current values of &, _ and /3.,y and =o on,
i J is v je

bl2.4'Alternating HLS and MINQUE methods

Both WLS and SLS give consistent estimates (if lij~9€v for all i=T,eeeyn §j J=T1,..

of the parameters. Thus

Qk-"k-cg j\ A S -t (0, A2+ 22+%¢%)
é-ij““ij i /"‘j s___1"“'is)‘9js ? ,/'i y

and the MINQUE methode can be applied to the LS residuals., This suggest gtarting
with SLS, apply HINOUE to the residuale to esiimate the varisnces, use the
Variances to compute JLS estimates, use the new residuals 1o find new [HINTNUD
estimates of the variances, end so on. Convergence and distribution properties

estimatos sre unknoum, their theoroticrl invertiv”

iy

of the resuliing secuznce o
seemg extremely complicated. Of course in each cycle the HINQUE estimates of the

Varisnces sre unbissed, the WLE ectimeies of the porameters are CAN. Tewesgomiet



2.5 TIstimation ol perameters and variances by HL methods
If we went to minimige

k P
12;_(3{ -y - \ '2: f:.qﬂ

2

)

ij- 3 e, Nigije . ’

3 3 > e=1 +22.l . 1n (;’hf + 22 +
P+ &£+ L 1) ! J
PR J

Z

C:-

over both prrometere and variances the situation becomes even more complicet
It ie easy enough to computed derivatives, but simple examples (for ex=smple
when lij = 1 for all i,j) show that the LF is unbounded and that the eiatior

equatione are not sufficient conditions for a:minimum. The genersl formula ¥

derivatives isg

A
a2 - 1..é% » o
», LUV hd 3 ¥
gB) = — 21 = ;_3;32 L =,
C)G w .. L,G
z 1j g
A
. 2 ') - A A A
< 2 4 - 1,.8 Sy . s
. o = . U . Yle s s C/'
V@, €) » ——— = Zj 13’\ 3 13733 ij 1] .
v 8 © 55 SRV
with
- A A
TRV DR " SA A2
= . = - - - - LA 5
Z(t’ j) ij £ (xl,] v i /"3 Alsf‘js )%
A
. 2
u‘ia = A + 2

N A . - Al; ‘. B
If for all i=1,¢0.yn3J=14000,m iid(Q-lj goesy 6133) with expectationsg zero

and variances &:ij Jrey then

a.S‘ \ ..1_:
D8y TS

?
(]
[ [W N
[P

Consequently the matrix V is psd with probability tending to udty, Obviously

E(g(¥)) = o,

gy o

£ i s “* 17

B(v(%, £)) =] ) \2%‘ =i =i,
lJ w o

If, in addition,

Ak .

éif"\' r) (o, bl])

then

A



and

—

-
- o= . ,’2 1
prob ‘;_PSD(V)} 2 1| i\ prob {L X (1ij) 7 #1ly

If lij-ﬂ %, for all i,j the right side tends to unity again. For the gecond
partiale we find the expressionse

Pa) A
ckk* 'm 277 1, .0
2 2 - o Xk k Iz
Wpp )= v = O
J=1 ij
4 &
vla a2y, Sur g 2by; ~hii v
<7 > 1! = O - A3 [
i=1 Wil
il
n m 2‘\4 A
. 2,2 - i3 T Tiiwij
W(H?) -5 1 o
i=1 ,j=1 ul;}
A
T A
Wp2 3 2Ty = Lgwyy
Cxr e’ = E T
k1
Pal
m 27 . N
2 2 k- Tej
V(. [ 34)' ¥ jA : 1 )
[k =1 N
j k3
A A
n 2, 1l
2 2 — 1 i1* 1l
W e = S y
=1 Wiy

If the lij are such that the maximum likelihood (or like;ihood equ?tion)
estimates have desirable agymptotic properties, then these portisle czn Dbe
uged to solve for the variances, given the parameters, This can be alternatec
with solving for the parameters, given the variances (for example by WLS).
This shows the desiradility of'obtaining replications in factor emalytic

situations (or, equivalently, of grouping the subjects and/or variables

according to a priori defined criteria).



3 Historical

The history of models of thie form ig guite complicated, In factor analyeis
the model

}V’lj ™ A,] + -ll -ﬂj + éij

was propoged by Young (1941). He derived estimates under the agsumption that

é’ij A 7?(0, 22).

~

Lawley (1942) tried to generalige this to

. ko) )
V. .o= Mo+ o, 2. + €.,
Al 713 227 1= je ~ij
with

- . » & , "'2

&; 5~ TNo, ZJ.).

It was pointed out by Anderson and Rubin (1956, p 130) that Lawley's procedur
were invalid. They also showed that it was possible to estimate some of the
parameters of the model efficientfy, but by using quite different methods.,

Whittle (1952) and Lawley (1953) made the obvious step of estimating the moce

. D

'..n )-.+;~'f(. B+ G,
213 3 s%1 191335 iy
with
it 2

-

I+ is clear .that theece factor analytic models differ from our model in two
important respects. In the firet place replications within cells are not tale
into account, in the second place there is an essential assymmetry between ti
two modes of the design (tests and subjects, for example). In model B from
section 0.2 this asymmetry is natural, ﬂut in model A it i conesiderably les:
natural; Of course within our models asymmetry can be introduced by settiung

subsets of the parameters equal to zero.

In the ANOVA area the firest model in this direction seems to be due toc Tuley

(1949). He studied

Zij = f”i* I\j"" ‘:‘/;i’lj * fij‘

oW

Compare rlego Ward »nd Diclz (1952) for genernlizationsg to incommlete decicnes,

Tukey's model was generalized by Handel (1961) to
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Finally Williams (1952), Gollob (1963), Mandel (1971, 1972), Corsten and
Zynsbergen (1972), Johneon and Greybill (1972) generalized (with verying

degrees of expliciteness, gsophistication, completeness, and erroneousnes gg) to

- ] i x A <
Aos = /.. + A .+ A, .+ $L.
L1 1 J 14 v 1]

or

1Y)
g e ») -
- £ + 5 X, %, o+ L.
Z}J ) coq isi e ~ 1]

All these ANOVA models assume that

éij " fZ (o, 2 2y,

The relationship between these models and the tvacuum clearfer' of Tukey (1962
hag been discussed by MHandel (1971, 1972), and Lineesen (1972) The firet one
to connect fﬁCuor analysis and ANCVA with multiplicative decompcﬂltlon of the
interaction was Gollob (1968). Of‘course there have been earlier contridbution
by Burt and his echool to the comparison of these two techniques, but they
compared factor analysis (and essgentially model B) with variance component

analysis (this approach is generalized in the currently popular snalysis of

covariance structures).

Although a2dditive decomposition of both mesns and varisnces seems quite natur
from a computational point of view there is a lot to be gaid for the models
of BechhoTer (1960) who suvnposges
2 - 2 2 2
&ig (0, ', Z
)
It is easy to seen that the computations are gimplified congiderably, bdut I

don't know of any eituation where this model can be naturally applied o

peychometric data.

The IINQUE method to estimate variances is due to Rao (1970, 1272 a,b).
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