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Abstract. Meet the abstract. This is the abstract.

1. Introduction

The negative log-likelihood for a matrix normal model with data

Y ∈ Rn×m is

σ(V,W,X, B, Z) =

m log det(V)+n log det(W)+ tr V−1(Y −XBZ′)W−1(Y −XBZ′)′.

Suppose

• V is a set of positive definite matrices or order n,

• W is a set of positive definite matrices or order m,

• X is a set of n× p matrices,

• Z is a set of m× q matrices,

• B is a set of p × q matrices.

Define

σ(V ,W ,X,B,Z) = inf
V∈V

inf
W∈W

inf
X∈X

inf
Z∈Z

inf
B∈B
σ(V,W,X, B, Z)

Theorem 1.1. If V and W contain the set of all diagonal matrices,

and if

M=


µ′

µ′
...

µ′


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then σ(Y | V ,W ,M) = −∞, i.e. the maximum likelihood estimates

of (V ,W ,M) do not exist.

Proof. Take W = I and µ equal to the first row of Y . V is diagonal,

with all elements equal to one, except the first which is equal to ε.
Then

m log det(V)+n log det(W)+ tr V−1(Y −M)W−1(Y −M)′ =

=m log ε+ tr(Y −M)′(Y −M)

which goes to −∞ if ε → 0. �

Obviously this result remains true if M is defined any way that

makes it possible to fit one row or one column of Y exactly. This

implies the usual Anderson-Rubin result for fixed score ML factor

analysis. The result is not true, at least not necessarily true, if V
is a set of correlation matrices, or if M = XBZ′ with X and Z fixed.

Alternatively we can use residual maximum likelihood. If K is n×
(n − 1) and orthonormal, with columns that add up to zero, then

K′M = 0, and thus we can compute REML estimates by minimizing

m log det(K′VK)+ (n− 1) log det(W)+ tr (K′VK)−1K′YW−1Y ′K.

ForM = XBZ′ with X and Z known, we can compute the likelihood

of X′⊥YZ⊥, using bases for the orthogonal complements of X and

Z . This keep us in the domain of the matrix normal. In particular,

if V =
∑
θsAs and W =

∑
ξsBs have linear structure, then in REML

they still have linear structure.

NB: If we apply this REML approach to fixed score factor analy-

sis, we must define the likelihood of Y − Πr (Y), where Pr defines

the best rank p approximation to Y . This can be done, at least in

principle, by using the Jacobian of the singular value decompo-

sition (see http://preprints.stat.ucla.edu/547/lowrank.pdf). This

provides an alternative to the Anderson-Rubin non-central Wishart

http://preprints.stat.ucla.edu/547/lowrank.pdf
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method, and to MacDonald’s maximum likelihood ratio method.

That, however, is another project.

2. General

Suppose Pn is the cone of all positive definite matrices of order

n, and Pn is its closure, i.e. the set of all positive semi-definite

matrices. For V ∈ Pn we also write V � 0 and for V ∈ Pn we write

V � 0.

Suppose S � 0. Define fS : Pn ⇒ R by

fS(V) = log det(V)+ tr V−1S,

and

fS(V ) = inf
V∈V

fS(V).

Theorem 2.1. fS(Pn) > −∞ if and only if S � 0.

Proof. If S � 0 then let W = S− 1
2VS−

1
2 . Now

fS(Pn) = log det(S)+ inf
W∈Pn

{
log det(W)+ tr W−1

}
.

If λi > 0 are the eigenvalues of W , then

log det(W)+ tr W−1 =
n∑
i=1

{
logλi +

1
λi

}
,

which attains a minimum equal to n if λi = 1 for all i, which means

that W = I and V = S.

Suppose S � 0 and rank(S) = r < n. Let K⊥ be an n×(n−r)matrix

with an orthonormal basis for the null space of S. Define V(ε) =
S + εK⊥K′⊥. Then tr V−1(ε)S = r and log det(V(ε)) =

∑r
i=1 logσi +

(n− r) log ε, where the σi are the non-zero eigenvalues of S. Thus

limε→0 fS(V(ε)) = −∞. �

Corollary 2.2. If S � 0 then fS(V ) ≥ log det(S)+n.
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Proof. fS(V ) ≥ fS(Pn). The proof of Theorem 2.1 shows fS(Pn) =
log det(S)+n. �

Thus if S � 0 the loss function is bounded below. Thus in the

sequel we suppose S � 0 is singular of rank r . Then S = KΛK′,
with K an n×r orthonormal, K′K⊥ = 0, and Λ diagonal with Λ � 0.

Theorem 2.3. If there is a δ > 0 such that

inf
V∈V

min
s
λs(K′⊥VK⊥) ≥ δ

then fS(V ) > −∞.

Proof. Define A = K′VK, B = K′VK⊥, and C = K′⊥VK⊥. Then

fS(V) = log det

A B
B′ C

+ tr

A B
B′ C

−1 Λ 0

0 0

 ,
and, using the expression for inverses and determinants of parti-

tioned matrices,

fS(V) = log det(A− B′C−1B)+ log det(C)+ tr (A− B′C−1B)−1Λ.
Because Λ � 0 we have from Theorem 2.2

fS(V) ≥ log det(Λ)+ log det(C)+ r ,

and thus, from the condition in the theorem,

fS(V) ≥ log det(Λ)+ (n− r) logδ+ r ,

which implies fS(V ) > −∞. �

Theorem 2.4. If the closure of V contains at least one singular ma-

trix V0 and there is a δ > 0 such that

sup
V∈V

max
s
λs(K′V−1K) ≤ δ

then fS(V ) = −∞.
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Proof. For the second result we use

fS(V) ≤ log det(V)+ δtr (Λ),
and thus Vk → V0 implies fS(Vk)→ −∞. �
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