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ABSTRACT. Meet the abstract. This is the abstract.

1. PROBLEM

The problem is to minimize a function of the form g(8) = f(C(9))
where C(0) = Go + Zﬁ’zl 0,G,, under the condition that C(6) is pos-
itive semi-definite. Here Gy, - - - ,G, are known symmetric matri-
ces.

Many problems in multivariate analysis, such as fitting mixed lin-
ear models or fitting minimum trace and minimum rank factor
analysis models, are of this particular form.

2. RELAXATION ALONG A LINE

Suppose C(0) is the current positive semi-definite solution in an
iterative process. We improve C(60) by changing one coordinate at
a time.

Consider the line Cs(€) = C(0) + €Gs. To simplify, suppose C(0) is
positive definite. Define A; to be the eigenvalues of C~1(0)Gs.

Then C;(€) is positive semi-definite if and only if 1 + €A; = 0 for all
i. Or, equivalently, € must satisfy

— 1 <€=<-— 1 .
max{)\i | Ai > O} min{?\i | Ai < O}

(1)
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If A; and A_ are the largest and smallest eigenvalues then, equiva-

lently,
1 .

(2a) —A—ses+oolf/\+>0and/\_20
+
1 1 .

(2b) —A—ses—)\—lfz\+>0and2\,<0
+ —

(2¢0) —ooses—)\lif/\+50and2\<0.

Of course the signs of the largest and smallest eigenvalues are the
same as the signs of the largest and smallest eigenvalues of Gg, i.e.
they do not change during the iterations.

If C(0) is singular we have to be more careful. Suppose K, is an
orthonormal basis for its null space, and suppose K, G,K, has both
positive and negative eigenvalues. Then C (0 +€e;) is positive semi-
definite if and only if € = 0.

The idea of the algorithm is to use the optimize() function in R
to find the optimum € in the feasible interval (2a). We go through
all coordinates to complete a single coordinate descent iteration
cycle, and we compute cycles until convergence. A trivial extension
is the case in which there are in addition bound constrains on the
0. Just intersect the interval of the bound constraints with the
interval defined by (2a).

3. EXAMPLES

3.1. Minimum Trace Factor Analysis (MTFA). Suppose R is a cor-
relation matrix. Define Go = R — I and G, = e.e;, where the e, are
unit vectors. Thus C(0) is R with its diagonal replaced by the ele-
ments of 6. We impose bound constraints 0 < 0; < 1. In this case
the G, are positive semidefinite, or rank one. The largest eigen-
value of C71(0)G; is e;C~'(0)e;. Thus the interval over which we
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minimize is
1
—maX(QS, m) <e€ex<1]- 95.
In MTFA we minimize g(0) = tr C(0). Obviously we do not need
optimize() in this case, because g(0 + €e;) = g(0) + €, and thus
the optimum is attained at

1

e;C*l(G)es)'

€ = —max(0;,

It is of some interest that, by the Lagrange theorem, the rank of
C(0 + €ey) is less than the rank of C(0), and thus C(0 + €ey) is
always singular. The vector in the null space is C~1(0)e;. The
result in the appendix that, because e;e; = 0, we must have € > 0,
and thus

3.2. MLM. The (profile, concentrated) likelihood function for a mixed
linear model is

nlogmﬁin(y ~XB)(ZOZ + 1) ' (y — XB) +logdet(ZOZ' +1)
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APPENDIX A. POSITIVE SEMI-DEFINITE PERTURBATIONS
Suppose A and B are symmetric matrices, with A > 0. We want to
determine the interval of all € such that A + €B 2 0.

Let K, be an orthonormal basis for the null-space of A and K be a
set of eigenvectors corresponding to the non-null space. Write B in

Bii Bio| | K’
B=|K K
<l [ ) |5

Also suppose A? is the diagonal matrix of the non-zero eigenvalues

the form

of A. Then A + €B is positive semi-definite if and only if
) AT+ EA71B11A71 €A71310
€ =
€B01A_1 €Byo

is positive semi-definite. Now apply/Albert [1969, Theorem 1]. This
says that C(e) 2 0, with € # 0, if and only if

(3a) €Boo 2 0,
(3b) BOOBSOBM = BOI!
(3¢) I+eA[By; — ByyBgyBy JA™T > 0.

It follows that there exists an € # 0 such that A +€B = 0 if and only
if we have and B is either positive semi-definite or negative
semi-definite. Bounds on € in that case are given by (3¢).
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