QUADRATIC MAJORIZATION

JAN DE LEEUW

1. INTRODUCTION

Majorization methods are used extensively to solve complicated multivari-
ate optimizaton problems. We refer|to de Leeuw [1994]; Heiser [1995];
Lange et al.[[2000] for overviews.

The general idea of majorization methods is easy to explain. Suppose we
are minimizing a proper lower-semicontinuofis R" — (—o0, +oc],and
suppose our current best guess of the solution i¥Ve now construct an
auxiliary functiong which is at least as large dson all of R", and which

is equal tof aty. Thusg majorizes fandtouches finy.

One step of our algorithm tries to minimigeoverx. Let us ignore problems

of existence and uniqueness of the minimum at the moment, and suppose
the minimum is attained & Then f (z2) < g(z), becausey majorizesf,
andg(z) < g(y), becausa minimizesg. Finally g(y) = f(y), because

g touchesf iny. Thusf(z) < f(y) and we have decreased the function
we are trying to minimize. Repeat the same process, i.e. construct a new
majorization, now ag, and minimize it. And so on.

It only makes sense to consider this algorithm if the minimization of the ma-
jorizing functionsg in the substeps is considerably simpler than the original
minimization of the targef . Fortunately it turns out that in many practi-
cal examples we can routinely construct majorization functions which are
easy to minimize. Many of these examples are reviewed in the publications
cited above, some particularly attractive additional ones aré&mig and
Lindsay [1988]| Bhning [1992]| Kiers|[1995, 1990].

We limit ourselves in this paper to unconstrained minimization. In many
cases we can incorporate constraits S, by minimizing f (x) + 8(x, S),
where

0 ifx € S,

3(X, S = .
x5 +oo ifx ¢S
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In other cases slightly more subtle tools, such as penalty functions, La-
grangians and augmented Lagrangians, can be used to turn constrained
problems into unconstrained ones. And in yet other cases, we take the con-
straints into account explicitly, and only minimize the majorization func-
tionsg over the subset defined by the constraints.

2. MAJORIZATION

Here we formalize what was said in the introduction.

Definition 2.1. Supposef andg are real-valued functions dR". We say
thatg majorizes f at yf

e g(xX) > f(x) forall x,
e g(y) = f(y).

Alternatively,g majorizesf atyif d = g— f has a global minimum, equal
to zero, aty.

We say that majorization strict if

e g(x) > f(x)forallx #y,
e g(y) = f(y).

Alternatively,g majorizesf strictly aty if d = g — f has a unique global
minimum, equal to zero, at.

Example2.1 Let

f(x)+1 forallx #vy,

9(x) = f(x) forx =vy.

Theng majorizesft strictly aty.
We also give a non-local version of this definition, which deals with the

situation in which majorizations exist at 3l

Definition 2.2. Supposef is real-valued oriR", andh is real-valued on
R" x R". Thenh is amajorization schemtor f if

e h(x,y) > f(x)forall x,y,
e h(y,y) = f(y) forally.

Alternatively, h is a majorization scheme fi(e, y) majorizesf aty for
eachy.
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Or, alternativelyh is a majorization scheme ff(y) = h(y, y) = miny h(x, y)
for all y.

Strict majorization schemes are defined in the obvious way.

Example2.2 Observe that if we defink(x, y) = f(x), thenh is a (triv-
ial) majorization scheme fof . We can use Examp|e 2.1 to define a strict
majorization scheme as

f(x)+1 forallx #vy,

hix.y) = { f(x) forx =y.

Example2.3. To show that non-trivial majorizing schemes always exist,
simply use

hx,y) = f(X) + X = y)AX~Y)
witrﬁ A > 0. We have strict majorization i\ > 0.
Example2.4. Supposef is Lipschitz, i.e. there is & > 0 such that

1fx)— Il < Klx=yI.
Then
h(x,y) = f(y) + K|[x =yl

is a majorization scheme fdr. Remember that fof to be Lipschitz it is
sufficient thatf is differentiable and f'| < K.

Example2.5. Define the celebrated functions
2

1 z
P(X) = ﬁ eXp(—E),

X
P(x) = / ¢(2)dz,
Then
' (x) = ¢ (x),
D" (X) = ¢'(X) = =X (),
" (x) = ¢"(X) = —(1— x*)$(X),
®""(x) = ¢ (X) = =X — ) (X).
Iwe use curly comparison symbols for the Loewner ordering of square symmetric ma-

trices. ThusA > B means thatA — B is positive semidefinite, and >~ B means that
A — B is positive definite.
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It follows that
0 <®'(x) = ¢(0) < ¢(0),
—¢(1) <@"(x) =¢'(0) < +¢ (1),
—$(0) <@"'(x) = ¢"(0) < +2¢(V/3).

Thus bothp and® are Lipschitz and have a bounded second derivative. has
the quadratic majorization scheme
0 Y) = T + e — )+ S exp— Sy — y?
e Nz 2 2.2x 2 '

This is illustrated fory = 0 andy = —3 in Figure 2.

1.0

pnorm (X)
0.6

0.4

0.0
|

FIGURE 1. Quadratic majorization of cumulative normal

2.1. Majorization sequences.If the minimum does not exist, arglis un-
bounded below o, we stop. Becausg majorizesf on 4, it follows that
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f is unbounded below o4, and our original problem does not have a so-
lution. If the minimum does exist, it is not necessarily unique. Suppose
R C 4 is the set of minimizers. Iy € R, we stop. Otherwise, we select
from R.

If we don'’t stop, thenf (z) < g(z), becausey majorizesf, andg(z) <

g(y), because minimizesg over$ (andy does not). Finalhg(y) = f(y),
becausea touchesf iny. Thusf(z) < f(y) and we have decreased the
function we are trying to minimize. Repeat the same process, i.e. construct
a new majorization, now &, and minimize it.

2.2. Ifgmajorizesf, andg is continuous, then
f(y)=g@y) = im gx) = lim (x)

g —g(y) = f(x) = f(y)

2.3. Necessary Conditions.We first show that majorization functions must
have certain properties at the point where they touch the target. We look at
the case in which we are minimizing over the whole space, and in which we
have some differentiability.

Theorem 2.1. Suppose f and g are differentiable at y. If g majorizes f at
y then

e g(y) = f(y),
e g'(y) = f'(y).

If f and g are twice differentiable at y, then in addition
e g'(y) = f(y).

Proof. If g majorizesf aty thend = g — f has a minimum ay. Now
use the familiar necessary conditions for the minimum of a differentiable
function [Cartan|, 1971, Chapter 8]. O

In the non-differentiable case, life becomes more complicated. There are
many extensions of the necessary conditions for a local minimum in the

literature, and consequently there are many possible extensions of Theo-
rem2.1.

Theorem 2.2. Suppose f is convex and g is differentiable at y. If g ma-
jorizes f aty then

e g(y) = f(y),
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e g'(y) € af (y).

2.4. Composition.

Theorem 2.3(Sum of functions) Suppose f= [ v(e, u)d F(u), and sup-
posew(e, U) majorizesv(e, u) at y for all u. Then g= [ w(e, u)dF(u)
majorizes f aty.

Proof. w(x, u) > v(x, u) for all x and allu, and thugg(x) > f(x). More-
overw(y, u) = v(y, u) for all u and thugg(y) = f(y). O

Theorem 2.4(Inf of functions) Suppose f= inf, v(e, u) and let X(u) =
{X] f(X) = v(X, u)}. Suppose ¥ X(u) and g majorize® (e, u) at y. Then
g majorizes f aty.

Proof. g(x) > v(x, u) > infyv(x, u) = f(x), and becausg € X(u) also
gly) = v(y,u) = f(y). O

Observe the theorem is not true for sup, and also we cannot say that if
w (e, U) Mmajorizesv(e, u) for all u aty, theng = inf, w(e, u) majorizesf
aty.

Theorem 2.5(Composition of functions)If g majorizes f at y ang :

R — R is non-decreasing, thepm o g majorizesy o f aty. If, in addition,
y majorizes the non-decreasing: R — R at g(y), theny o g majorizes
no f.

Proof. g(x) > f(x) and thusy(g(x)) > y(f(x)). Alsog(y) = f(y)
and thusy (g(y)) = y(f(y)). For the second part we haygg(x)) >

n(g(x)) > n(f(x)) andy (g(y)) = n(g(y)) = n(f(y)). O

3. QUADRATIC MAJORIZERS

As we said, it is desirable that the subproblems, in which we minimize the
majorization function, are simple. One way to guarantee this is to try to find
a convex quadratic majorizer. This leads to the algorithm

x kD _ (k) _ [A(x(k))]_lf’(x(k)).

If the sequence convergesipthen it does so with linear convergence rate
equal to the largest eigenvaluelof- [A(X)]~1 f”(X) [?]. We also see that
choosing a largeA leads to faster linear convergence.
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Thus the question we look at in the rest of this paper is to compute the
quadratic majorizerg) of f aty. The key result applies to all functions
with a bounded and continuous second derivative.

Theorem 3.1.If f € C2. and there is an A 0 such that f'(x) < A for
all x, then for each y there is a convex quadratic function g majorizing f
aty.

Proof. Use Taylor’s theorem in the form

f)=fy)+ F'Nx-y + %(x -y,
with & on the line connecting andy. Becausef (&) < Athen this implies
f(x) < g(x), with
g = f(y) + F'(Nx—y) + %(x — YA = y).
U
Theorem 3.2.1f f = f; — f, with f; convex quadratic andxfconvex then

for each y there is a convex quadratic function g majorizing f aty.

Proof. We havefy(x) > fo(y) +Z (x — y) forall z € af2(y). Thus we can
useg(x) = f1(x) — fa(y) = Z(x - y). O

It might be tempting to assume that global majorization by a convex qua-
dratic implies some kind of smoothness. The following, quite convenient,
result shows that this is not the case.

Theorem 3.3. Suppose = ming fx and let $ be the set where £ fj. If
y € § and g majorizesifat y, then g majorizes f aty.

Proof. First g(x) > fi(x) > ming fx(X) = f(x). Becausey € § also
ay) = fi(y) = f(y). U

This implies that iff = ming fx has a quadratic majorizer at eaghf each
of the fx has a quadratic majorizer at eagh

Example3.1 Quadratic majorizers may not exist anywhere. Suppose, for
example, thatf is a cubic. Ifg is quadratic, thew = g — f is a cubic, at
thusd is negative for at least one valuexf

Example3.2 Quadratic majorizers may exist almost everywhere, but not
everywhere. Suppose, for example, that) = |x|. Thenf has a quadratic
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majorizer at eacly, except aty = 0. If y # 0 we can use the AM/GM
inequalitﬁ in the form

1
xzyzfzﬁ(x2+—y%,
and find
X < x4 2]y]
— 2Lyl 27
If g majorizegx| at 0, then we must hawax? + bx > |x| for all x # 0, and

thusax + b sign(x) > 1 for all x # 0. But forx < min(0, 1tb) we have
ax + b sign(x) < 1.

3.1. One dimension. Let us look at the one dimensional case first. We
must find a solution to the infinite set of linear inequalities
ax —y)?+bx—y) + f(y) = f(x).

Obviously the solutions faa > 0 andb, if they exist, form a closed convex
set in the plane. Moreover, (&, b) is a solution, ther{a, b) with & > ais
also a solution.

Let

F(x) — (y) — b(X —
s0x, y, by & T (;?yﬂO( 2

If f is differentiable aty, we know th&it= f’(y), and thus we also define
foo -ty - f'ynx-y

(X —y)? '
In the differentiable case the system is solvable if and only if

56, Y)28(x, y, T/(y) =

a(y) 2 sups(x, y)
X#£Y

is finite and positive, in which case the solution consists chatl a(y).

In the non-differentiable case we have to look for thbger which
a(b, y) = sups(x, y. b)
X#Y
is finite and positive.
2That is, the arithmetic mean-geometric mean inequality: the geometric mean of two

different non-negative numbers is smaller than their arithmetic mean. The inequality has
been introduced in majorization theory by Heiser in the early eighties.
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3.1.1. The absolute value functiorlhis extends the analysis in Exam-
ple[3.2. In our previous result we used the AM/GM inequality, as a trick we
pulled out of our hat. We happened to have an inequality handy that cov-
ered this case. But it is not clear, for instance, how optimal this approach is.
And we do not get information aboyt= 0. So let's compute the optimal
guadratic majorization instead.

We need to finch > 0 andb such that
ax — y)2+bx —y) + |yl = [x]
for all x. Let us computa(b). If y < 0thenb = —1 and thus

. IX|+x 11
X#£Y x—y)? 2yl

If y > 0thenb = +1 and again

If y = 0 then we must look at

ab) = Sup|x| — bx _ SupS|gn(x) —b
x£0 X X£0 X

which is clearly+oo. Fory # 0 we see that

11 .
900 = 5 (X = y)? + sign(y)(x — y) + ly| =
Thus fory # 0 the best quadratic majorization is given by the AM/GM
inequality, while fory = 0 no quadratic majorization exists.

It follows from Theorenj 2.2, by the way thatl < b < +1, because the
interval[—1, +1] is the subgradient gk| at zero. This result does not help
here, because for none of these valuels cin we find a matching.

What can we do in this case ? Not much. The most commonly used trick is
to consider the functiorf (x) = +/x2 + € for some small and fixed > O.

This is a smoothed version ¢k|. Now apply the AM/GM inequality to
obtain

1

y?+e

VX2 +e <

(X% + Y2 + 2¢)

NI
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3.1.2. The Huber functionMajorization for the Huber function, in par-
ticular quadratic majorization, has been studied earlier by Heiser [1987];
Verboon and Heiserl [1994]. In those papers quadratic majorization func-
tions appear out of the blue, and it is then verified that they are indeed
majorization functions. This is not completely satisfactory. Here we attack
the problem with our technique, which is tedious but straightforward, and
leads to the sharpest quadratic majorization.

The Huber function is defined by
1,2
5X

fx)=12 1.2

C|X| — EC

if |X| <c,
otherwise

Thus we really deal with a family of functions, one for eacl- 0. The
Huber functions are differentiable, with derivative

x if|X] <c,
f'x)y=3c ifx>c,
—c ifx < —c.
We can find all quadratic majorizers by making a tabld&t= f((yx) J) WN&=Y)
X <-—C |X| <cC X > 4C
_ 1 (x4¢) 2cx
y=-¢ 0 |Zocyp <x Mk
L 402 1 11 x=o? o)?
_ 2cx 1(xX=0)
y=+¢ Gy? | 2oy 0
The sup ovek in each cell is
X<—C||X|<C|X>+4C
2c2 1c
lyl <c 1§ 252 5
C C
y=z+cC 21y (C+y)? 0
Finally, taking the sup of the rows shows that
Im(x—y?—cx—3c ify<-—c
g(x) = %x if |y| <c,
Ig(x -y +ex—3c ify=>+e
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3.2. Double concave functions.We know
f(x)< fF(y)+ F'(PX—y)+ sup /(X + (1= L)Y (X — )2
O<a<il

3.3. The scalar case.To start the multivariate case we will look at ma-
jorizing f with quadratics of the form

gxX) = 0*(X — Y) AX — y) + D' (x — y) + f(y),

where A is now a known matrix. Often, but not awayA,is the identity
matrix, corresponding with the algorithm

with linear convergence rate.

For majorization we must have

W2 = sup X~ ) — DX —y)
XY X =Yy)YAX-—Y)

3.4. The general case.

Theorem 3.4. A differentiable f can be majorized by a quadratic g at y if
and only if there is an M such that

! £/
fOx)— fy)—(x=y)f'(y) M
X=y)(X-y)
for all x # y. The majorizing quadratics are given by

1
9=~ YAX—Y) +x—=y)f'(y)+ fy),
With | Allee > M.

Proof. We haveg(x) > f (x) for all x if and only if
X=YAX—y) = f(x) - f(y)—x-y'f'(y)=
=(X- y)/[/ol(l — D"y +t(x — y)dtl(x —y),
i.e. if and only if
A> /01(1 —t) f"(y +t(x — y)dt

for all x. O
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APPENDIXA. BOUNDING THE MULTINORMAL

Theorem A.1. Suppose x) = exp(—%x/Ax). Then

3
hix,y) = f(y) = f(Y)YAX—Y) + Al exp(—2) (X — y)'(x—y)

is a quadratic majorization scheme for f.

Proof. We have
f'(x) = = f(X)AX,
f"(x) = — f(X)[A— AxXA].
Suppose is any vector withe’ Az= 1. Then
Zf'(x)z=—f(x)(1— (ZAx)?),

and
07 f"(x)z
X
which is zero if and only if 22 Ax)z + (1 — (Z AX)?)x = 0. Thusx =
1z, where 2. + A(1 — A%) = 0, which means. = 0 orA = ++/3, and
consequently

= f(O[(ZAX)Az+ (1 — (ZAX)D)AX],

3
—f(0) <Zf"(x)z < 2f(+/32) = 2exp(—§).
Because Az = 1, we also have'z > || A7, and thus finally

4 3
70 Noo = 20 Alloo exp(—3)

APPENDIXA. INTRODUCTION

| am collecting some material about limits and continuity here, mostly for
my own reference.

APPENDIXB. EXTENDED REAL FUNCTIONS

A function is proper if it is not everywhere equal+ec.

liminf
X—>Yy
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APPENDIXC. BOUNDS
APPENDIXD. LIMITS OF A FUNCTION AT A POINT
APPENDIXE. SEMICONTINUOUS FUNCTIONS
APPENDIXF. DERIVATIVES OF A FUNCTION AT A POINT
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