CONVERGENCE SPEED OF BLOCK RELAXATION ALGORITHMS
WITH EQUALITY RESTRICTIONS

JAN DE LEEUW

1. INTRODUCTION

Let us thus consider the following general situation. We minimize a real-valued
twice continously differentiable functiopr defined on the product s& = Q; ®
Q® - ® 2. We assume the sefs are defined by equality restrictions, in the

sense that

Qs = {x € R™ | Fs(x) = 0}

where theFs : R — R™s are also assumed twice continously differentiable.

In order to minimizey over2 we use the following iterative algorithm.
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[Startet Start withow©@ € Q.

[Step k;Substep]l " = argmin ¢ (w1, 0, - -, ).
w1€Q1

[Step k;Substep]2 wy™ = argmin ¢ (0", w2, 03", -+, 0®).
w22

[Step k;Substeplp Y = argn;in Y¥, a);kfll), wp)-
WpElip
[Motor] k < k+1andgotdk.1

TABLE 1. Block Relaxation

2. INTRODUCTION

The following system of equations implicitly defines the updaiesnd the La-

grange multipliers.s as a function ofos.

e"/).(:b‘S(C,L\)lv e C’l\)S’ Wsi1, ", (Up) G )"S(é)l’ e d\)S’ Wsy1, " a)p)/DFS(é)S) = 0’

Fs(@s) =0,
Observe that these aESzl(ns+ M) equations, in the same number of unknowns.
Diwds =
The subproblem updating the first set of variablesomputes

1) X(y) = arg)[nin {p(x,y) | F(x) =0}.
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The stationary equations for problep (1) are

(2a) D1p(X(Y), y) + DF(X(¥)'A(y) =0,

(2b) F(x(y)) =0.

If we define

(3a) E = Di2gp(X(¥), Y),

(3b) H = Dug (x(y), y) + ijxs(y):o2 fs(x(¥)),
s1

(3c) G = DF(X(y)).

then we obtain, by differentiating](2),

H ‘G| |Dx(Y) _E
G 0 |]|Dry) 0

or

(4a) DAY) = —(G Hfle/)*lG HflE’

(4b) Dx(y) = —(H™' = H'G(GH™'G) 'GH HE.

3. EXTENSIONS

3.1. More than two sets.

3.2. Coupling constraints.
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3.3. Inequality restrictions. Ddodo
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