MULTIVARIATE ANALYSIS OF ORDINAL DATA USING
PROBITS

JAN DE LEEUW

ABSTRACT. We discuss algorithms to fit component and factor represen-
tations to multivariate multicategory ordinal data, using a probit thresh-
old model. Fixed parameters to quantify objects or individuals are used
to avoid high dimensional integration. Algorithms alternate Newton’s
method to fit thresholds and quadratic majorization to fit structural pa-

rameters. The basic

1. INTRODUCTION

Suppose we have measurements of n objects on each of m > 1 ordinal
variables. Variable j has k; ordered categories. Such data are very com-
monly collected in experiments involving rating scales, attitude scales, or
Likert scales. In the special case in which k; = 2 for all j we have binary
variables, which are ubiquitous in test research, survey research, ecology,

bioassay, archeology, political science and so on.

The classical multivariate analysis approach to data of this type was ini-
tiated by [Pearson| [1900]. He assumes that we were observing a rounded
version of a multivariate normal random vector, and the probability of ob-
serving an observation in a particular cell is the integral of the multivariate
normal over the cell. The theory was initially developed for two binary
variables (tetrachoric correlation) and extended around 1920 to two gen-

eral categorical variables (polychoric correlation). Multivariate data were
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generally analyzed by estimating correlations separately from all bivariate

tables, because a complete multivariate approach remains impractical.

The Pearsonian approach became and remains very popular in psychomet-
rics and econometrics, because it allowed researchers to continue to work
in the familiar multivariate normal framework and to freely formulate the
structural models in terms of the unobserved normal variables. In econo-
metrics [Maddala, |1983]] and sociometrics [Long, |1987] choice-based pro-
bit regression modelling probits is much studied. In psychometrics mul-
tivariate probit models have been used in test theory ever since Lawley
[1944]. Also in psychometrics the Fechner and Thurstone traditions in psy-
chophysics largely relied on probit models, which were later systematized
in bioassay by [Finney| [[1947]]. Probit regression was imbedded in the GLM
framework by McCullagh and Nelder| [1989, Chapter 4].

The major problem with a satisfactory treatment of the multivariate case is
that we have to to evaluate high-dimensional integrals, and, except for some
special cases, this leads to very demanding computational problems. Thus
in the last 100 years a cottage industry has developed producing various
shortcuts and approximations to circumvent the problems associated with

high-dimensional integration.

In this paper we go in another direction, using incidental parameters for
objects. Thus we change unobserved realizations of random variables to
parameters that must be estimated. This avoids high-dimensional integra-
tion. From the statistical point of view estimating incidental parameters
tends to introduce bias in the estimates of the structural parameters, but this
argument only applies if we accept the usual repeated independent trials
framework of multivariate analysis. Instead, we suggest that it is useful
to think of multivariate analysis techniques as matrix approximation tech-
niques, in which the question of bias does not arise because the probability
model is just used as a heuristic way to define the distance between the

observed and fitted matrix.

We use majorization algorithms [De Leeuwl, 1994; Heiser, [1995; [Lange
et al., 2000] to minimize distances between observed and predicted. This
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leads to convenient computations and can handle high-dimensional prob-
lems. For binary data, in which k; = 2 for all j, these techniques were
discussed earlier by De Leeuw|[2006]].

2. Loss Function

The observations are collected in an n X m matrix of integers R, with 1 <
rij < k;. Each row of R is an observed profile, the number of possible
profiles is k; X - -+ X k,,. The y;;, are the observations, coded as indicators.
Thus y;j; = 1 if object i is in category ¢ of variable j, i.e. if r;; = £, and

yije = 0 otherwise. In other words y;j, is either zero or one and satisfies

kj
Z)’ijf =1
=1

foralli =1,---,nand j = 1,--- ,m. We also suppose each object has a
frequency f; associated with it, so that objects with the same profile do not

have to be presented as separate rows in the data matrix.

Because probit models are formulated in terms of normal distributions, it is
convenient to introduce some shorthand notation. Let

{ l(x—u)z}
expi—= ,

2 o2

1
Puor(X) = o

and for ¢ ;(x) we simply write ¢(x). In the same way
74
(D/w'(z) = f ‘p,uo—(x)d-x

and @ ;(z) is simply ®(z). Thus

1 -
Buo() = —p(——E),
(oa g

D, -(2) = O(0z + ).

The general problem we study in this paper is minimize the deviance, which

is minus two times the logarithm of the probit likelihood. Thus we want to
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minimize a loss function of the form

)
n m_ K

DT,0) = -2 £ > > yielog[ @ +0ij(0)) = Drjes + 115(6))]
=1 j=1 (=1

where @ is the cumulative standard normal and the 7; are sequences of

thresholds satisfying
0 =Tjp<Tj; <---< Tjkj-1 < Tik; = +00,

The 7, can be either known, partially known, or completely unknown,
depending on the application. In particular we distinguish the two cases
7; € Kj, the cone of strictly increasing vector, and 7; € L;, a single ray
starting at the origin (i.e. the set of all vectors which are a positive multiple

of a given vector).

The 7n;; are real valued functions, which we call combination rules. They are
defined for each value of the parameter vector 6. They usually combine pa-

rameters quantifying the objects with parameters quantifying the variables.

3. SpeciaL CASES

We give some examples of different specifications of the combination rule

Mij-

3.1. Discrete Normal. Suppose xi, - - -, x, are realizations of a one-dimensional
random Variableﬂ x with a discrete normal distribution with parameters u

and o-. This means
PrOb(J_C = f) = (Du,(T(Tf) - (D/J,O'(T[—l)-

In many cases, because of the inherent discreteness of actual observations,

this is a more realistic representation than the usual continuous normal one.

lObserve that we follow the convention of underlining random varibles [Hemelrijk,
1966|.
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The deviance is

n k
D, o, 1) =-2 Z fi Z yielog [@(o1, + 1) — D(oTpy + p)] =

i=1 =1

k
=-2 Z nelog [@(ot, + ) — O(o1py + )]
=1

Here the n, are the frequencies in each of the intervals, i.e. ny, = Y2, fiyie. In

this discrete normal case 77;; does not depend on either i or j, in fact m = 1

and thus j does not vary at all.

In this example the thresholds are assumed known up tp a scale factor, i.e.
restricted to be in £;. If they were unknown, i.e. only required to be in K,

then we could always attain perfect fit by setting u = 0, o = 1 and

_1, + -+ ny
T, =0 (——).
n
3.2. Discrete Normal Regression. Now suppose x; is a realization of x,,
which is discrete normal with mean 7,(6) and variance o®>. The deviance

becomes

n k
D(w,0,0) = =2 ) fi ) vielog [ + () = (o7t +1(6))]

=1 =1
In the most common case, of course, 17;(d) = x.6, and we have the discrete
linear regression model. Observe that in this case we can fit models in which
either 7 is known, which means we still to estimate o, or T is unknown, in

which case we can absorb o into 7.

In the binary case we have 7y = —o0, 7, = 400, and only 7; must be esti-

mated. We use 7 for o1y and z; for 1 — 2y;,. The deviance is simply

D(r,60) = =2 )" flog D(i(T + ni(H))).
i=1

3.3. Probit Item Analysis. We can combine the probit model with thresh-
olds with an additive combination rule, in which a parameter for the object

is added to a parameter for the variable. This corresponds with the Rasch
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model for item analysis [Fischer and Molenaar, 1993]].

n m  kj
D(r,a) = -2 Z fi Z Z yijelog [(D(ij +a;)— Ot + ai)] :

=1 j=1 (=1

In the binary case this simplifies as before to

Dir,a)= -2 ) f > log®(z(r; + a)).
i=1

i= j=1

3.4. Probit Principal Components. In De Leeuw|[2006] probit principal
component analysis for binary data was discussed, and applied to roll-call
data for the US House and Senate. It is straightforward to generalize the loss
function to the case in which we have more than two response categories. It

becomes

m kj

DT, AB) =2 ) fi > > yijlog| @y + ajb,) = O(rjry +ajb))|.

=1 j=1 (=1
3.5. Probit Factor Analysis. The loss function is the same as for principal
component analysis, but now

a=lv ).
where Uisnxp, Visnxm,and U'U =1, V'V = [,and U’V = 0. Moreover
C
D

where C is p X m and D is m X m and diagonal. Thus AB’ = UC + VD and

B =

we fit the same bilinear approximation as in principal component analysis,
except that we now have more components than variables and we have the
diagonality restrictions on D. For details about fitting factor analysis models

in this form to quantitative data, see |De Leeuw [2004].

4. GEOMETRY

The interpretation in terms of the probit likelihood tries to imbed the tech-
niques of this paper in the framework of classical statistics. This is rela-

tively straightforward in the case of a single variables, for instance for the
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discrete normal and for probit regression, in which 7;;(6) is independent if i.
it becomes less natural and convincing if m > 1 and there are additional pa-
rameters for each profile. In that case the likelihood is best interpreted as a
convenient distance measure between the observed table ¥ = {y;;} and the
manifold of predicted tables Il(7,6) = {m;;(7,6)}. Our method then com-
putes the metric projection, in this likelihood metric, of ¥ on the manifold.

In this context it is interesting to investigate the cases in which we have
perfect fit.

5. PorycHORIC FACTOR ANALYSIS

Acoording to the classic Pearsonian polychoric model the probability of a
profile (¢, --- ,¢,) is

1 1001 T1 b1 1
n(ly, - n) = ﬂ_2m|2|_éf | f CXP{—E()C—,U)'Z_I(X_,U)}dX

Tig Tt

6. KNowN THRESHOLDS

In this section we develop the majorization algorithm for general combina-
tion rules in the case in which the thresholds are known. The majorization

function is based on the following basic lemma.
Lemma 6.1. Suppose —oco < a < 8 < +o0 are fixed and define
f(x) = —log [®(B + x) — D(a + x)].

Then 0 < f"(x) < 1.

Proof. By direct calculation

_$(B 1)~ gla+x)
OB+ x) — O(a + x)

f'(x) =
and

_ BB+ - @+t [oB+x) -+
B DB + x) — D(a + x) OB +x)—DPla+x)|

f ()
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Now fox
f x¢p(x)dx = —(¢(B + x) — (e + x)),
and o
B+x
f N X’ p(x)dx =

(DB + x) = (e + X)) = [(B+ 0)P(B + x) — (@ + )p(a + X)]

Thus if x is a doubly truncated standard normal random variable x, truncated
on the right at 8 + x and on the left at @ + x, we see that E(x) = f’(x) and
B+ x)pB+x)— (¢ +x)p(a + x)

OB + x) — O(a + x) .
Thus V(x) = 1 — f”(x). But this immediately implies the bounds given in

EG?) =1-

the theorem. O

Lemma6.1] generalizes the well-known result that f is strictly convex [Bur-
ridgel [1981; Pratt, |1981]]. Strict convexity provides the lower bound, but not
the upper one, which is what we need for majorization. By letting « or 8
tend to infinity, we obtain the previous bounding result [Bohning, |1999; De
Leeuw, 2006] that f(x) = —log ®(x) satisfies 0 < f”'(x) < 1. This special

case 1s basically all we need in the case of binary variables.

We now use Lemma [6.1] to construct a majorization function for the de-
viance. First define

&(Tje +1ij(0) — d(T -1 + 1;5(0))

O(tj¢ + 1;(0) — O(7j- + nij(g)),

8ije(1,6) = —
and

kj
hij(T, 0) = Z )’ijfgijf(‘f', 6).
=1
Theorem 6.2. For all pairs 6 and ]

5 n m 5 5 1 n m B
D(x.6) < DWO+Y i ) hif@ O O-n@)+5 > f: D 01y O)=i, (@)
=1 j=1 i=1

= j=1

Proof. Apply Lemma [6.1] to the second-order Taylor expansion of the de-

viance. O
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Now define the farget function by
Yiji(7,0) = n;;(0) — h;j(7,0).

Then the majorization algorithm corresponding with Theorem [6.2]is

@) 0% < argmin ) f; ) 010 = (7. 0"

=1 j=1
Of course the power of the majorization algorithm comes from the fact that
we know how to solve the least squares problems (2)) quickly and efficiently
for the discrete normal, for probit regression, and for principal component

and factor analysis.

7. UNKNOWN THRESHOLDS

If the thresholds are unknown, or partially known, they must be fitted as
well. We use block relaxation [|[De Leeuw, 1994] in the obvious way. We
start with initial estimates of the thresholds, then we find the optimal com-
bination rules for these thresholds, then we find the optimal thresholds for
these combination rules, and so on. Thus we alternate our majorization
algorithm from the previous section with an algorithm that computes opti-

mum thresholds. For this last algorithm we need another lemma.

Lemma 7.1. Suppose x is fixed and define
ha,B) = —log [®(B + x) — D(a + x)] .
Then for all & < B we have 0 < D*h(a, ) < .

Proof. This is actually a consequence of the more general results of |Pratt
[1981] and Burridge [1981]. They prove strict convexity for all cumula-
tive distribution functions with a concave log-density, and not just for the

cumulative normal. O

Observe we cannot obtain an upper bound result in this case. In fact the
second derivatives are unbounded if @ and S tend to the same value. Thus
we cannot use the same type of quadratic majorization we used previously

for the structural parameters to find the thresholds. But the convexity of the
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loss as a function of the thresholds makes it natural and straightforward to
apply Newton’s method.

The part of O that depends on 7;,, with 1 <v <k;—1,is
Z Jivijylog mijy + Yijve1 l0g s 41),
i=1

and thus

0D -
o7, Zfd’(’h; +ij)[

Yijy Yijv+1 ]

v ijv  Tijv+l

For the second derivatives we only have to consider two cases, because the
Hessian is symmetric and tridiagonal. On the diagonal we have
O f
6TV(97'V

Z S + 7B + 71)

—Zfab (7 + 1)

and on the subdiagonal and superdiagonal

yzv yi,v+l] +

Ty 7Ti,v+1

lV i,v+1

yzv Yiv+l }

’f Y Yiv
m = ;f@(m + Tv)¢(771 + Ty 1)71'_

iv
These formulas can be easily adapted to the case in which we require the
thresholds for all variables to be the same, or if we require the thresholds
for a variable to be a linear functions of a given vector, or if we require the
thresholds of all variables to be linear functions of a single unknown vector
(the matrix of threshold values is of rank one). In the case in which we

require that 7 = 67, where T is known, we find

of _ -,

=5 = T DI,
62](‘ = 2 —
5000 T f(1)T.

8. EXAMPLES

8.1. Discrete Normal. We use data reported by Hargenvillers [Quetelet,
1842, page 59] on the height of 100,000 French conscripts.
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under 1.570 meters | 28,620
1.570 to 1.598 meters | 11,580
1.598 to 1.624 meters | 13,990
1.624 to 1.651 meters | 14,410
1.651to 1.678 meters | 11,410
1.678 to 1.705 meters 8,780
1.705 to 1.732 meters 5,530
1.732 to 1.759 meters 3,190

above 1.759 meters 2,490

100,000

TaBLE 1. Quetelet/Hargenvliiers Height of French Conscripts

Sera
w O w w () w +)?w w () w W
?7 0w ? wow o w ?27 w w w w ?
W W W W W W W W W W W W
W W W W W W w w w w ?
Clw () w () w w ?27 H+H w (+ w W
elw w +HH +H w w 7?7 w w (+) w W
Li#H ) (H H + + w () w ) ) w
lfw + +H +H w (H W H w +H) (B w
sIw (B +H H w (+Hw (H+H W+ ww
? 7 wow w w ?7 w w w w ?
w w ) w w w 7?7 W W W W W
w ) + +HH H W EH W EH) + W

TABLE 2.

Fisher/Taylor Serological Readings

8.2. Serological Readings.
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ApPENDIX A. CODE

genProbit<—function (
mat,
eta,

freq=rep(1,dim(mat)[1]),

5 eps=1le-6,
itmax =100,
mod=1,

verbose=FALSE,
roj=pldent,
10 thres=repList("all" ,dim(mat)[2]),
extra=NULL
) |

mat<—-as.data.frame(mat) ; ncat<—as.vector (apply (mat,?2,

max) ) ; tau<—thres
n<—dim(mat) [ 1]; m<—dim(mat) [2]; itel<-1; tht<-rep(l,m)
; fo<=Inf
15 for (j in 1:m) {
cs<—cumsum ( sapply (1:ncat[j],function (1) sum(freq[
which (mat[,j]1==1)1)))
tau [[j]]<—gnorm(cs[—length(cs)]/cs[length(cs)])
if (is.double(thres[[j]])) {
tht[j]<-sum(thres [[j]]=tau[[j]])/sum(
thres [[j]]=thres [[j]])
20 tau[[j]]<—thres [[j]]=tht[]]
}

}
repeat {
h<—matrix (0 ,n,m)
25 for (j in 1:m) {
op<—outer(eta[,j],tau[[j]],"+")
dn<—dnorm(op) ; pn<—pnorm (op)



ORDINAL DATA 15
pp<—colDiff (cbind (0,pn,1)); pd
<—colDiff (cbind (0,dn,0))
gg<——(pd/pp)

30 h[,jl<—sapply(l:n,function(i) gg[i,
mat[[j]][i]])
}

eta<—proj(eta—h, freq,extra); fs<-rep(0,n)
for (j in 1:m) {
op<—outer(etal[,j],tau[[j]],"+"): pn
<—pnorm(op); pp<—colDiff(cbind (0,pn,1))
35 fs<-fs—2xlog(sapply (1:n, function(i) pp
[i,mat[[j]I[i]]))
}
fe<—sum(freq=fs)
if (itel%%mod == 0) {
ft<-0
40 for (j in 1:m) {
if (is.double(thres[[j]])) {
th<—thresProp(mat[[j]],etal,]
],tht=tht[j],thres=thres [[]
11, freq=freq , verbose=FALSE)
tht[j]<—th$ tht; tau[[]j]]<—tht[
jlsthres [[j]]; ft<—ft+th$f

45 Ise {

th<—thresFree (mat[[j
]1],etal,j],tau=tau
[[j1],freq=freq,
verbose=FALSE)
tau<—th$ tau; ft<—ft+th$ f
}
}

50 }
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if (verbose) cat(

"Iteration :." ,formatC(itel ,width=3,
format="d"),

"O-Function:." ,formatC (fo, digits =8,
width=12,format="f") ,

"E—Function:." ,formatC (fe ,digits =8,
width=12,format="f") ,

"T_Function:." ,formatC(ft,digits =8,
width=12,format="1"),

"\n")
if (((fo - ft) < eps) || (itel == itmax))
break
itel<—itel +1; fo<—ft
}
return(list (tau=tau, tht=tht ,eta=eta))

}

pldent<—function (x, freq ,extra) return(x)

pAve<—function (x, freq ,extra) {
for (j in 1:dim(x)[2]) x[,j]l<—weighted .mean(x[,j],freq
)

return (x)

}

pRegres<—function (x, freq ,extra) return(apply(x,2,

function(y) y—(Isfit (extra,y,wt=freq)$ residuals)))

pPCA<—function (x, freq ,extra) return(rankApprox(x, freq,

extra))

thresFree<—function (mat, eta , tau , freq ,eps=le—6,itmax
=100,verbose=FALSE) {
k<-length (tau); n<-length (mat); itel<-1
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ar<-outer (eta ,tau,"+")

pp<—colDiff (cbind (0,pnorm(ar) ,1))

f<——2xsum(freq=log (sapply (1:n, function (i) ppli
smat[i]])))

dn<—dnorm( ar); rs<-matrix(0,n,k+1)

for (i in 1:n) rs[i,mat[i]]<=1/pp[i.mat[i]];
ss<—rs /pp

gg<——2xsapply (1:k, function (1) sum(freq=dn[,]1]
#(rs[,1]-rs[,1+11)))

mg<-max (abs (gg))

if (verbose) cat(
"sx.lteration:." ,formatC(itel ,width
=3, format="d"),
"sx.Function:." ,formatC(f, digits =8,
width=12,format="1"),
"wx.MaxGrad:." ,formatC (mg, digits =8,
width=12,format="f") ,
"\n")
if ((mg < eps) || (itel == itmax)) break
dg<—2=xsapply (1:k, function (1) sum(freq=ar[,1]
sdn[,11x(rs[,11=rs[,1+11)))
dg<—dg+2xsapply (1:k, function (1) sum(freq:x(dn
[L1172)x(ss[,1]+ss[,1+1])))
dd<-diag(dg)
for (i in 1:k-1) dd[i,i+1]<=dd[i+]1,i]<——2:xsum(
freqsdn[,i]sdn[,i+1]xss[,i+1])

tau<-tau-—-solve (dd, gg)
itel<—itel+1

}

return(list (tau=tau , f=f))

}

100
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thresProp<—function (mat, eta , tht , thres , freq ,eps=1le-6,
itmax =100, verbose=FALSE) {
k<-length (thres); n<—length (mat); tau<—tht=thres; itel

<-1
repeat {
ar<—tht=xouter (eta, thres ,"+")
105 pp<—colDiff (cbind (0 ,pnorm(ar) ,1))
f<——2xsum(freqxlog(sapply (1:n,function(i) pp[i
smat[i]])))
dn<—dnorm(ar); rs<-matrix(0,n,k+1)
for (i in 1:n) rs[i.mat[i]]<-1/pp[i,mat[i]];
ss<—rs /pp
gg<—sum( thres=xsapply (1:k, function (1) sum(freq
sdn[,1]=(rs[,1]-rs[,1+1]))))
110 if (verbose) cat(
"sx.lteration:." ,formatC(itel ,width
=3, format="d"),
"sx.Function:." ,formatC(f, digits =8,
width=12,format="1")
"wxx.,AbsGrad:." ,formatC (abs(gg),digits
=8,width=12,format="1"),
"“\n")
1 if ((abs(gg) < eps) || (itel == itmax)) break

dd<-0;
for (1 in 1:k)
dd<—dd+(thres [1]*2)«sum(freq=((ar[,]]
sdn[,1]=(rs[,1]-rs[,1+1]))+((dn[,1
1"2)=(ss[,1]+ss[,1+1]))))
for (1 in 1:(k-1))
120 dd<—dd-2sxthres [l ]=thres[l+1]xsum(freq=dn[,
IJxdn[,1+1]xss[,1+1])
tht<—tht —(gg/dd)
itel<—itel +1

}
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return(list (tht=tht ,f=f))
}

rankApprox<—function(x,p) {

s<-svd (x)
return(s$ul,1:pl%:%(s$d[1:pl=t(s$v[.1:p])))
}

colDiff<—function(x) {
return (matrix (t(apply(x,1,diff)) ,dim(x)[1],dim(x)
[2]-1))

repList<—function (x,n) {

z<—list ()

for (i in 1:n)
z<—c(z,list (x))

return(z)

}
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