A REGRESSION MODEL FOR MULTILEVEL HOMOGENEITY ANALYSIS

GEORGE MICHAILIDIS AND JAN DE LEEUW

1. Introduction

One of the basic techniques that analyzes categorical datariegeneity analysig he tech-
nique originated in the work of Guttman [17] as a method of scale construction using reciprocal av-
eraging. Burt [5] described homogeneity analysis as a principal components analysis of qualitative
data. Hayashi [19] stressed homogeneity analysis as one possible way of quantifying categories. It
should be noted that earlier work by Hirschfeld [21] and Fisher [13] concentrated on the bivariate
case (analysis of contingency tables). Extensive reviews on the history of homogeneity analysis
can be found in de Leeuw [8], Nishisato [26], Béod [3], Tenenhaus and Young [28] and Gifi
[14].

The focus of the various derivations and presentations of homogeneity analysis ssngitea

group of observations (individuals, objects etc). However, in many applications the same vari-
ables have been administered to multiple groups of objects. Typical examples include multiple
choice tests given to students in different schools, personality inventories administered to depressed
and 'normal’ individuals, marketing survey questionnaires distributed to different socioeconomic
groups and so on. In this paper, we extend homogeneity analysis to multilevel data structures, and
introduce a model that allows to examine how variables are related across groups and how groups
vary. The new techniques are illustrated on a data set from the National Educational Longitudinal
Study of 1988 (NELS:88).

Remark 1.1. Notation.We denote by upper case letters matrices (¢)gand by lower case letters
vectors (e.ga). The(s,t)" element of a matrix is denoted by(s, t), the s row by A(s, .) and
thet™ column byA(.,t). Analogously, thes element of a vector is denoted bys). Finally, let
u denote theunit vector (vector comprised of only ones).

2. Homogeneity Analysis in the Gifi System

Suppose we have collected data férobjects(individuals, products, countries, etc) oh
categorical variableswith ¢;, j € J = {1,...,J} categoriesper variable. Variables map the

objects into a finite set of categorigsrg¢files. The categories of each variable have a certain
1
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measurement levelhe measurement level of the variables camieerical(variables measured

at non-overlapping intervalsprdinal (the order of the categories matters),n@minal(only the

classes formed by the objects play a role). We are interested in mapping both objects and variables
into a jointp-dimensional spacep(< .J) in such a way that (i) objects with similar profiles are
close together and (ii) categories with similar contents are close together.

We proceed to give a precise mathematical formulation to the above verbal description of
homogeneity analysis. Indicator matrices are used to codé Waeiables (see [9]). Let;, j € J
denote theV x ¢; indicator matrix corresponding to variable It is a binary matrix with entries
G(i,t) =1,1=1,...,N, t = 1,...,¢;, if object: belongs to category, andG(i,t) = 0 if
it belongs to some other category. According to the homogeneity principles, we would like to
quantify (transform) the variables to achiem@mximumhomogeneity. Let; denote the/; x p
matrix containing the optimahultiple category quantificationsf variable; € J, and letX be
a N x p matrix containing the resulting optimal scales The elements of th& matrix are also
known as thebject score$14]. The dimensionality is determined by the data analyst according
to whether she wants the objects to be on a sgale {) or in a plane = 2) etc. In general, itis
hard to find a perfect solution; that is, determine Yhis and_X exhibitingperfect consistency.e.

X =G1Y) =...=G,Y;. Hence, we would like to minimize departures from perfect consistency
by employing the following loss function

J
(2.1) o(X;Yr,....Y,) =J7") SSQ(X - G,Yj),

i=1

where SSQH) = tr(H'H) denotes the sum of squares of the elements of the n¥dtrix order
to avoid the trivial solution corresponding f6 = 0, andY; = 0 for every; € J, we require in
addition

2.2) X'X = NI,
(2.3) WX =0,

The goal of homogeneity analysis in the Gifi system is to chdosed theY;’s so that the loss in
(2.1) is minimized. The solution to this minimization problem can be found by using the following
Alternating Least Squarg#\LS) algorithm:

Step 0: Initialize X, so thatw'X = 0 andX'X = N1,.

Step 1: Estimate the multiple category quantifications}by: D]-‘IG;-X, j € J, whereD; =
GG and contains the univariate marginals. Thus, the optimal quantification of a category is
the centroid of the scores of the objects belonging to that category.

Step 2: Estimate the object scores by = J! Zj:l G,Y;. Thus, the optimal score of an
object is the centroid of the quantifications of the categories the object is in.

Step 3: Column center and orthonormalize the matrix of the object scores, so that the normal-
ization restrictions are satisfied.

Step 4: Check the convergence criterion.
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Steps 1-4 are repeated until the algorithm converges to the global minimum (see chapter 3 in [14]
and Remark 2.2). Hence, the ALS algorithm finds the desired solution to the problem given in
(2.1), in the presence of nominal data. This solution is known in the literature ([14], [9], [10]) as
the Homals solution (homogeneity analysis by means of alternating least squares). The rules in
Steps 1 and 2 are known as tbentroid principles(principes barycentriqueg3]), and the ALS
algorithm based on them is callegtiprocal averaging

Remark 2.1. Rotational Invariancelt is worth mentioning theotational invarianceproperty of

the Homals solution. To see this, suppose we select a different basis for the column space of the
matrix X ; that is, letX* = X x R, whereR is a rotation matrix satisfyingt’ R = RR' = I. We

then get from Step 2 of the algorithm tﬁé}“[ IG’X” Y]R. Thus, any rotation of the object
scores and of the category quantifications corresponds to a solution to the problem givenin (2.1).

Once the ALS algorithm has converged, by using the factthayY; = Y/ D; (D, 1G’ X) =
Y;G% X, we can write the Gifi loss function as

J J
2.4) T (X - GY) (X - GyY;) =) (XX +Y/GG,Y; - 2Y]GX) =

j=1 j=1
J
J*IZtr(X’X—Yj’DjY )=J" Ztr —Y/D;Y;) =Np—J~ ZtrYDY

The sum of the diagonal elements of the matrieeB;Y; is called thefit of the solution. Further-
more, thediscrimination measureare given by

(2.5) U?SEY}I(.,S)DjY}(.,S)/N, jelJ, s=1,...,p

Geometrically, the discrimination measures give the average squared distance (weighted by the
marginal frequencies) of the category quantifications to the origin op tienensional space. It

can be shown that (assuming there are no missing data) the discrimination measures are equal to
the squared correlation between an optimally quantified vari@hie(., s) and the corresponding
column of object score<X((., s) (see chapter 3 in [14]). Hence, the loss function can also be
expressed as

J p
(2.6) N(p- %Z > )

The quantitiesy, = J~* Z}-le n]?s, s =1,...,p are called theeigenvaluegnd correspond to the
average of the discrimination measures.

We summarize next some basic properties of the Homals solution.

o Category quantifications and object scores are represented as points in a joint space.
¢ A category point is the centroid of objects belonging to that category.
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© Objects with the same response pattern (identical profiles) receive identical object scores. In
general, the distance between two object points is related to the ’similarity’ between their
profiles.

¢ A variable discriminates better to the extent that its category points are further apart.

o If a category applies uniquely to only one object, then the object point and that category point
will coincide.

o Category points with low marginal frequencies will be located further away from the origin
of the joint space, whereas categories with high marginal frequencies will be located closer
to the origin.

© Objects with a 'unique’ profile will be located further away from the origin of the joint space,
whereas objects with a profile similar to the average’ one, will be located closer to the origin
(direct consequence of the previous property).

o The category quantifications of each variaple J have a weighted sum over categories
equal to zero. This follows from the normalization of the object scores, sifiogy; =
UID]D]G;X = UIG]'X = U/X = 0.

Remark 2.2. Homogeneity Analysis as an Eigenvalue Problépubstituting the optimanfj =
D;lG;X for given X in the Gifi loss function (2.1), we get

J
(2.7) o(X;%) =J 1> (X - G;D; '@ X) (X — G;D; G X)

j=1

J
=J'") r(X'X - X'G,D;'G}X),
j=1
where the asterisk has replaced the argument over which the loss function is minimized. Let
P; = Gij‘lG; denote the orthogonal projector on the subspace spanned by the columns of the

indicator matrixG;. Let P, = J ! Z;.’ZI P; be the average of thé projectors. Equation (2.7) can
be rewritten as

J J
28) o(X;x)=J"') (X - PX) (X -PX)=J"') tr(X'X - X'P,X).
j=1 j=1
This together with the normalization constraints (2.2) and (2.3) gives that maximizing (2.8) is
equivalent to maximizing ttX'L P, LX), wherel = [ —uu'/u'u is a centering operator that leaves
LX in deviations from its column means. The optimatorresponds to the firpteigenvectors of
the matrixC P, L. We can then write the minimum loss as follows:

(2.9) 0(*; *) = N(p— Z)\s),

where)\,, s = 1,...,p are the firsp eigenvalues of,. Therefore, the minimum loss of homo-
geneity analysis is a function of thedargest eigenvalues of the average proje¢torNotice that

the complete eigenvalue solution has= Z}-le ¢; — J dimensions. The advantage of employ-
ing the ALS algorithm is that it only computes the figskk < ¢ dimensions of the solution, thus
increasing the computational efficiency and decreasing the computer memory requirements.
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Remark 2.3. Missing Data. The Gifi loss function makes the treatment of missing data a fairly
easy exercise. Missing data can occur for a variety of reasons: blank responses, coding errors etc.
Let M, j € J denote theV x N binary diagonal matrix with entried/; (i, :) = 1 if observation

i is present for variablg and0 otherwise. Definell, = Z;’Zl M;. Notice that sincéZ; is an
incomplete indicator matrix (has rows with just zeros), we haveMdt; = G;, j € J. The loss
function then becomes

J

(2.10) o(X;Yr,...Yy) =T (X - GY;) M (X - GyY)),

j=1
subject to the normalization restrictionS M, X = JNI, andu'M,X = 0. The category quan-
tifications are given by; = D;'G/ X, while the object scores by = M1 37 | G;Y;. Inthe
presence of missing data, it is no longer the case«hatY; = 0 (the category quantifications
are not centered), because in the weighted summation with respect to the row sclresooie
of the scores are skipped. This option is known in the literature [14iasing data passiver
missing data deletedecause it leaves the indicator matfix incomplete. There are two other
possibilities: (i)missing data single categamnywhere the indicator matrix is completed with a single
additional column for each variable with missing data, andnfigsing data multiple categories
where each missing observation is treated as a new category. The missing data passive option
essentially ignores the missing observations, while the other two options make specific strong as-
sumptions regarding the pattern of the missing data.

3. Multilevel Homogeneity Analysis

In many practical situations individual objects can be naturally grougastéred into groups
(clusters). For example, in educational research students are grouped by class or school, in socio-
logical research individuals are grouped by socioeconomic status, in marketing research consumers
are clustered in geographical regions, while in longitudinal studies we have repeated measurements
on individuals. In the first example clusters correspond to classes or schools, in the second to
various a priori defined levels of socioeconomic status, in the third to regions (such as counties,
states or even the northeast, the southwest etc), and in the fourth example to time periods. For-
mally, we collect data oV objects grouped naturally iR™ clusters, withn, objects per cluster,
ke K=1{1,... KX, n = N). Once again, we want to examirecategorical variables,
with ¢;, j € J categories each. In this section we extend homogeneity analysis to the multilevel
sampling framework.

Very little work has be done on applying homogeneity analysis techniques to multilevel data.
De Leeuw, van der Heijden and Kreft [11] and van der Heijden and de Leeuw [29] have used
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these techniques to examine panel and event history data. In their case, data are collected on
nr = n objects forK time periods. The authors introduce three way indicator matrices with
objects in the rows, categories of variables in the columns, and time points in the layers to code
the data, use interactive coding to reduce them to two-way (ordinary) indicator matrices, and apply
homogeneity analysis to the collection of such matrices. More recently, Carlier and Kroonenberg
[7] apply the PARAFAC model (see Remark 4.2) to the three-way matrices. Both approaches are
not applicable to other types of multilevel data (such as students clustered within schools). We
propose an alternative approach. k&, j € J, k € K denote they;, x ¢; indicator matrix of
variablej for clusterk. Let X, k£ € K be then, x p matrix of object scores of clustér and let
X = [X],...,X%]. Similarly, letY;; be the/; x p matrix of multiple category quantifications
of the j*" variable for thek'" cluster, and let; = [Y},,...,Y]x]". We collect theK indicator
matrices of variable in the superindicator matrix
Gji 0 0
0 Gp O 0
G]: ... ..]. ... ...
0 0 0 Gjg

which is called thalesignmatrix. The Gifi loss function becomes

J J K
(3.1) o(X;Y,...,Yy) =T 1) SSQ(X - G;Y;) = ) SSQ(Xi — GjYin).
j=1

j=1 k=1

In order to avoid the trivial solution we impose the following normalization restriction:
(3.2) X3 X = ngl,, v' Xy, =0, forevery k € K.
The other possibility’ X = 0 andX'X = N1, is briefly discussed later on in Remark 3.3.

The problem in (3.1) is identical to the one presented in (2.1); thus, its solution is given by
(3.3) Y;=D;'GiX, j€,

whereD; = G'G; = @, ( wGik) = D, D, istheK¢; x K¢, diagonal matrix containing

the univariate marglnals of variabjefor all K clusters. This implies thai’jk = Dj‘,jG;-ka, J €
J, k € K. For fixedY)’s, we get

(3.4)

KIH

which gives thatX;, = J=' Y7 | G Y}y, for everyk € K. We then center and orthonormalize
the X, matrices and repeat these two steps until the algorithm converges.

We define next theluster discrimination measures
(3.5) njz-ks =Y (., 8)DpYjr(.8) /e, €T, k€K, s=1,...,p
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Since the category quantifications have a weighted sum equal to zero, they are interpreted the usual
way; the larger the]?ks, the better the categories of that variable in that cluster discriminate between
level-1 units. The cluster discrimination measures allow the data analyst to examine variations in
the discriminatory power of the variables across the clusters. It is also useful to defiogaihe
discrimination measure®r each variable as

(3.6) = V(. s) DY ()N, G €T, s=1,...,p,

These quantities represent an overall measure of the discriminatory power of each variable. We
examine next the relationship between the total and the cluster discrimination measures. We have
that

K
1 1
(37) 77]25 = N)/;‘,(W S)Djyji('a 8) = N ZY;'lk('a S)Djkyjjk('a S)'
k=1

SO, it easy to see that

K
1 .
(3.8) U?SZN E nkn]zks,je.],s:l,...,p.
k=1

Thus, the total discrimination measures of variaplgan be expressed as a weighted average of
the discrimination measures of the clusters for varigbleith the weights given by:,/N and
representing the contribution of clusteto the total. It can be seen that larger clusters are weighted
more in the total.

We can then defineluster eigenvaluegiven by, = J=! Z}']:1 nfks, andtotal eigenval-
uesgiven by, = J! ijl 13- The cluster and the total eigenvalues are related by=
N-'SK g2, similarly to the discrimination measures.

Remark 3.1. Model Equivalenceslt is worth noting that under normalization (3.2) this model
is equivalent to applying the ordinary Homals algorithm (see Section 2) to each & thesters
separately.

Remark 3.2. Comparing ClustersAs we have seen in section 2 the Homals solution is rotation-
ally invariant. The latter combined with the fact that the multilevel Homals solution amounts to
calculatingK separate solutions (see Remark 3.1), introduces the problem of making meaningful
comparisons between clusters, since different clusters may have different orientations of the axes.
We would like to make the clusters as similar as possible by rotating their axes to a target solution.
Any of the K solutions can be used as the target one. This amounts to sol\@noceustes or-
thogonal rotation problenfil5]. Let X (¢) be the matrix of object scores of the cluster designated
as the target solution, ank, the object scores of some other cluster. We then have to minimize
tr( X, (t) — XeR)'(Xk(t) — X R) with respect to the x p rotation matrixR (i.e. R’ R = RR' = 1,,).

The solution is given by first calculating the singular value decompositioxy,0f (1) = UAV”,

and then settingt = UV, the orthogonal polar factor of; X ().
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Remark 3.3. On another possible normalizatiolstead of normalizing the object scores locally
(within every clustek € K), we might require a global scaling given b{X = Zszl uw' Xy =10
andX'X = Y& X! X, = NI,. Some algebra shows that under this normalization the multilevel
Homals model is equivalent to a single cluster Homals model with interactive coding; that is, we
introducek x ¢; categories for each variable, so that each cluster has its own set of categories. In
this case, the clusters are pulled together through the global scaling of the object scores. However,
this option allows the Homals algorithm to focus on the cluster differences, thus producing trivial
solutions.

Remark 3.4. On the Design Matricesln the single cluster case the indicator mattlx, j € J

is considered to be hasisof the transformation space. It corresponds to the Kronecker basis,
since the basis isomorphism is given by the identity. Thus, the objects are classified according to
the elements of this basis (in other words the categories). In the multilevel framework, we want
the objects to be classified by both the categories of varialaled the fact that they belong to
clusterk. This requirement automatically translates to a product transformation space. However,
the form of the transformation space we adopt, naragly- @szl G, implies that the subspaces

G, k € K are independent and spaf), and that the dimensionality of the transformation space

is equal toy ,_, dim G, = K¢;. This fact allows us to look at different transformations for each
cluster separately.

3.1. NELS:88 Example. A data set from the base year survey of the student population of the
National Educational Longitudinal Study has been selected to illustrate our techniques. The vari-
ables in this data set deal with student responses on problem areas in their schools (the BYS58 set
of variables in the NELS:88 codebook). A description of the variables is given next.

A: Student tardiness a problem at school.

B: Student absenteeism a problem at school.

C: Students cutting class a problem at school.

D: Physical conflicts among students a problem at school.
E: Robbery or theft a problem at school.

F: Vandalism of school property a problem at school.
G: Student use of alcohol a problem at school.

H: Student use of illegal drugs a problem at school.

I: Student possession of weapons a problem at school.
J: Physical abuse of teachers a problem at school.

K: Verbal abuse of teachers a problem at school.

The four possible response categories are: (1) Serious, (2) Moderate, (3) Minor and (4) Not a
problem.



A REGRESSION MODEL FOR MULTILEVEL HOMOGENEITY ANALYSIS 9

This set of variables addresses some issues directly related to the school culture and climate,
as seen from the students point of view. These variables touch upon day-to-day school experiences
that influence the way students, teachers and administrators act, relate to one another and form
their expectations and to a certain extent beliefs and values [27, 1].

The students in the data set are clustered in 12 schools with 35 or more students in each
one, resulting in a total sample size of 498 students and an average school &izesttidents.
The reason for selecting these particular schools was, that due to their relatively large size, it was
expected that each category of every variable would contain some responses. However, we were
forced to drop variable/ from any subsequent analysis because categories 3 and 4 were empty
in the majority of these schools. Some background characteristics of the schools are presented in
Table 3.1.

School #| # of Students Type | Region
1 37 Public Urban West
2 44 Public Urban West
3 36 Public Urban West
4 40 Public Suburban West
5 38 Public Suburban West
6 35 Public Suburban West
7 36 Public Rural West
8 38 Public Rural North Central
9 38 Public Rural North Central
10 56 Private Urban | North Central
11 54 Private SuburbanSouth
12 46 Private Urban | South

TABLE 3.1. Backgound Characteristics of the 12 Schools

Clearly, this sample of 12 schools is not a representative sample of the school population,
since a large number of rural schools is present and no schools from the Northeast are included in
the sample. The latter fact indicates that the sample at hand is not suitable for drawing inferences
for the country’s school and student populations. However, this sample is suitable for addressing
the following question. Suppose that a student (teacher) is interested in attending (working) in one
of these 12 schools. Knowledge regarding the basic structure of these variables and an overall idea
of the school climate is essential to the student (teacher) for those 12 schools. Information about
other schools is marginally interesting to them. The techniques previously developed are used for
descriptive and not for inferential purposes [12, 25] in this example.

Table 3.2 summarizes the student response patterns for the 10 variables included in the analy-
Sis.
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Variable| 1] 2] 3| 4

A 14.1) 30.9| 32.1| 22.9
10.0| 28.5| 33.1| 28.3
17.7| 18.5| 25.5| 38.4
14.5| 24.5| 32.5| 28.5
15.5|17.5| 31.3| 35.7
21.9| 21.7| 25.9| 30.5
19.7]| 19.7| 24.5| 36.1
15.3| 11.0| 23.1| 50.6
13.5| 9.6|22.7|54.2
15.3| 14.7| 26.5| 43.6

TABLE 3.2. Student Rgmnse Patterns (in %, N=498)

A—TITOTmMmOOW

School #\ Dimension 1\ Dimension 2

1 .642 .352
2 724 429
3 .643 422
4 .668 438
5 .559 .335
6 .620 .320
7 711 .506
8 479 .381
9 .618 410
10 .636 .505
11 575 373
12 442 .337
Overall .608 403

TABLE 3.3. Stool Eigenvalues

A two-dimensional Homals analysis was performed on the school data set. The fit of the third
dimension was a rather poor one (total eigenvalue .18). The fit of the solution (eigenvalues) for
each school separately and for the sample as a whole is given in Table 3.3. The overall fit can
be characterized as satisfactory. Some schools exhibit a very good fit in both dimensions (e.g.
schools 2, 7, 10), while some others a rather poor one in both dimensions (e.g. schools 8, 12).
Some schools have a good fit in the first dimension and a satisfactory one in the second (e.g.
schools 1, 6, 11). Overall the schools present enough variation in terms of fit. This can also be
seen by examining the school and total discrimination measures for each variable that are shown
in Figure 3.1. It is worth noting that the discrimination measures of the schools exhibiting a good
fit (2, 7, 10) are in general larger than the total measures for all the variables, while those with
a poor fit (8, 12) have discrimination measures smaller than the total ones for all the variables.
This is consistent with the definition of the eigenvalues (both cluster and total) and the fact that
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there are no large differences between the clusters in terms of sample sizes. The remaining schools
have discrimination measures larger than the total ones for some of the variables, and smaller than
the total measures for the rest of the variables. Finally, some schools (e.g. 8, 9, and to a certain
extent 11) have smaller discrimination measures than the total for the majority of the variables;
however, for a couple of variables the cluster measures were much larger than the total ones, thus
indicating the possible presence of outliers. Figure 3.2 displays the total discrimination measures
of the ten variables. All variables discriminate (the category points are further apart) equally well
in both dimensions. Hence, it is difficult to associate a particular dimension with a certain subset
of the variables. However, variables C (students cutting class), E (robbery or theft), F (vandalism
of school property), G and H (student use of alcohol and illegal drugs) discriminate best among
students in both dimensions.

Figure 3.3 displays the category quantifications of the variables for each school. The points
in the graph represent the centers of gravity of the object points associated with each category.
Several different patterns can be observed between the variable categories. For example for some
schools (1, 4, 6, 10, 11 and 12) the following pattern emerges. In the lower left quadrant of the
graph we find the 'serious problem’ categories for cutting class, physical conflicts, robbery and
vandalism, use of alcohol and drugs, possession of weapons and physical and verbal abuse of
teachers. However, the 'serious problem’ category for student tardiness and absenteeism (variables
A and B) was located at different places in different schools. Thus, students in this area of the map
are associated with these categories, which implies that they consider their school to be seriously
affected by these problems. In the upper half of the graph, we find the 'minor/moderate problem’
categories for almost all the variables. Students associated with these categories believe that these
problem areas are present only to a certain degree in their schools. Finally, in the lower right
guadrant of the graph we find the 'not a problem’ categories for all the variables; hence, students
in that area of the graph think that there are no problem areas in their schools. It is interesting to
observe that the ’clustering’ of the students is done according to the same category levels. Thus,
students consider all the areas representing either a serious, or a minor/moderate or not a problem
in their school. In principle, in this set of schools we do not have students that indicate some
areas as being a serious problem and some other areas as not a problem. Hence, to a large extent
the analysis cleanly separates the students that think there exist serious problems in their schools,
from the ones that think their schools are problem free (as far as the areas identified in the data
set are concerned). Moreover, the analysis reveals distinctly nonlinear student response patterns;
that is, variable categories are not linear with with the dimensions of the space. For some other
schools (7, 9) the solution separates students that indicated that all the areas examined represent
a 'serious’ problem in their schools, from the rest of the students that indicate 'moderate/minor’
to 'not’ a problem. It is worth noting that the presence of outliers in school 9 distorts the picture
and might affect the interpretation. For some schools (2, 3, 5, 8) the students that said 'not’ a
problem are separated from the rest of the students. In this set of schools, unlike the first two,
we observe mixed response patterns. There are students that consider some of the areas being a
'serious’ problem in their schools, while some other only a 'moderate’ and in a few cases a 'minor’
problem. Some other interesting points arising from examining the category quantifications plots
are (i) the fact that use of alcohol is a 'serious’ problem in the rural schools 8 and 9 (but not in
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7) (see the position of G1 in the respective graphs), and (ii) the fact that student tardiness and to
a certain degree absenteeism are 'serious’ problems in the private schools (position of A1 and B1,
especially in school 12). In general, these 12 schools exhibit a wide range of student response
patterns. By closely examining the optimal category quantification plots we have identified three
'main’ groups of schools: those where the majority of the students believe there are problems,
those where most of the students believe there are no problems, and those where the students are
equally distributed among ’serious’, 'moderate/minor’ and 'not a problem’ subgroups. However,
even within these three groups there exists variation in the response patterns. This can be more
clearly seen from the plots of object scores shown in Figure 3.4 (all graphs have the same scale).
The distance between two student points is related to the homogeneity of their profiles, or more
generally, their response patterns (see also Section 1). These plots reveal the presence of outliers
in the group of rural schools (7, 8 and 9). They also show differences between schools within
the same group of response patterns identified after examination of the category quantifications.
For example, although schools 1, 4, 10, and 12 have similar quantification profiles, their object
scores exhibit differences; those of schools 1 and 12 are evenly distributed in the space, while
those of schools 1 and 10 tend to cluster into two groups: the ’serious problem’ and the rest.
Similar variations can be observed within the other two groups of schools. In general, it can be
seen that the response profiles of these 12 schools differ from the profile given by examining all
1,050 schools (see Section 2.6.1). Some of the schools (notably, the public suburban and private
schools) exhibit almost a quadratic profile (‘horseshoe’), although in most of them the "horseshoe’
is not filled. The latter fact indicates that students are cleanly clustered in three groups in those
schools. Examining each school separately has provided a better understanding of the variety of
response patterns existing in this NELS:88 data set.

4. Regression Model

The NELS example shows that in the presence of many grouping units unconstrained multi-
level homogeneity analysis leads to estimating a large number of model parameters, which in turn
introduces instabilities in the solution. In this section we introduce a model that restricts the cat-
egory guantifications to be the same across groups, but weights them by different factors for each
group. The model formally is given by

4.1) ijk e UIOéjk + QjBk, jed, kekK,

where@;, j € J are the restricted (overall) category quantifications &pd k£ € K the slope
matrices, andy,, j € J, k € K are parameters that ensure that the category quantifications have
a weighted sum over categories equal to zero. In this model the slope mBjridess K are
required to beliagonal
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To minimize the usual Gifi loss function, we start by computing)f;-ie as in (3.3). We then
partition the Gifi loss function as follows:

(4.2)
J K . J K . .
JTY D (X = oY) (X = GYe) + 7Y 0 D (Yo — Yiu) "D (Y — Yin)
j=1 k=1 j=1 k=1

and after imposing the restriction on thig’s we have to minimize

K J
(4.3) TN tr(Qi B — Yik) Dy (Qi B — Vi),

k=1 j=1

with respect ta); and B;.. Since theB,,’s are diagonal, (4.3) can also be written as

K J p
_ S S ~S ! S 28 ~S
(4.4) TN (@8~ 95) Dar (358 — 35)
k=1 j=1 s=1
whereq; = Q,(.,s), s = 1,...,pis an/; row vector and3; = B(s,s) a scalar. In what
follows we will use both forms of the loss function. We minimize (4.4) using an ALS algorithm,
by alternating ovey; and3; in aninneriteration loop. For fixed; the optimal3;’s are given by

M“

J
(4'5) Z y]k ]k)qj

J=1 J=1

This completes the first step of the inner iteration loop of the ALS algorithm. So, it remains to
minimize (4.4) with respect tg; for fixed 3;. We then get the following set of normal equations,

]kQ7 keK,s=1,...,p

K K
(4.6) > (B Djra; = BiDiii, €I, s=1,...,p.
k=1 k=1
From (4.6) we get that
K K
(4.7) @ = O B D) D BiDui. €T, s=1,....p.
k=1 k=1

In the absence of any further restrictions on the category quantifications i se()j, j e J.

So, we geﬁ?jk = ij?k and the inner iteration loop is complete. Then, we proceed to minimize
the Gifi loss function with respect t&, which is done as shown in section 3.

Once the algorithm has converged, we want to center the cluster category quantifications in
order to facilitate the interpretation of the joint plot of object scores and category quantifications.

For this purpose we use the intercept parameters. V\@sei udly, + Q]Bk, where
(4.8) &y = —(u' D@ By) /e, j € T, k € K.

Thus we get’' D;,Yj;, = 0 as required.



14 GEORGE MICHAILIDIS AND JAN DE LEEUW

The complete ALS algorithm for the regression model has the following steps:

Step O: Initialize X, so thatu'X = 0 andX'X = N1I,.

Step 1: Estimate the unrestricted multiple category quantification¥/bsy D]-‘IG;-X, Jjed.

Step 2: Estimate the slope coefficients = (37, 75, Deq?)/(37_1 & Diral), k € K,
s=1,...,p.

Step 3: Estimate the overall category quantifications by
G = (et (B D) L o BiDjidjn) j €T, s =1,...,p. ) o

Step 4: Update the unrestricted multiple category quantification¥hy= Q; By, k € K,
jed.

Step 5: Estimate the object scores By = J ! Z]‘Ll G,Y;.

Step 6: Column center and orthonormalize the matriégs k£ € K of object scores.

Step 7: Check the convergence criterion.

Step 8: Once the algorithm has converged, center the group category quantificefiornsc
J, ke K.

In principle, to obtain the minimum ovep; and B, steps 2-4 that constitute the inner iteration
loop should be repeated until (4.3) is minimized. However, since the value of the loss function will
be smaller after a single iteration of the inner ALS loop, inner iteration upon convergence is not
necessary in practice.

Remark 4.1. Absence of Rotational Invariancelhe solutions of the regression model are no
longer rotationally invariant (contrary to the multilevel Homals solution). To see thig & a

rotation matrix, and lef* = X x R. We then get that, = D'G;; X* = Y} R. Write (4.7)

in compact form a§°r_, D;1Q; BBl = Yor_, D;1Y;:RBy,. However, the matriceB;, andR do

not in general commute (i.€¢B;, # By R), so that the matrix); of category quantifications is not
rotational invariant. Under the regression model the axes become identified, and as a consequence
of this we are able to look at more dimensions.

Remark 4.2. The Relationship of the Regression Model to the INDSCAL-PARAFAC Mauie.

pose we collect the category quantification matricgsinto a three-way array, where the cate-
gories represent the first dimension of the array, the dimensionality of the solution the second and
the clusters the third dimension. In the psychometric literature, where these models originated, the
dimensions of the array are calletbdes For data structures of this form the following model has
been suggested in the literature [18, 6, 2]

(4.9) Z(., . k) = NV, k€ K,

whereZ(., ., k) represents one of thieslices of the three-way array, ® is an¢; x s matrix of
factor (components) loadings for the first modejs ans x p matrix of factor loadings for the
second mode and, is ans x s diagonal matrix of weights for each € K. The elements of

the A, matrix step up or down the sizes of the columnsbofor, equivalently, the rows o¥’).
Therefore, they represent the effect of the changes in the relative importance or influence of the
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factors on clustek. In case thé: slices are symmetric matrices, then the model is written as
(4.10) Z(., k) =AANA ke K.

Models (4.9) and (4.10) are known as Parallel Factors model (PARAFAC) and Individual Differ-
ences Scaling model (INDSCAL) respectively, and a more extensive discussion about them and
other models for three-way data can be found in chapter 7. It can be seen that the regression model
can be casted in this framework. In particular, we have

(4.11) Yk =Z(.,. k) = Q;BiI,, k € K.
Therefore, the regression model can be considered as a constrained form of the PARAFAC model.

Remark 4.3. On the ALS Algorithm.Unlike the unconstrained problem of section 3, the con-
strained problem given by (4.3) does not admit a close form solution (see also Remark 4.5 later
on). What we do in the inner iteration loop of the ALS algorithm is successive improvements of
the value of the loss function by holding in each steps a subset of the parameters fixed (the quan-
tifications and the weights). The value of the function will never be higher than before, because the
optimal values for the parameters that we compute in each step can not worse than their previous
values. Since (4.3) is bounded below by zero, more often than not, the algorithm will end up close
to the global minimum. However, this is not guaranteed. There may be cases where the algorithm
might get caught in a local minimum. Experience with the ALS algorithm for the PARAFAC
model suggests [2] that good initial values for the inner iteration loop are essential. So our strategy
in practice is to skip steps 2-4 for the first few iterations, so that we start with more ﬁ@hlehe

inner iteration loop.

Remark 4.4. Other Slope MatricesOne can consider other types of slope matrices (i.e. non-
diagonal). An interesting case arises if the slope matrices are upper triangular. Consider the sit-
uation where the columns @}, are the monomials (linear, quadratic, etc). TligmB,, with By

upper triangular will make the columns Bf;, polynomials of increasing degree, but with different
coefficients. For general slope matrices the model becomes strange and of no particular interest.

4.1. Loss and Fit. In the regression model the loss function is partitioned into two parts,

J K

(4.12) TN O (Xe = GpYin) (X — GiaYi) ' +
7=1 k=1
J K

T tr(QiBe — Vi) Diw(QBr — Yin).
j=1 k=1
Using the facty’, DYy, = Y}, Dj(D; G Xy) = Y},G% X, we can rewrite the first part of
(4.12) as
K J
> tr(Xp Xy — V) DY) = J 1) _tr(X'X - V/D;Yj),

1 k=1 j=1

M)~

(4.13) J !

J
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which is calledmultiple loss The diagonal elements of the matrid?g@j?j/N are calledmultiple
fit.

By examining (4.1) it can be seen that there is a built-in indeterminacy in the model. Thus,
in order for the,’s to be identified, we requir®_7_, Q;D;Q; = JNI,, k € K, whereD; =
S, Dy is thel; x ¢; diagonal matrix containing the univariate marginals of varighiter all K
clusters combined. Notice that this normalization constraint can also be writEgﬁ:qQ;.Dij =

S Y Qi DikQ; = Ypy Wi = JNI,, whereW, = Y7 Q;D;Q;, k € K. Using the
fact thaty~_, (Q;D;xQ;) Br = 3_7_, Q;D;Y;x the second part of (4.12) can be rewritten as

J K K
4.14) T O (V) DYy — BiQi D@ Br) = T Ztr (V] D;v5) = > tr(WiBy)],
k=1

j=1 k=1

whereB? = By, Bj, sinceB, is diagonal. LetV, = Wk/JN, k € K after imposinghe normal-
ization constraint, so thdf,_, Wy = JN Y, Wy. We can then write (4.14) as

J p
(4.15) J Ztr(YA;’Djf/j) —J! ZWk(s, s)Bi(s,s)).
7j=1

The quantity} ?_, ZkK:ka(s, s)B3(s, s) is calledregression fitwhile the expression given in
(4.15) is calledegression loss

4.2. A Special Case.We examine next the special case where the matrices containing the group
univariate marginals are of the form

(416) D]k == ’}/k\IJ], ,j € J, k€ K,

wherev,, k£ € K are given scalars, andl;, j € J diagonal. This implies that the distribution
of the categories of all variables are proportional across clusters. The problem then becomes to
minimize
K J p
S QS ~S / el ~S
(4.17) D> @B 05) V(a5 — G5,
k=1 j=1 s=1

with respect th] andg;, j€J, ke K, s=1,...,p, subject to the normalization constraint

K
(4.18) Zq] ZDJ’“ N<:>Zq] qu:N/(nyk),szl,...,p.
k=1

The optimalﬁk s are given by (using the normallzatlon constraint)
J

(4.19) Br=c'> ()¢, k€K, s=1,....p,

j=1
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wherec = N/ Zszl v Plugging the optimab;’s in (4.17) and after some algebra we get that it
remains to minimize

K »p J
(4.20) SN w Qo))

k=1 s=1 j=1

—

with respect t@;;, j € J, subject to the normalization restriction (4.18). We form the Langrangean

p K J D J
(4.21) =33 w @) - Z (D_(4)) ¥4 )
s=1 k=1 s=1

J=1 Jj=1

Write (4.21) as

p K J J J
(422) 330303 @)W 55) Vel = DA (Y (a) a5 — ) =

s=1 k=1 j=1 =1 s

whereVi = 3, 93,(45,)', i, j € J. Notice that(V};) = Viz. Letq® = [(¢1)' (3)'-- - (¢&)'] and
U =@/, ¥, and define

Vin o Vi
Vi=1... ... ...
Vi ...V
Then, (4.22) can be written as
p
(4.23) D () TV — A ((¢°) g - c).
s=1
SettingoL/0q* = 0 we get
(4.24) UV =\’ <= VUq° = N\¢°, s=1,...,p,

which shows thai\, is the largest eigenvalue of thé’¥ matrix andq' the corresponding eigen-
vector, \, the second largest eigenvalue and so on. Therefore, in this special case the problem
admits a closed form solution, and the inner loop of the ALS algorithm will converge to the global
minimum.

Remark 4.5. The General Casén light of the above result let us examine the case for gedeyal
matrices. To ease the presentation we examine the probleneiimension (so, the superscripts
s is dropped). Then, after substituting the optimigk in the loss function, we get that we want to
maximize

b

T o
= > im1 2im1 G0k Yi Dindi
(4.25) 3 L6
k=1 Zj:l (Iijk(Ij
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with respect tay;, j € J, subject to the normalization constraint

J K
(4.26) > 4O Di)g; =N.
k=1

J=1

Lettlng D, = @;:1 Djlca ke K andAk = D, V.. Dy, where

ViV
Vi ooV
andV}} = 9,7}, (4.25) can be written as
K /
q'Arq
(4.27) -
; ¢'Drq

The additive nature of (4.27) shows that maximization corresponds to solving the following system
(428) Arqg — M\ Dyq, k € K,

subject to the normalization constraint (4.26). Therefore, we are looking at the simultaneous di-
agonalization of thel, — A\, Dyi’s. One obvious but fairly uninteresting condition is tHat, —

MeDy }E_ | is a family of commuting matrices (see [22]). However, notice thét — A\ Dy} X,

is also a family of symmetric positive definite pencils, and the question is whether they admit a
simultaneous diagonalization.

4.3. NELS:88 Example (continued). We continue with the example introduced in the previous
section. A two dimensional solution incurred a total loss of 589.4, with the multiple loss com-
ponent contributing 507.4 (86.1contributing 82.0 (13.9%). The following graph summarizes the
contribution of every school to the total fit (multiple and regression fit). The public urban schools
(1, 2, 3) exhibit the poorest fit as a group, while the public rural (7, 8, 9) the best one. The public
suburban schools (4, 5, 6) had very similar fits, while the private schools (10, 11, 12) exhibit a large
variation in terms of fit. The plot of the overall category quantificati@gpss) is given next. The

two more striking features of figure 4.2 are the quadratic pattern of the category quantifications,
and the clustering according to the prior classification. Hence, the category quantifications of the
category 'not a problem’ form a separate cloud of points, and the same holds true for the remain-
ing categories. Therefore, four separate groups of response profiles are formed. The regression
solution recovers the quadratic profile that is present when examining all students in the data set
(23,248) as a single group.

In figure 4.3 the values of the slope (weight) matriégs & € K are given. As expected,
all the variables are weighted more heavily in the first dimension, than in the second one. This
implies that the solution exhibits a better fit in the first dimension, compared to the second dimen-
sion. Regarding the schools, it can be seen that private school # 12 has very low weights in both
dimension, followed by public suburban school # 5. The public urban schools (1, 2, 3) receive
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very similar weights, as well as the the public rural ones (7, 8, 9). On the other hand, the public
suburban and especially the private schools exhibit larger differences in the patterns of their weight
matrices. Figure 4.3 suggests the following grouping of the 12 schools in this example: schools
1-4, 8, 10 and 11 form one group, schools 5, 6 and 12 a second one and schools 7 and 9 a third
one. In general, there is a great deal of consistency in terms of weighting in the two dimensions;
that is, schools with a high weight in the first dimension usually have a high one in the second one
and vice versa.

Finally, the cluster category quantifications (after centering) and the object scores are given
in figures 4.4 and 4.5, respectively. Figure 4.4 summarizes the information presented in figures
4.2 and 4.3. Hence, the public urban and the public rural schools are fairly homogeneous, while
the public suburban and to a greater degree the private schools exhibit larger differences between
them. Moreover, it is interesting to observe the very similar patterns that all schools exhibit for the
category quantifications. The clustering according to the prior classification that we saw in figure
4.2 is present here as well, although the 'minor’ and 'moderate’ categories appear to be mixed. On
the other hand, the object scores have greater variability in their patterns. For example, we have an
almost perfect quadratic pattern by school # 4, to a almost filled 'horseshoe’ by school # 11, with
the remaining schools somewhere in between. These two graphs suggest that in school # 4 none of
the students gave responses mixing categories 1 and 4, or even 2 and 4. However, this seems to be
the case with students in schools 5, 11 and possibly the public urban schools. The object score plot
also reveals the presence of outliers in schools 7 and 9, something known from the unconstrained
multilevel Homals solution presented in section 3. The solution shows that the public rural schools
are the most problem free, followed by the private schools, while the public urban schools seem to
be rather rough.” A similar conclusion was reached by imposing a different type of restriction on
the category quantifications (see [24]). The solution from the regression model filters most of the
noise present in the data. It borrows strength from all the clusters, and therefore tends to reduce
the variability between clusters and produce a more uniform pattern. When examining a relative
small number of clusters it might filter the data a bit too much, thus eliminating some possibly
interesting features. In such cases, different weights for different subsets of variables (see section
5.1) might offer the most interesting alternative.

5. Extensions of the Regression Model

In this section we examine various possible extensions and generalizations of the model pre-
sented in section 4.

5.1. Sets of Variables. The basic restriction on the group category quantification matkiges-

Q) B, implies that all the variables in the same cluster receive the same weighting provided by the
elements of the slope matri®,. This weighting is, naturally, a function of allvariables, with the
weights given by the corresponding marginals. However, in many data analytic situations when
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examining the interdependence of a set of variables one might want to have a different weighting
scheme for different subsets of variables. This may be due to prior knowledge regarding the nature
of the variables under consideration. For example, in case one examines the relationship of grades
received by a student in various subjects, with the amount of time the student spent studying
these subjects, it is reasonable to give a different weighting to the set of grade variables and a
different one to the set of study variables. Analogous situations occur in many other fields in the
physical, social and life sciences. In order to accommodate the above described situation in our
regression framework, we partition the set of varialllésto H subsets,J(h), h = 1,...,H, SO
that> 1" |J(h)| = J, where| A| denotes the cardinality of st We then require

(5.1) Yir = Q;Bg, j € J(h), J(h) CJ, k € K.

The estimation of the category quantificati@ps j € J and the slope matriceB)!, k € K, h =
1,..., H, is done by a small modification in the inner ALS loop. More precisely the slope matrices
are estimated by

(5.2) By =(diag ) _ Q'D;Q;) " (diag( > QDyYp)), k€K, h=1,....H,

jeJ(h) JjeJ(h)

and the category quantifications by
K

(5.3) Qi(t,) =5t Dy(t, )V ' t=1,... 4, je J(h), h=1,... H,
k=1

whereV}" = B!B! andS" = 37" D;Y;uBP. Therefore, the weighting of the cluster category
quantifications becomes a function only of the variables that belong to thig/setas expected.

It is worth noting that in the extreme case where eaclyék} contains exactly one variable,
then there are no further restrictions imposed.

5.2. Restrictions on the Slope Matrices.The slope matrice®;, k£ € K determine the weight-

ing the quantifications of all the variables receive for clugteSince, these matrices are largely
influenced by the marginal frequencies (see (4.5)), we can say that they express in a certain sense
the importance of each cluster. In other words, large clusters are weighted more heavily than small
ones. However, in many cases there are other important variables that describe the importance or
the peculiarities of the clusters and which we would like to incorporate in the analysis.

Notice that the situation we just described presents many similarities to what goes on in the
hierarchical linear models (HLM) literature (see for example [4, 23]). The basic idea in the HLM
literature is that individuals in the same group (e.g. classroom, school, socioeconomic status) are
closer or more similar than individuals in different groups. Thus, for example students, in the same
class share values on many of the variables used in a particular regression model. One way to
formalize this idea is to fit a separate regression model (with its own intercept and slope) for each
group, the so-callefirst levelmodel. We can then build another regression masg@nd levéifor
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the slopes, thus making them depend on class variables such as class size, teacher’s philosophy etc.
There are linear models on both levels, and if there are more levels (e.g. students within classes,
within schools, within school districts) there are more nested linear models. Therefore, a new class
of regression models can be built that takes into account the hierarchical structure of the data and
makes it possible to incorporate variables from all levels. The basic assumptions for regression
models are linearity, normality, homoskedasticity and independence. In the HLM framework the
first two are maintained, but the last two are adapted to more complex situations, e.g. independence
of individuals across groups, but dependence within the group. Such adaptations have yielded an
extensive body of theoretical results for estimation procedures, prediction, regression diagnostics
(see [4, 20])).

In our case we have the regression moHgl = ; B, that corresponds to the first level
model in the HLM literature, and at this point we are interested in modeling the slope matrices
By, (which would correspond to the second level model). However, the focus of this study is on
the representation of the data and no specific stochastic assumptions are made. Thus, error terms
will be absent from the subsequent discussion (a big contrast to the HLM literature). In order to
introduce the second level part of the model, we definddh®w vectors(,, s =1,...,p, where
each element, (k) = By(s, s); thus, we gather all th& elements of the slope matrices in tie
dimension in a single vector. Then, we require

(54) Cs:q)5sa 8217"'5p7

where® is a K x v design matrix and, ar x 1 vector of regression coefficients, wherés the
number of second level variables. The component of the Gifi loss function given by (4.3) can be
decomposed after estimating the slope matrices by (4.6) as follows:

K J K
(5.5) J' N tr(Q;Br — Yik) Dy (QiBr — Vi) + 1Y _tr(By — By) Wi (Bi — By),
k=1 j=1 k=1
whereWy = ZJ‘.JZI Q;D;Q;. Thus, we must minimize the second component of (5.5) after
imposing the restriction (5.4). Lét, be aK x K diagonal matrix containing thg, s) elements
of theWy, k € K matrices; thatisy; = diag[W (s, s), Wa(s, s),..., Wk(s, s)]. Itis easy to see
that we can write
K p
L . . .
(5.6) > (Bi = Bi) Wi (B — Br) = > (@0, — () S (24, — G,).
k=1 s=1
Hence, we need to minimize (5.6) with respectios = 1,...,p. The minimum is given by the
generalized least squares estimate

(5.7) 0y = (@'2,0) ' UX(,, s=1,...,p.

The complete ALS algorithm for the regression model with linear restrictions on the slope matrices
contains the same steps as before. However, between steps 2 and 3, an additional step must be
inserted, that estimates the parameterand then updates the slope matrices by computing

Uiy, s=1,...,p.
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The restriction (5.4) allows to bridge ideas from the Gifi system (e.g. optimal scaling of
categorical variables) and from the HLM literature (e.g. linear restrictions on first level model
parameters).

6. Concluding Remarks
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FIGURE 3.1. Discimination Measures of the Variables for the Schools; Public
Urban: 1,2,3, Public Suburban: 4,5,6, Public Rural: 7,8,9, Private: 10,11,12; the
solid line represents the variable’s overall discrimination measure (Left: dimension
1, Right: dimension 2).
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