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ABSTRACT. We show that in most cases of practical interest non-metric com-

mon factor analysis solutions do not exist.

1. INTRODUCTION

In non-metric common factor analysis (NMCFA), as implemented for example in
the FACTALS program [Takane et al., 1979], the loss function

(1) σ(X ,A,D) = ‖R(X)−AA′−D‖

is minimized over X ,A, and D. In the NMCFA minimization X varies over the
set X ⊆ Rn×m of the cone of column-wise monotone transformations of the data
matrix Y . We also suppose matrices in X are standardized, i.e. all columns add
up to zero and have unit sum-of-squares. The matrix R(X) = X ′X is the correlation
matrix corresponding with X ∈X . Matrix A∈A = Rm×p is the matrix of common
factor loadings, while D∈D , the set of all non-negative diagonal matrices of order
m, are the unique variances. The norm used in defining loss function (1) is usually
a least squares norm, but for our results below any norm will do.

In NMCFA problems, as in similar non-metric problems using the approach of Kruskal
[1964], we distinguish the primary and secondary approach to ties (see also De
Leeuw [1977]). In the primary approach tied data can be untied. Thus if the data
are z1 < z2 = z3 < z4 then we require x1 ≤ x2 ≤ x4 and x1 ≤ x3 ≤ x4, but the order
of x2 and x3 is undecided. In the secondary approach we require x1 ≤ x2 = x3 ≤ x4,
so ties are maintained. Clearly X is larger for the primary approach than for the
secondary approach.
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Any feasible triple (X ,A,D) where a local minimum of the loss function is attained
is called an NMCFA solution. If σ(X ,A,D) = 0 then (X ,A,D) is called a perfect
NMFCA solution.

2. RESULT

Lemma 2.1. Suppose (X ,A,D) is an NMCFA solution. Suppose there exists an
n×m matrix Z such that Z′X = 0 and Z′Z = I and such that

X(ε) =
1√

1+ ε2
(X + εZ)

is feasible for some ε > 0. Then (X ,A,D) is a perfect NMCFA solution.

Proof. The correlation matrix of X(ε) is

R(X(ε)) =
1

1+ ε2 R(X)+
ε2

1+ ε2 I.

Define A(ε) = 1√
1+ε2 A and D(ε) = 1

1+ε2 D+ ε2

1+ε2 I. Then

σ(X(ε),A(ε),D(ε)) =
1

1+ ε2 σ(X ,A,D),

and unless (X ,A,D) is perfect σ(X(ε),A(ε),D(ε)) < σ(X ,A,D). �

Remark 1. The feasibility condition on Z is equivalent to zi j ≥ zk j for all i, j,k such
that yi j > yk j and xi j = xk j.

Theorem 2.2. Suppose R(X) = AA′+D and there exists Z with Z′Z = I and X ′Z =
0 such that X(ε) = X + εZA′ is feasible for some ε > 0. If

A(ε) =
√

1+ ε2{(1+ ε
2)diag(AA′)+D}−

1
2 A,

D(ε) = {(1+ ε
2)diag(AA′)+D}−1D,

then
R(X(ε)) = A(ε)A(ε)′+D(ε).

Theorem 2.3. Let f be a mapping of {1,2, · · · ,n} into {1,2, · · · ,r}. If yi j ≤ yk j

for all j = 1, · · · ,m whenever f (i) < f (k) then there is an X ∈ X such that
rank(R(X)) = 1.

Proof. Simply set xi j = f (i). �

Remark 2. The theorem applies if one observation is dominant (higher on all vari-
ables), or if one observation is dominated (lower on all variables).
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3. DISCUSSION

Note that the theorem depends critically on the fact that the unique variances are
available to fit the diagonal elements of the correlation matrix. In non-metric prin-
cipal component analysis [De Leeuw, 2006] the sum of the largest p eigenvalues
of R(X) is maximized. The eigenvalues of R(X(ε)) are λs+ε2

1+ε2 , where the λs are the
eigenvalues of R(X). It follows that the sum of the p largest ones is a decreasing
function of ε2, which is maximized for ε2 = 0.
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