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Abstract

A multivariate estimation technique for normal correlation in discrete variables
is introduced. It is shown to give efficient estimates under fairly general
conditions. The performance of the technique is discussed, and illustrated wifh a
bootstrap simulation study on a real-life 'dataset.
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1. INTRODUCTION

With the recent developments in multivariate moment structure modelling
of discrete variables (e.g. Muthén & Christoffersson, 1981, Muthén, 1978, 1982,
1984), there is a renewed interest in the problem of efficient estimation of
normal correlation in discrete, ordered variables. In the LISREL-program for
instance (Jdreskog & Sérbom, 1981), an option for the calculation of polychoric
correlations is incorporated and in Muthén (1984) the LISREL-methodology for
structural equation modelling is extended to mixed sets of continuous and
discrete variables, giving polychoric correlations for each pair of variables,
GLS-estimates of the covariances of the polychorics and a chi-square diagnostic
check on the multinormal model. Another important contribution is Poon & Lee
(1987) who present a ML-estimation technique for the correlation matrix of a
mixed set of multivariate normally distributed continuously and discretely
observed random variables. All methods and models mentioned here give a
consistent estimate of the polychoric correlation matrix, but only the Poon &
Lee (1987) estimate is a full information ML-estimate, and therefore efficient if
the condition of multivariate normality is met. So a statistically efficient
solution to the multivariate polychoric correlation problem exists, though at the
price of a laborious computing process because of the complicated likelihood
function requiring the repeated evaluation of multiple integrals.

Using the likelihood principle, however, is not the only possibility to obtain
efficient estimates of the polychoric correlation matrix. In this paper it will be
shown that a multivariate extension of the Ritchie Scott (1918) polychoric
correlation estimation model (i.e. the minimum variance weighted average of
tetrachoric correlations) gives (almost) equally efficient polychorics and in a
computationally easier way. A chi-squared test statistic on the model residuals
provides a diagnostic check on the appropriateness of the model assumption of
multivariate normality.

The discussion in this paper is structured as follows. In section 2 a short
review of the Ritchie-Scott (1918) methodology for solving the mnormal
correlation problem in discrete, ordered random variables is presented. In
Section 3 the multivariate estimation model is defined and its statistical
features are discussed. Section 4 gives some computational considerations with
respect to the estimation technique. In Section 5, finally, the technique is
illustrated in the spirit of K. Pearson, presenting results of a bootstrap
simulation study on a recently analysed and published set of father and son
IQ-data.
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7. ESTIMATION OF NORMAL CORRELATION IN BIVARIATE TABLES

Let u and v be two random variables having a standard bivariate normal
distribution with correlation parameter p. Suppose further that u and v are
observed as discrete variables x and y with n and m categories, respectively.

Given thresholds —oo<al<o.2<..<an_1<oo for u, x is defined by

x =1 if u<a ,
1

x =2 if a <u<a,,
1 2

x =n if a. _<wu,
n-1
and y analogously by v and thresholds —oo<[31<[32<..<l3m_1<°°. Now if w” denotes
the joint probability of u <a, and v <Bj then the model states that

Ty = prob(x < i & y < §) = prob(u <ay &v <Bi) = °p(°‘i’Bi) (1)
1 = 1)2)..)11,

i = 1)2)-.ymy

m
a B)
00 =00

and ¢ o (u,v) the standard bivariate normal density with correlation p. If LI
prob(u<a1) and Tr_&j = prob(v(Bj) then (1) implies that LA d>(ai) and 1r+i = <D(Bj),
with ®(.) the standard normal distribution. The parameters of the model are

A yes& e .
P> 7! n—l,Bl, ’Bm—1



A simple count in (1) shows nm - 1 independent probabilities which are to be
explained by (n - 1) + (m - 1) + 1 parameters. Thus unless we have a fourfold
table of observed frequencies (n = m = 2), the model is restrictive, and the
number of restrictions it imposes is (n - 1X(m - 1) - 1. In general we cannot solve
for p,al,..,an_l,Bl,..,Bm_l, given the Tfij, LAY and 1r+’. Therefore, actual
methods for computing estimates of these parameters concentrate on finding
approximate solutions to the equations pij =P p‘ai’Bj)’ P, = ¢(ai), and p+j = ®(Bi)
(Pearson & Pearson, 1922, Tallis, 1962, Lancaster & Hamdan, 1964, Martinson &
Hamdan, 1971, Olsson, 1979). Here pii’ P, and p+i are, of course, the sample
analogues of the cumulative probabilities defined above.

The oldest, and for our purposes most interesting method was proposed by
Ritchie-Scott (1918). This is the method that is generalized to the multivariate
case below. Ritchie-Scott took as his point of departure the computation of the
(n - 1Xm - 1) tetrachoric coefficients corresponding with the different points of
dichotomy in the table. Each of these tetrachorics is a co_nsistent, but not an
efficient estimate of p in the n x m-table. The next step is to compute the linear
combination of the tetrachorics (with weights adding up to one) which has the
smallest possible variance. For this we obviously need the dispersion matrix of
the (n - 1Xm - 1) tetrachorics, and as a consequence the method of
Ritchie-Scott could be applied, until recentlyrt; %ery small tables.

Here a somewhat modernized and streamlined account is given of
Ritchie-Scott's (1918) method. For this purpose (1) is ‘'reduced' to the
tetrachoric model (n = m = 2) for a typical point of dichotomy (ai, Bi) by
collapsing all categories up to and including i, and likewise j, and similarly the
categories above i, and j. In this tetrachoric model let a; = ¢_1(T|‘i+) and
Bj = ¢'1(1r+i). Then, by the fact that ™ is strictly increasing in p for fixed a,
and Bi' and by employing the implicit function theorem, it follows that an unique
solution pij of 'n'ij = ¢p(ai’Bj) exists. Since this can be done for each point of
dichotomy (ai’Bi) i=1,.,n - 1, j=1,..,m -1, a one-to-one transformation of the
"ii’ T "+j to pﬁ, ayp [3j exists. In these new coordinates the polychoric model
for the table is identical to the model that the (n - 1)(m - 1) values of p i are all
equal. The transformation has consequently produced a linear model in the new
coordinates.



Now apply the same transformations to the observed proportions, which
gives estimates a , 8 and pi . These estimates are all consistent, but there are
n-1)Ym-1 estlimajtes of tgxe single parameter p, which is undesirable. Collect
the (n - 1) + (m - 1) estimates «_and B in the vector 91 , and the (n- 1)Xm - 1)
estimates % in the vector 62 . The joint dispersion of the asymptotic distribution
of (', ') is V, with submatrices V1 ? V12' V22' Note that V is positive definite,
unless |p| = 1, in which case the model degenerates. A consistent estimate Vof V
is asymptotically positgvlteldefilriite with“g;obabﬁity one. Its inverse, V- has sub-
matrices written as V , V , and V . By standard statistical large sample
theory (Ferguson, 1958, Wijsman, 1959, 1960) efficient estimates of the
parameters are obtained from a sample of N observations by minimizing the chi

square function

B\ “11 ) “12
g©,0)=N{6 -6)YV (© -6)+206 -0)V (0 -0+
1 2 1 1 1 1 1 1 2 2

- 99 *
© -8)v (© -06)} (3)
2 2 2 2

with ©; the vector of threshold parameters a; and f3j, and with O3 the vector of
tetrachorics pii‘ There are no restrictions on 61, while all elements of 92 must

be equal. Given 92 (3) is minimized over 91 by setting

~ “11 -1 712
© =0 +(V ) V (© -06). ' (4)
1 1 2 2

The value of the minimum over 91, given 92, is

N "22 21 "11-1712 °
g*0)=NM© -6){(Vv -V (V) V X6 -0)=
2 2 2 2 2

- ~l1 - _
=N@© -6)'V (6 -0). (5)
2 2 22 2 2

This result is of importance, because it shows that for effigient estimation of
the polychoric correlation coefficient only V. , a consist){r;f estimate of the
the dispersion matrix of the tetrachorics, is needed. Covariances between

tetrachorics and boundary points are not needed.



By writing 92 in the form 92 = pu, where u is a vector with all elements
equal to +1, and by differentiating (5) with respect to p, it follows that the

estimate of the polychoric correlation is

-

-1 “-1
p=@QV OB Yxu'V u. (6)
22 2 22
The minimum value of (5) is
-1t “-17 2 "1
g** =N 'V 6 -V 6)/uV_ uw} N
2 22 2 22 2 22

which is asymptotically a chi square with (n - 1Xm ~ 1) - 1 degrees of freedom.
This statistic can be used to test (discreticized) bivariate normality in a general
nxm table. It remains to be shown that this is actually the same procedure as
the one discussed by Ritchie-Scott (1918). A linear combination h'92 of the
tetrachorics has dispersion h'szh._'_r{ﬂs mqs}l be minimized under the condition
that h'u = 1. The solution is h = szu/(u'vzzu) » and from (6) it follows that p is
an estimate of h'O .

The theory 11% this section is quite satisfactory and useful, but in order to
apply it an estimate of sz, the dispersion of the asymptotic distribution of the
(n - 1Xm - 1) tetrachorics is needed. This matrix is obtained using the results
derived in the Appendix. It is perhaps important to emphasize that if also
efficient estimates of the a, and B) are wanted, then the matrices V11 and V12
must be estimated as well. These formulas are not given here explicitly, but the

general approach of the Appendix makes it relatively simple to derive them.



3. JOINT BIVARIATE ESTIMATION IN THE BLOCK MULTINORMAL MODEL

An obvious next step in the development of the Pearson-approach to
multivariate analysis with discrete variables is an attempt to generalize the
models and techniques from the previous sections to the multivariate case. The
model is easy to generalize, and this is done first.

If there are k observed variables, then their probability distribution can be
displayed as a k-dimensional contingency table. Each cell in the table has
probability equal to the integral of the multivariate normal density ¢1.. (x) over

the parallelopiped in Rk defined by the cell boundaries (some of which may be
infinite). Here I is the correlation matrix of the k variables, which without loss

of generality may be assumed to have zero mean and unit variance. De Leeuw
(1983) calls the resulting model the block-multinormal model.

The next step in the previous section was to find a one-to-one
transformation of the probabilities in the table which simplified the model. In
the multivariate case this is much more difficult for various reasons. The most

important one is that the parameters of the multivariate normal distribution are
- in standardized form - the %k (k-1) correlations of all different sets of two
variables. So the parameter structure is essentially bivariate. As a consequence
the bivariate normal model can be fitted exactly to a 2 x 2 table, but the
multivariate normal model cannot be fitted exactly to a Zk table with k > 2.
Moreover, an estimation method based on the multivariate tetrachoric series
(Kendall, 1941) would be of limited value since the series diverges for many
correlation structures (Harris and Soms, 1980). It appears that the
transformation approach of the previous section does not work in the
block-multinormal model, at least not adequately.

On the other hand it is clear that, in principle at least, the maximum
likelihood method (or a minimum chi-square method) can be applied to the
block-multinormal model directly, i.e. without transformations. We have
expressions for the cell probabilities, which is all we need (see Poon & Lee, ’
1987). But with such a technique the complications simply occur at a different
level. In order to evaluate a cell probability we have to compute a multivariate
integral, and this is in most cases difficult and laborious. And if k is at all large,
we deal unavoidably with a large number of empty cells in the observed table,
which makes it difficult to rely on the asymptotic results of maximum likelihood
estimation. Even if we choose to do so, we may at least expect the sampling
errors of the resulting estimates to be extremely high.



The above considerations suggest that it is unwise, at least for the moment,
to apply the block-multinormal model in situations where we deal with, say, five
or more variables. It seems that the general model is beyond our present
capacities, both computationally and statistically. Consequently in this paper a
'‘derivative' of the general model is considered in which the unobserved

continuous variables Upreeally aTE not assumed to be jointly multivariate normally

distributed, but merely that all (1;) bivariate marginals are normally distributed.
Of course, multivariate normality implies joint bivariate normality, but
multivariate normality is much stronger because it also implies relations
between higher order probabilities. It is also clear that the empty cell problem
will be less serious for the joint bivariate block-normal model, because the
bivariate marginal tables are much better filled than the multivariate table.
Here follows the analysis for the joint bivariate model.

In this case the appropriate transformation is easy to find. All bivariate
tables are simply transformed to boundary points and tetrachoric correlations,
and all higher order frequencies are not transformed, but left as they are. This
defines a one-one transformation again, and the joint bivariate block-normal
model is equivalent to the linear model which asserts that all tetrachorics
corresponding to the same bivariate marginal are equal. If variable j has nj
categories, then we have (ni -1) (nQ - 1) tetrachorics for the pair (j,2).Collect all

r
j <R (nj—l)(ng

with ¥ the vector of (1;) correlation coefficients and S a binary selection matrix

-1) tetrachorics in the vector ©. Then the model says that © = Sy,

which connects the separate tetrachorics with their respective bivariate tables.
S is chosen such that each column of S corresponds with one table, say of pair
(j,Q.).‘ It has (nj
column are zero. Using exactly the same reasoning as in the previous section

-1 (ng -1) elements equal to +1 and all other elements in the

shows that efficient estimates of the vector Y can be found by minimizing the

chi square function

-

- 1 -
g(M=NO-SYYV (©-S8Y), : (8)
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where V estimates the dispersion matrix of all tetrachorics jointly (compare the
Appendix). Observe that the estimates are fully efficient in the joint bivariate
block-normal model, and the minimum value of the chi square statistic gives a
test for the appropriateness of this model. If interpreted in terms of the
multivariate block-normal model the estimates are limited information
estimates, which are consistent but not fully efficient. The chi square statistic
then merely tests a necessary condition for block multivariate normality.

The minimum of (8) can be found once the dispersion matrix V is computed.

The estimate of v, a vector of (2) elements, is simply

-

o1 -1 °-1°
Y=(S'V S) S'V 6, (9)

and the minimum value of the loss function is

-~ -~ -~

-1 -1 -1 -1 "-1°
g*) =NB'(V -V S(S'V 'S) S'V )8 (10

which is the chi square for goodness-of-fit of the joint bivariate block-normal
model. It follows directly from (9) that the dispersion of the asymptotic distri-
bution of v is given by

- PS

“-1 -1
E(y-VN(y-MY=('V 8 . (11)

Because the procedure presented here requires more computation that the
bivariate procedure of Olsson (1979), used in LISREL, it should at least be
indicated what its theoretical advantages are. In the first place, and most
importantly, there is information about the covariance of the asymptotli;: distri-
bution of the polychoric correlations. It follows directly from (8) that N (y -v)
has asymptotic dispersion (s'v-18)-1, Of course the covariance of the
correlations is needed if parameters of a structural model must be fitted
efficiently to the polychoric correlations at a later stage in our investigations
(see, for example, De Leeuw, 1983, Muthén, 1984).
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A second advantage of our method, already indicated above, is that the
procedure is fully efficient in the joint bivariate model. Since the method of
Olsson does not take covariation befween different bivariate distributions into
account, it is a limited information method for the joint bivariate model, and
consequently not efficient.

In the third place it follows from the usual asymptotic statistical theory
that our method is efficient in the block multinormal model, provided we
suitably restrict the class of competing estimates. More precisely, if we define
the class C of estimates which are differentiable functions of the bivariate
marginals, and which are Fischer-consistent for the polychoric correlations, then
our method has the same asymptotic dispersion as the best method in this class
(see De Leeuw, 1983). Olsson's method is in C, and so our method generally will
be better. Observe, however, that our method itself is not in C, because it uses
fourth order frequencies in the estimation of V (see the Appendix).

How much better our method will be, is relatively easy to estimate.Olsson's
estimate of Y, asymptotically equivalent to v, is the generalized least squares
estimate of (8) with V replaced by VB, the block-diagonal matrix in which the
diagonal blocks of V are copied. Thus

~ "ol -1 -1
Y=(V_D SV e (12)

Its asymptotic dispersion, (S'Vg'18)‘18'Vg'IngS(S'VB'lS)“l, is larger than
(S'V'IS)-I, the dispersion of Y. How much larger depends on the particular

application.
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4. COMPUTATIONAL CONSIDERATIONS

Formulas (9), (10), and (11) give the desired answer to the statistical (first
order) problems associated with the joint bivariate model. For practical purposes
however, these formula's are not well-suited. Suppose we analyse 10 variables
with, say, § categories each, then each bivariate table gives 16 tetrachorics, and
the total number of tetrachorics is 45 x 16 = 720. Consequently about 260,000
different covariances between tetrachorics have to be computed, and the
resulting matrix of order 720 must be inverted. This last operation may cause
trouble as to computing time, storage, and numerical instability. Therefore an
alternative formulation of the problem is considered, which seems more friendly
in these respects. It is also seen directly to be the joint bivariate generalization
of the method of Ritchie-Scott (1918).

-

Consider the minimization of tr A'VA of all matrices A that satisfy A'S = 1.
A must have the same dimensions as S, i.e. the number of tetrachorics times the
number of polychorics. The solution for A is

A=V sev el | | (13)
Thus, from (9), Yy = A'O. Because A'S = [ we see that the polychorics are a linear
combination of tetrachorics, with coefficients adding up to one. A is computed
iteratively, by using a conjugate gradient method with linear restrictions
(Pshenichny and Danilin, 1978, chapter 3). The method is self-correcting, it can
be truncated if there is no subsequent improvement of the objective function
tr A' VA, and it does not require explicit inversion of V A convenient and rela-
tively cheap initial estimate of A is found if we restrict A to be of the form
a +od aKwith + the direct sum and with K = (2). Thus the initial A has non-
zero elements in a row only for the tetrachorics corresponding to that row. In
other words, we initially compute polychorics for each table separately, which
has the additional advantage that we also have a partitioning of the overall chi
square into components, one component for each bivariate distribution. It will
also be clear from a comparison of initial and final estimates how much is gained

by going from a separate to a joint bivariate estimation method.
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5. A BOOTSTRAP SIMULATION STUDY ON REAL LIFE DATA

It will be clear from the definition of model (8) that the accuracy of the
polychoric estimates largely depends on the (un)biasedness and robustness of the
tetrachoric estimator. Indications for the existence and magnitude of either
effect in the latter can be found in contributions of Pearson & Heron (1913),
Castellan (1966), Froemel (1971), Kirk (1973), and Brown & Benedetti (1977).
Generally speaking all estimators prove to be more or less susceptible to bias in
case of tables with small cell-frequencies (less than five), whether or not in
combination with a "high" correlation.

As to robustness against violations of normality, less is known. Again, in
general, one may say that the use of extreme points of dichotomization should be
avoided (if necessary, this can be done by regrouping the data). Nevertheless, the
tetrachoric estimator may be unbiased and robust whereas the polychoric may
not be. In order to examine the possibility of such effects a Monte-Carlo study
was performed on both the tetrachoric and polychoric estimator in a small
example. The tetrachoric correlations were computed with Digvi's routine
(Digvi, 1979).

To save space only the main results are mentioned here. A more detailed
description is presented in Van der Pol & De Leeuw (1986). Analysing 400
samples of respectively 200, 400 and 1600 observations of computer generated
normally distributed data on three variables with three categories, uniform
marginal observed distributions, and correlations .8, .6, and .5, it showed that on
average the tetrachoric estimates are slightly negatively biased. The polychorics
have a similar tendency in the positive direction. Both effects, however, are not
marked enough to be disturbing. So with regard to the polychorics the simulation
results are in close agreement with those of Olsson (1979).

In a second example the effect of regrouping data on the polychoric
correlation estimator has been examined. Again only main results are mentioned.
Recoding an 18 x 18 table of heights of fathers and daughters (Pearson & Lee,
1903) according to the types presentgd in Lancaster & Hamdan (1964), and
comparing several correlation estimators it showed that the joint-bivariate
correlation coefficients and the Olsson (1979) ML-estimates identical are within
two decimal places for various types of collapsing adjacent rows and adjacent
columns. Collapsing opposite rows and/or opposite columns, however, gives
highly divergent and inconsistent results for all types of estimators. Again,
details are in Van der Pol & De Leeuw (1986).
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A third example more appropriate for the joint-bivariate model presented
here is a bootstrap simulation study on a set of (non-verbal) intelligence (IQ), and
social economic status variables (SES) analysed in Vroon et al. (1986). The data
set used contains 2776 IQ-scores of fathers and sons measured at the age of
eighteen years by means of army intelligence tests for Dutch conscripts. A third
variable added is a combined measure for the social economic status of the
household both belong to. The SES-variable is a combination of educational level
of the father, and of the mother, and occupational level of the father. To keep
~ the presentation short, the three variables were recoded to three categories by
collapsing adjacent categories such that approximately a uniform observed
marginal distribution was obtained for each variable. From this dataset 100
bootstrap samples were generated and analysed. The averaged results are given
in Table 1. It shows tetrachoric correlations for the three bivariate tables, their
computed and estimated standard errors, the bivariate and the joint-bivariate
polychoric correlations and their computed and estimated standard errors, three
teststatistics for the bivariate, and one for the joint-bivariate estimation model.
Note that in this particular simulation study on the average only a small
improvement for the joint-bivariate polychorics over the strictly bivariate
polychorics has been established. Note also the close agreement between the
estimated and computed standard deviations of the coefficients.

In Table 2 and Table 3 estimates of the polychorics’' large sample
covariances are shown. The estimates in Table 2 are the consistent large sample
covariance estimates as computed from the bivariate polychorics and the

tetrachorics' covariance matrix, i.e.

1 1

C= (SO'V' So)— » (14)

with So the bivariate solution of (13) and initial matrix for the joint-bivariate
estimation algorithm. These estimates are asymptotically identical to Muthén's
(1984) covariance estimates of the polychorics (see also Browne, 1984). In Table
3 the joint-bivariate efficient estimates are shown. Comparing the various
results provides an insight into the improvement achieved when passing from the
strictly bivariate to the joint-bivariate estimation model. As to that aspect of
this particular simulation the overall conclusion is obvious: only a very small
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improvement can be noticed in the correlation, and standard errors are on
average slightly smaller than the strictly bivariate estimates. Moreover, the test
statistics indicate that on average both the strictly bivariate and the
joint-bivariate estimation model has td be rejected (in both cases 56 out of 100
times). Clearly this result is partly due to the choice of data and the processing
of the IQ-, and SES-variables. But the fact that in Poon & Lee (1987), using
artificially generated data, somewhat similar findings are shown, might indicate
that the effect is possibly relatively common. Further exploration on this topic is

needed.
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Table 1

Bootstrap simulation study of tetrachoric and polychoric correlations.
Chi squared test statistics of the bivariate and joint-bivariate estimation model

Mean
IQ-father x IQ-son
Tetrachoric: (1,1) 0.3330
(1,2) 0.3350
(2,1) 0.3000
(2,2) 0.2912

z-value (1) - 0.4164
IQ-father (2) 0.4809

Polychoric (j.biv.) 0.3162
S.e. 0.0219

IQ-father x SES

Tetrachoric: (1,1)- 0.0051
(1,2) 0.0679
(2,1) 0.0434
(2,2) 0.0879

z-value (1) - 0.4164
IQ-father (2) 0.4809
Polychoric (j.biv.) 0.0521

S.e. 0.0239

IQ-son x SES

Tetrachoric: (1,1) 0.0509
(1,2) 0.0837

(2,1) 0.1107
(2,2) 0.0869

z-value (1) - 0.5052
IQ-son (2) 0.3486

Polychoric (j.biv.) 0.0951
S.e. 0.0238

X2 (3.biv.XDF = 9) 19.7956

S.e.

0.0328
0.0281
0.0309
0.0281

0.0265
0.0221
0.0213
0.0002

0.0336
0.0334
0.0325
0.0303

0.0265
0.0221
0.0234
0.0001

0.0360
0.0333
0.0317
0.0277

0.0278
0.0228

0.0221
0.0001

7.6304

S.e. tetrachoric:

z-value
IQ-son

Polychoric (biv.)

X2 (DF = 3)

S.e. tetrachoric:

z-value
SES

Polychoric (biv.)
X? (DF = 3)

S.e. tetrachoric:

z-value
SES

Polychoric (biv.)
X? (DF = 3)

(1,1)
(1,2)
(2,1)
(2,2)

(1)
(2)

(1,1)
(1,2)
(2,1)
(2,2)

(1)
(2)

(1,1)
(1,2)
(2,1)
(2,2)

§))
(2)

Mean

0.0294
0.0293
0.0311
0.0296

0.5052
0.3486
0.3167
5.4503

0.0355
0.0359
0.0308
0.0310

0.8739
0.1388
0.0517
8.2639

0.0358
0.0351
0.0311
0.0304

0.8739
0.1388

0.0869
6.3962

S.e.

0.0006
0.0004
0.0005
0.0004

0.0278
0.0228
0.0219
3.5730

0.0004
0.0004
0.0001
0.0002

0.0276
0.0221
0.0234
§5.0844

0.0005
0.0003
0.0002
0.0001

0.0276
0.0222

0.0222
4.1163
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Table 2
Covariance matrix polychorics (+ standard errors)
Bivariate model

IQ-father IQ-son SES
IQ-father 1.5802 (0.0175)
IQ-son 0.0261 (0.0331) 1.3400 (0.0340) '
SES 0.3809 (0.0361) 0.1319 (0.0301) 1.5848 (0.0161)
Table 3
Covariance matrix polychorics (+ standard errors)
Joint-bivariate model
IQ-father IQ-son SES
IQ-father 1.5661 (0.0190)
IQ-son 0.0282 (0.0330) 1.3359 (0.0337)
SES 0.3815 (0.0368) 0.1317 (0.0299) 1.5801 (0.0161)
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APPENDIX

Asymptotic distribution of the tetrachoric correlation coefficient.

Suppose we have a fourfold table with W‘WA (non-vanishing) cell proportions

Poo’ Po1’ Pro’ P11
Then the tetrachoric correlation coefficient can be computed by solving the

system of equations

¢(a) - poo - p01 =0
¢p(Q)B) - poo = 0

with 9, Qp, a, and B as defined in section 2.
If we rewrite system (Al) as

£©,p)=0 (A2)

where f = (fl, fz, fs)', ©=(a,B, p) and p = (poo, Pops pm)' then - by the implicit
function theorem -

80 __2f,-1 o
an-" %8 -3 (A3)

The partial derivatives can be calculated in a straightforward fashion with the
following well-known identities

o0 o0
y
(@B =S &0 ow) dwdx, W= (B - P/ - PR (A4)
a w
30 (a,8)
= (@B, (A5)
ap P
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where ¢ is the standard normal density and ¢ o the bivariate standard normal
density with correlation p. The derivatives are

Sa_ %
A -
oo o1
3 -1
a—;L % &(B)
00 10
3
L—_1-K @B - K Bl (@B (A6)
3p p P P
00
3
L— K (B (a,B)
dp [ p
01
3
L—_ KB (@B
o P p =

-y

and Kp (x,y) = ®(y - px)/(1 - p’)%).\\By substituting the derivatives from (A6) we

find the following expansion for the observed tetrachoric correlation r

l/ ~ .
N(r-p) = {{1-K (@,B) - K B,)]z - K (a,B)z
p P 00 p 01

- Kp(B)d-)ZlO}/¢p(a)B) + Op(l) (A7)
withz. =N%G  -w vz =N2E - m . andz. = NED - w. ) where
00 00 ~ Moo” 201 o1 ~ Mon), 10 10~ ™10

oo’ o1’ 10 stand for true cell proportions and Nlthe number of observations.
\

~ -~

Now supposer and r are two tetrachoric con(:lation coefficients compu-
ted from the same multivariate table. It does not matter if they are computed
from the same bivariate marginal or not, i.e. it does not matter if they estimate
the same polychoric correlation coefficient. Using the notation of (A7) we can
write
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% ° - ¢
N -p)=g'z2 +0 (1), P (A8)
R e T Ao )2
/'t»\I
-~ - [}
(A9)

Y2
N -p)=g'z +o0 (1)
2 p2 gz 2 P

Here g and g_ are vectors with three efements containing the three derivatives
from (A}7), ang z and z contain normglized proportions from the fourfold tables
corresponding with thze tetrachorics.] In terms of the vector§w and p, which
contain all the expected and observed cell probabilities from the complete
multivariate table, respectively, we can write

~ ~

Y2
zl =N Al (p~-m), (A10)

- ~

Y
z =N A (p-m), (All)
2 2

with Aj and A9 appropriate summation matrices.

If the multivariate table has L cells, then A1 and A2 are 3 x L matrices with
elements equal to zero or one. The effect of applying Al or A2 to the
multivariate probabilities, or proportions, is to add the relevant cell entries in
such a way that the bivariate marginals for the fourfold tables are formed. It

follows from (A8) - (All) that the asymptotic covariance of N (r - p)and

N(r -p2) is equal to b‘ (Q“"R‘\%
Y
g'141 (Il - wwA'282, \V;\% \N) %\ \ (A12)
ot (ow b Yl v

with Il = diag (TI')/ By substituting T 2

to estimate the variances of the tetrachorics.

=r, and p,/ = Py» formula (A12) can be used

Of course this development generalizes directly to any vector with
tetrachoric correlations, selected from the same, or different bivariate tables.
All we have to know to compute the elements of the g'sy?nc’gtotic dispersion

matrix Q of the tetrachoricsi are the vector of derivatives g, which has just
three elements per tetrachoric, and the corresponding matrix A. /IE\O’I{'&% a-
choﬂ\}/ﬁe{e isac nsisten estima obta the ati‘l
quantities inv{he expression fo anm mputationally, as in other
sparse matrix expressions, we do not think of A as a matrix but as a recipe to
select indices. Then formula (A12) reduces considerably, and only frequencies up

to the fourth order are required when computing the dispersion of the
tetrachorics.



