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Suppose ∆ is a given matrix of dissimilarities of order n. DefineSp as the set
of stationary points of stress σ(X) as we vary X over all n×p configurations.
Suppose � is an n × r matrix with zeroes.

Theorem 0.1. If X ∈ Sp then (X | �) ∈ Sp+r

As a corollary, the full dimensional scaling problem on configuration space
is non-convex and has large numbers of non-optimal stationary points.

Suppose Z1, · · · ,Zs are a basis and X = θ1Z1 + · · · + θsZs. Then

d2
i j(Z) =

s∑
r=1

s∑
t=1

θrθttr Z′rAi jZt

which we can write as d2
i j(θ) = θ′Ci jθ. Thus

σ(θ) = 1 +
1
2
θ′Vθ −

n∑
i=1

n∑
j=1

wi jδi j
√
θ′Ci jθ,

with

V =

n∑
i=1

n∑
j=1

wi jCi j

The matrices Ci j are of order s. Suppose T is such that T ′VT = I and define
ξ = T−1θ. Then θ′Vθ = ξ′ξ, and

σ(ξ) = 1 +
1
2
ξ′ξ −

n∑
i=1

n∑
j=1

wi jδi j
√
ξ′Ui jξ,
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where Ui j = T ′Ci jT , which implies
n∑

i=1

n∑
j=1

wi jUi j = I

The stationary equations at a point where stress is differentiable are simply
B(ξ)ξ = ξ, where

B(ξ) =

n∑
i=1

n∑
j=1

wi j
δi j

di j(ξ)
Ui j

Now suppose the Zr can be chosen in such a way that all Ui j are direct sums
of p matrices of orders s1, · · · , sp. Then the stationary equations look like
Br(ξ)ξr = ξr. We can find solutions to these stationary equations by setting
some of the ξr equal to zero. Thus MDS solutions are nested in the sense
that solutions for dimensionality p are also solutions for dimensionality q >
p.

The second derivatives are

I −
n∑

i=1

n∑
j=1

wi j
δi j

di j(ξ)

[
Ui j −

Ui jξξ
′Ui j

ξ′Ui jξ

]

This happens, for example, if the Zr are the np unit coordinate matrices of
the form eie

′
q in which case the Ci j are direct sums of p matrices of order n.

Related result: suppose we require some distances to be zero. Then the
solution to that constrained problem also solves the stationary equations for
the unconstrained problem.
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