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1. D

2. L F

Minimize

L(θ) = −
n∑

i=1

m∑
j=1

k j∑
`=1

yi jl log
exp(φi j`(θ))∑k j

ν=1 exp(φi jν(θ))

where φi j` can be any function with parameters θ.

Clearly L(θ) ≥ 0 and L(θ) = 0 if and only if πi j`(θ) = yi j` for all i, j, `. Now
suppose φ is homogeneous, in the sense that φ(λθ) = λφ(θ) for all λ ≥ 0.
Then

lim
λ→∞
πi j`(λθ) =

1 if πi j`(θ) = maxν πi jν(θ),

0 otherwise.

3. M

L(θ) ≤ L(θ̃) +
n∑

i=1

m∑
j=1

k j∑
`=1

gi j`(λ(θ̃))(λi j`(θ) − λ̃i j`(θ))+

+
1
2

sup
0≤ξ≤1

n∑
i=1

m∑
j=1

k j∑
`=1

n∑
i′=1

m∑
j′=1

k j∑
`′=1

hi j`i′ j′`′(ξλ+(1−ξ)λ̃)(λi j`−λ̃i j`)(λi′ j′`′−λ̃i′ j′`′)

gi j`(λ) = −(yi j` − πi jl(λ))
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hi j`i′ j′`′(λ) = δii′δ j j′{πi j`(λ)δ``
′

− πi j`(λ)πi j`′(λ)}

Define the matrices Hi j(λ) with elements πi j`(λ)δ``
′

− πi j`(λ)πi j`′(λ). Then

Hi j(λ) ≤
1
2

I

Proof. We show that the largest eigenvalue of Hi j(λ) is less than or equal to
1
2 . Since the largest eigenvalue is smaller than any norm, it is smaller than

‖Hi j‖1 =
k j

max
ν=1

k j∑
`=1

|hi j(λ)|`ν = 2
k j

max
ν=1
πi jν(1 − πi jν) ≤

1
2
.

�

Thus it follows that

L(λ) ≤ L(λ̃) +
n∑

i=1

m∑
j=1

k j∑
`=1

gi j`(λ̃)(λi j` − λ̃i j`) +
1
4

n∑
i=1

m∑
j=1

k j∑
`=1

(λi j` − λ̃i j`)2

Thus it suffices to minimize

n∑
i=1

m∑
j=1

k j∑
`=1

[λi j` − z̃i j`]2

with

z̃i j` = λ̃i j` + 2gi j`(λ̃) = λ̃i j` − 2(yi j` − πi jl(λ̃)).

Thus we can solve the logistic optimization problem by using iterative least
squares. If we know how to fit λi j` to a matrix zi j` by least squares, then we
can also fit it logistically.



GIFI GOES LOGISTIC 3

4. G

5. I

6. R 

7. S C

8. R 

In particular this is true for choice models of the form λi j` = β
′xi`.

And suppose λi j` = −
1
2‖ai − b jl‖

2.

And suppose λi j` = a′ib jl + c jl.

And suppose l jl are parallel straight lines, and λi j` = −
1
2 miny∈l jl ‖xi − y‖2.

And suppose l jl are balls, and λi j` = −
1
2 miny∈l jl ‖xi − y‖2.

Nonmetric Unfolding

−

n∑
i=1

m∑
j=1

log
exp(−‖xi − yπi( j)‖)∑m
`= j exp(−‖xi − yπi(`)‖)
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