PERTURBATION OF ORTHOGONALIZATIONS

JAN DE LEEUW

1. INTRODUCTION

Suppose X is a given n X m matrix with n > m and rank(X) = m. Suppose Z
is an orthogonalization of X, i.e. Z = XS with Z’Z = I. We also write this
as Z = orth(X). If Z; = XS, and Z, = XS, are two orthogonalizations of
X, then there is a square orthonormal (rotation) matrix R such that Z; = Z,R
and S, = S|R.

Three particular choices for orthogonalization obtained from QR-decomposition,
in which S is upper-triangular, from LS-decomposition, in which S is sym-
metric, and from SV-decomposition in which S is orthogonal. In all three

cases we want to study the effect of small perturbation of X on Z and §'.

2. PerTURBATION EQUATIONS

Perturbing X to X + A will perturb Zto Z+ Z and S to S + 2. Equating first
order terms on both sides of [X + A][S + X] = Z + = gives

(1a) AS + XX = E.
Equating first order terms on both sides of [Z + E]'[Z + E] = I gives
(1b) Z’2E+Z27Z=0.

Let MéZ’A and NéZ'X. Then, from Z = XS, we see that I = NS and
thus N = S~!. We also see

MS + N2 =Z7'E,
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and thus
) NX+XN =—-(MS +S'M").

Define U 2 —(MS + S’ M").

3. TRIANGULAR CASE

If § is upper-triangular, then N and X are upper triangular too. Suppose
upp() is the upper-triangular part of a matrix (including the diagonal) From
Equation (2)
NZ + diag(NX) = upp(U),
2diag(NX) = diag(U).
and thus
1
NZ =upp(U) — Ediag(U).
We use V for the upper-triangular matrix on the right hand side of this equa-
tion. Clearly V + V' = U, and
T=N'V=S8V.

This implies
E=AS+2ZV

4. SyMMETRIC CASE

If § is symmetric, then N and X are symmetric too. Suppose X = KAL’ is
the singular value decomposition of X. Then § = LA™'L’ and N = §~! =
LAL'. Define T2 L’SL and ® 2 K’AL. Equation (2) gives

AT +TA = —[OA' + A7,

and thus
_ Aigij + ;i

Y= AN+ )
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Now define A 2 K'=L and B 2 K' ZEL, where K is an orthonormal basis for

the complement of K. From Equation (Ta)
Gij = Pji

a; = ,
Y /l,"l'/lj

and

where ¥ 2 K’ AL. Now E = KAL’ + K, BL’, and thus

(Sa) gpq = i zm: ¢lj ¢J[
i=1 j=1

A+ 4;
Also X = LI'L’ and thus

aha /l¢lj+/1_]¢jl
30) ZZ[M(A + 1))

n—m

4
pilqj"". Z[ /] pitqj*

i=1 j=1

pitpj-

5. OrTHOGONAL CASE

6. PARTIAL DERIVATIVES
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