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LEAST SQUARES ORTHOGONAL
POLYNOMIAL COMPONENT ANALYSIS IN R

JAN DE LEEUW AND KEKONA KAI SORENSON

ABSTRACT. We present a simple algorithm (with code in R) to
fit multivariate polynomial components or factors to a rectan-
gular data matrix.

1. INTRODUCTION

In Least Squares Orthogonal Polynomial Component Analysis [De
Leeuw and Sorenson, 2011] we minimize a loss function of the
form

(1) o(X,B) =SSQ(Y — P(X)B').

Here Y is an n X m data matrix, and X is an n X p matrix of com-
ponent scores, satisfying X' X = I. SSQ() is the the sum of squares.

P is polynomial expansion, and P(X) is an n X R matrix in which
row i contains R monomials in the p variables x;, - - - ,x;,. The
same monomials are used in each row. Thus we can write {P(X)};; =
1;(x;), where each 11; is a monomial and x; is row i of X. If P
is the identity then we fit an ordinary linear principal component
analysis.
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The matrix B is an m X R matrix of component loadings.

2. POLYNOMIAL PATTERNS

From the computational point of view we first need to decide how
to code the monomials in . We could use the multipol pack-
age [Hankin, 2009], but for our purposes the representation of
multivariate polynomials used in multipol is somewhat wasteful.
Instead we code P using a list of R matrices. Each matrix has two
columns and a number of rows equal to the number of factor in
the monomial. The first column indicates which variables are in-
cluded, the second column the power to which they are raised.

: 23 |2 2
Thus x3 becomes [3 | 1],wh11e X5x: 18 _—

Code segment (1] creates the pattern for a polynomial of a single
variable of degree p.

|INSERT CODE SEGMENT [I] ABOUT HERE |

Code segment 2| can be used to create a quadratic polynomial in p
variables. Note that both polynomials do not have a term of degree
zero (“intercept”), which our algorithms will handle separately.

|INSERT CODE SEGMENT [2] ABOUT HERE |

3. ALGORITHM

Special purpose algorithms, adapted to the structure of the prob-
lem at hand, are usually faster than the general optimization meth-
ods that come with R. In this paper, however, we will simply use the
BFGS method in the optimx package [Nash and Varadhan, 2011]
to get an idea about the difficulty of the optimization problem at
hand, and to analyze some relative small examples.
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We will minimize the function o, (X) = ming o (X, B) over all X' X =
I. This seems contrary to the idea of using BFGS, which is an
optimization method for unconstrained problems. It seems that
a package like GrassmanOptim [Adragni and Wu, 2012] would be
more appropriate. We reduce the problem to an unconstrained one
by minimizing o, (Q(Z)) over Z, where @ is the Procrustus trans-
formation. If Z = KAL' is the singular value decomposition of Z,
then 9(Z) = KL'.

We will use BFGS from optimx without computing analytic deriva-
tives, although the necessary formulas for the derivatives are given
in De Leeuw [2012]. The function to evaluate the loss function is
in code segment

|INSERT CODE SEGMENT [3] ABOUT HERE |

4. EXAMPLES

Code segment [4| generates data using Y = P(X)B’. Thus the algo-
rithm should be able to find a solution with perfect fit if we use the
correct polynomial pattern.

|INSERT CODE SEGMENT 4 ABOUT HERE |

We first try the polynomialOne pattern, with the code in seg-
ment 5l

|INSERT CODE SEGMENT [5] ABOUT HERE |

5. UNIQUE FACTORS
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APPENDIX A. CODE

Code Segment 1 polynomialOne Pattern

polynomialOne <- function (p) {
pattern <- rep (list (0), p)
for (i in 1 : p) {
pattern[[i]] <- matrix (c (1, i), 1, 2)

}

return (pattern)

N O Uk W
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Code Segment 2 fullQuadratic Pattern
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fullQuadratic <- function (p) {
pp <= p+p=x(p+1)/2
pattern <- rep (list (0), pp)
for (i inl1l: p) {
pattern[[i]] <- matrix (c (i, 1), 1, 2)
pattern[[p + i]] <- matrix (c (i, 2), 1, 2)

-1

for (i in 2 : p) {
for (3 inl: (G- 1)) {

pattern[[2 * p + k]] <- matrix (c (i, j, 1, 1),
2, 2)

k <- k +1

}

return (pattern)
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Code Segment 3 Loss Function Computation

1 |polyfit <- function (x, y, pattern, intercept = TRUE,
unique = FALSE) {
2 n <- nrow (y)
3 p <- length (x) / n
4 X <- matrix (x, n, p)
5 s <= svd (x)
6 px <- tcrossprod (s $ u, s $ v)
7 np <- length (pattern)
8 ax <- matrix (0, n, np)
9 for (i in 1 : np) {
10 gx[, il <- 1
11 pmat <- pattern[[i]]
12 for (j in 1 : nrow (pmat)) {
13 ax[, 1] <= ax[, 1] = px [, pmat [j, 1]1] A pmat
(3, 2]
14 }
15 }
16 if (intercept) {
17 gx <- chind (1, gx)
18 }
19 b <- gr.solve (gx, y)
20 res <-y - gx %% b
21 return (sum (res =* res))
22 |}




8

JAN DE LEEUW AND KEKONA KAI SORENSON

Code Segment 4 Generate Perfect Fit Data
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make_initial <- function (n, m, p, pattern, seed = 12345,

intercept = TRUE, random = TRUE) {
set.seed (seed)
px <- qr.Q (gr (matrix (rnorm (n * p), n, p)))
np <- length (pattern)
gx <- matrix (0, n, np)
for (i in 1 : np) {

ax[, 1] <= 1

pmat <- pattern[[i]]

for (j in 1 : nrow (pmat)) {

ax[, il <= ax[, il = px [, pmat [j, 1]] A pmat

(3, 2]
}
}
if (intercept) {
gx <- cbind (1, gx)
}

ng <- ncol (gx)

mg <- nq = m

b <- matrix (sample (1 : mq, mg, replace = FALSE), nq,
m)

y <= ax %% b

if (random) {
X <- gqr.Q (gr (matrix (rnorm (n = p), n, p)))

D

1se {
x <= (svd (y) $ W[, 1 : p]

}
return (list (x = x, px = px, b =b, y =y))
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Code Segment 5 Example with polynomialOne pattern

1 |pattern <- polynomialOne (4)

ini <- make_initial (100, 4, 1, seed = 54321, pattern,
random = TRUE)

3 |res <- optimx (par = as.vector (ini $ x), fn = polyfit,

method = "BFGS",

4 control = list (trace = 1, maxit = 1500), y = ini $ vy,

pattern = pattern)

xopt <- matrix ((res $ par) [[1]] , 100, 1)

popt <- xopt / sart ( sum (xopt A 2))

px <- ini $ px

np <- length (pattern)

plot (px, popt)

10 |gopt <- matrix (0, 100, np)

11 (for (i in 1 : np) {

© 0o NSO v

12 qopt[, i] <- 1

13 pmat <- pattern[[i]]

14 for (j in 1 : nrow (pmat)) {

15 qopt[, il <- qopt[, i] * popt [, pmat [j, 1]] A
pmat [j, 2]

16 }

17 |}

18 |qopt <- chind (1, qopt)
19 |print (bopt <- gr.solve (qopt, ini $ y))
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Code Segment 6 Example with fullQuadratic pattern

1
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pattern <- fullQuadratic (2)
ini <- make_initial (100, 4, 2, pattern, random = FALSE)
res <- optimx (par = as.vector (ini $ x), fn = polyfit,
method = "BFGS",
control = Tist (trace = 1, maxit = 1500), y = ini $ vy,
pattern = pattern)
xopt <- matrix (res $ par[[1]], 100, 2)
px <- ini $ px
Tength (pattern)
print (gr.solve (xopt, px) %% qr.solve (px, xopt))
sopt <- svd (xopt)
popt <- tcrossprod (sopt $ u, sopt $ v)
qopt <- matrix (0, 100, np)
for (i in 1 : np) {
qopt[, i] <= 1
pmat <- pattern[[i]]
for (j in 1 : nrow (pmat)) {
qopt[, 1] <- qopt[, i] * popt [, pmat [j, 1]] A
pmat [j, 2]

np <-

}
qopt <- chind (1, qopt)
print (bopt <- qr.solve (gopt, ini $ y))
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