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1 Loss Functions

The Multidimensional Scaling (MDS) loss function fStress is defined as

𝜎𝑓(𝑥) ∶= 1
2

𝐾
∑
𝑘=1

𝑤𝑘(𝑓(𝛿𝑘) − 𝑓(𝑑𝑘(𝑥)))2, (1)

with 𝑓 increasing and differentiable in the open interval (0, +∞). In (1) the 𝑤𝑘 are positive
weights, the 𝛿𝑘 are known dissimilarities. The vector 𝑥 has the coordinates of 𝑛 points in ℝ𝑝,
and the 𝑑𝑘(𝑥) are Euclidean distances between pairs of these points. For each 𝑘 there is a pair

of indices (𝑖, 𝑗) with 1 ≤ 𝑖 < 𝑗 ≤ 𝑛 and a matrix 𝐴𝑘 which is the direct sum of 𝑝 copies of
(𝑒𝑖 − 𝑒𝑗)(𝑒𝑖 − 𝑒𝑗)′, where the 𝑒𝑖 are unit vectors (columns of the identity matrix of order 𝑛).
Thus 𝑑𝑘(𝑥) = √𝑥′𝐴𝑘𝑥. Metric least squares MDS minimizes fStress over 𝑥.

fStress was introduced and studied in Groenen, De Leeuw, and Mathar (1995). No explicit

algorithm to minimize (??)eq-fdef) was given, but the paper has formulas for the first and

second derivatives. De Leeuw (2017) uses the multivariate Faà di Bruno formula to give

derivatives of fStress up to order four. These derivatives can be used in general purpose

minimization methods.

An important special case of fStress is rStress (also known as powerStress), which is

𝜎𝑟(𝑥) ∶= 1
2

𝐾
∑
𝑘=1

𝑤𝑘(𝛿𝑟
𝑘 − 𝑑𝑟

𝑘(𝑥))2 (2)

Special cases of rStress are Kruskal’s stress (Kruskal (1964a), Kruskal (1964b)) with 𝑟 = 1,
sstress by Takane, Young, and De Leeuw (1977) with 𝑟 = 2, and the limiting case logarithmic
stress with 𝑟 → 0 by Ramsay (1977). There have been various attempts to extend the majoriza-
tion (or MM) method for MDS (De Leeuw (1977)) to rStress. References and links to various

unpublished reports are in De Leeuw (2017). The recent smacofx package (Rusch et al. (In

Press)) has R code for the rstressMin() function that implements the majorization method in

De Leeuw, Groenen, and Mair (2016).

Minimizing of either fStress or rStress over 𝑥 is a metric MDS problem. The 𝛿𝑘, and conse-
quently the 𝑓(𝛿𝑘), are 𝐾 known numbers. In non-metric MDS the loss function is minimized

over both 𝑥 and 𝛿, where 𝛿 is constrained to be in a subset Δ of ℝ𝐾. For the ordinal version of

non-metric MDS, for example, we require 𝛿1 ≤ ⋯ ≤ 𝛿𝐾. Since 𝑓 is increasing, we can write
fStress simply as

𝜎𝑓(𝑥, 𝛿) ∶= 1
2

𝐾
∑
𝑘=1

𝑤𝑘(𝛿𝑘 − 𝑓(𝑑𝑘(𝑥)))2, (3)
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where 𝛿 is no longer a vector of known dissimilarities, but any vector monotone with the
dissimilarities. These transformed or scaled dissimilarities are often called disparities. Non-

metric rStress is simply (3) with 𝑓(𝑑𝑘(𝑥)) = 𝑑𝑟
𝑘(𝑥).

In order to exclude the trivial solution with 𝑥 = 0 and 𝛿 = 0 in addition we impose the

normalization constraint

𝜂2(𝛿) ∶= 1
2

𝐾
∑
𝑘=1

𝑤𝑘𝛿2
𝑘 = 1. (4)

This formulation of non-metric MDS can be generalized to 𝛿 ∈ Δ, where Δ is a convex cone

in ℝ𝐾. This means we require the disparities to be in the intersection of the cone Δ and the

sphere Σ defined by (4).

It is convenient to think of metric MDS as the special case in which the set Δ is the one-element

set containing only the normalized dissimilarities 𝛿. Alternatively, as in smacof, we can choose
for Δ the ray of all vectors that are non-negative multiples of the dissimilarities. In other words

our metric MDS treats the dissimilarities as measured on a ratio scale.

2 Algorithm

The technique proposed in this paper to minimize non-metric fStress or rStress is in the

Alternating Least Squares (ALS) family. We start with an initial estimate 𝑥(0). We then

minimize 𝜎𝑓 over 𝛿 in Δ ∩ Σ for the current 𝑑(𝑥(0)). The minimizer 𝛿(0) is then used to

minimize fStress over 𝑥 for the current disparities, yielding 𝑥(1). These two steps are alternated
until 𝑥 and 𝛿 do not change any more. Starting in iteration 𝜈 = 0 we compute

𝛿(𝜈) = argmin
𝛿∈Δ∩Σ

𝜎𝑓(𝑥(𝜈), 𝛿), (5a)

𝑥(𝜈+1) = argmin
𝑥

𝜎𝑓(𝑥, 𝛿(𝜈)). (5b)

We then increase 𝜈 by one and go into the next iteration. And so on, until convergence.

2.1 Normalized Cone Regression

In metric MDS there is no need for the first step (5a), because 𝛿(𝜈) is equal to the normalized
dissimilarities 𝛿 for all 𝜈. In the non-metric case step (5a) is needed, but compared to (5b) it
is comparatively easy. We have to compute the least squares projection of 𝑓(𝑑(𝑥)) on the
cone Δ and then normalize this projection to give it length one. If Δ is the cone of monotone

vectors, as in ordinal MDS, the cone projection is monotone regression. The fact that projection

on the intersection of Δ and Σ is the same thing as normalizing the projection on Δ is due
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to De Leeuw (1975) and more generally (and more rigorously) to Bauschke, Bui, and Wang

(2018). Since this step is the same as in standard MDS algorithms such as smacof (De Leeuw

and Mair (2009), Mair, Groenen, and De Leeuw (2022)) we do not go into details here, and

just refer to the literature.

2.2 Majorization

The second step (5b), minimizing over 𝑥 for fixed current 𝛿, is more complicated. There is
no analytic solution, similar to what we have in the first step, and minimization requires an

iterative process of its own. Thus, except in some very special cases, the second step requires

an infinite number of “inner” iterations. Since implmenting an infinite number of iterations is

impossible we have to truncate the inner iteration sequence at some point. In our software we

deviate from the strict ALS framework by not minimizing fStress over 𝑥 for fixed 𝛿, but by
merely taking a single “inner” iteration and merely decrease fStress. If this is done judiciously

we still obtain a convergent sequence of updates. This is similar to the strategy in other MDS

algorithms such as smacof (De Leeuw (1977)) and alscal (Takane, Young, and De Leeuw

(1977)).

In smacof the inner iteration step is a majorization step, by now more commonly known as an

MM step. Briefly, we find a function 𝜅𝑓(𝑥; 𝑦) such that

• 𝜅𝑓(𝑥, 𝑦) ≤ 𝜎𝑓(𝑥) for all 𝑥 and 𝑦 in Ξ, and
• 𝜅𝑓(𝑥; 𝑦) = 𝜎𝑓(𝑥) if and only if 𝑥 = 𝑦.

An inner iteration is of the form

𝑥(𝜇+1) = argmin
𝑥∈Ξ

𝜅(𝑥, 𝑥(𝜇)). (6)

If 𝑥(𝜇+1) = 𝑥(𝜇) we declare convergence and stop. From (6),

𝜎𝑓(𝑥(𝜇+1)) ≤ 𝜅𝑓(𝑥(𝜇+1), 𝑥(𝜇)) < 𝜅𝑓(𝑥(𝜇), 𝑥(𝜇)) = 𝜎𝑓(𝑥(𝜇)). (7)

Thus an inner majorization step upgrading 𝑥 for given 𝛿 decreases fStress (unless we stop).
Remember that in ALS the inner iterative process (indexed by 𝜇) goes on within step 2 of the
“outer” update (indexed by 𝜈).

In De Leeuw, Groenen, and Mair (2016) a majorization method was proposed to minimize

rStress. It majorizes 𝑑𝑟 as a function of 𝑥, and for this it uses the specific properties of the
power function. It consequently cannot be used for fStress. The technique is incorporated in

the smacofx R package, and numerical experience indicates it works, but convergence can

be painfully slow. Because of the generality of the function 𝑓 (any differentiable increasing
function) it seems impossible to develop an majorization method for fStress along the same
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lines as the one for rStress. Consequently we go a somewhat different route in this paper. We

do not only deviate from the strict ALS procedure by only partially minimizing loss over 𝑥 for

fixed 𝑑, we also deviate from the strict majorization approach by majorizing an approximation

of fStress.

In deriving the approximation and majorization we surpress the dependency of fStress on

𝛿, because in the second ALS substep 𝛿 is just a vector of constants. We first approximate

𝑓(𝑑(𝑥)) near 𝑑(𝑦) with

𝑓(𝑑𝑘(𝑥)) ≈ 𝑓(𝑑𝑘(𝑦)) + 𝒟𝑓(𝑑𝑘(𝑦))(𝑑𝑘(𝑥) − 𝑑𝑘(𝑦)). (8)

Define

𝜔𝑓(𝑥; 𝑦) ∶=
𝐾

∑
𝑘=1

𝑤𝑘(𝑓(𝛿𝑘) − 𝑓(𝑑𝑘(𝑦)) − 𝒟𝑓(𝑑𝑘(𝑦))(𝑑𝑘(𝑥) − 𝑑𝑘(𝑦)))2, (9)

Note that in (8) the derivative is with respect to 𝑑, not with respect to 𝑥 or 𝑦. This is a major
difference with the majorizations in De Leeuw, Groenen, and Mair (2016).

Note that 𝜔𝑓(𝑥; 𝑥) = 𝜎𝑓(𝑥) for all 𝑥 and if 𝑓 is the identity then 𝜔𝑓(𝑥; 𝑦) = 𝜎𝑓(𝑥) for all 𝑥
and 𝑦. If 𝑓 is linear with intercept 𝛽 and slope 𝛼 then

𝜔𝑓(𝑥, 𝑦) = 𝑎2
𝐾

∑
𝑘=1

𝑤𝑘(𝛿𝑘 − 𝑑𝑘(𝑥))2 = 𝑎2𝜎𝑟(𝑥), (10)

with 𝑟 = 1.

We now give an alternative and more convenient expression for 𝜔𝑓(𝑥, 𝑦). Define

𝑤̃𝑘(𝑦) ∶= 𝑤𝑘{𝒟𝑓(𝑑𝑘(𝑦))}2, (11a)

̃𝛿𝑘(𝑦) ∶= 𝑓(𝛿𝑘) − 𝑓(𝑑𝑘(𝑦))
𝒟𝑓(𝑑𝑘(𝑦))

+ 𝑑𝑘(𝑦). (11b)

Then

𝜔𝑓(𝑥; 𝑦) =
𝐾

∑
𝑘=1

𝑤̃𝑘(𝑦)( ̃𝛿𝑘(𝑦) − 𝑑𝑘(𝑥))2. (12)

We see from (11a) that 𝑤̃𝑘(𝑦) is always non-negative and from (11b) that ̃𝛿𝑘(𝑦) can be negative
if 𝑑𝑘(𝑦) > 𝛿𝑘. For convex 𝑓, however, we have

̃𝛿𝑘(𝑦) = 𝑓(𝛿𝑘) − 𝑓(𝑑𝑘(𝑦))
𝒟𝑓(𝑑𝑘(𝑦))

+ 𝑑𝑘(𝑦) ≥ 𝑑𝑘(𝑥) ≥ 0. (13)
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For rStress equations (11a) and (11b) become

𝑤̃𝑘(𝑦) ∶= 𝑟2𝑤𝑘𝑑2(𝑟−1)
𝑘 (𝑦), (14a)

̃𝛿𝑘(𝑦) ∶=
𝛿𝑟

𝑘 + (𝑟 − 1)𝑑𝑟
𝑘(𝑦)

𝑟𝑑𝑟−1
𝑘 (𝑦)

. (14b)

By convexity ̃𝛿𝑘(𝑦) is non-negative if 𝑟 ≥ 1. For 0 < 𝑟 < 1 we have ̃𝛿𝑘(𝑦) > 0 if and only if
𝑑𝑘(𝑦) < (1 − 𝑟)𝑟𝛿𝑘. If 𝛿𝑘 > 𝑑𝑘(𝑦) then ̃𝛿𝑘(𝑦) > 𝑑𝑘(𝑦) ≥ 0.

By writing 𝜔𝑓(𝑥, 𝑦) as in (12) we are on familiar majorization terrain. If 𝛿𝑘(𝑦) > 0 we use
Cauchy-Schwartz, as in standard smacof,

𝑑𝑘(𝑥) ≥ 1
𝑑𝑘(𝑦)

tr 𝑥′𝐴𝑘𝑦, (15a)

and if 𝛿𝑘(𝑦) < 0 we use the arithmetic mean/geometric mean (AM/GM) inequality in the

form

𝑑𝑘(𝑥) ≤ 1
2

1
𝑑𝑘(𝑦)

{𝑦′𝐴𝑘𝑦 + 𝑥′𝐴𝑘𝑥}, (15b)

Use of the AM/GM inequality for majorizing terms with negative dissimilarities was pioneered

by Heiser (1991).

Define the matrices

𝑉 (𝑦) ∶=
𝐾

∑
𝑘=1

𝑤̃𝑘(𝑦)𝐴𝑘, (16a)

𝐵(𝑦) ∶= ∑
̃𝛿𝑘(𝑦)>0

𝑤̃𝑘
̃𝛿𝑘(𝑦)

𝑑𝑘(𝑦)
𝐴𝑘, (16b)

𝐻(𝑦) ∶= ∑
̃𝛿𝑘(𝑦)<0

𝑤̃𝑘
̃𝛿𝑘(𝑦)

𝑑𝑘(𝑦)
𝐴𝑘. (16c)

Note that all three matrices (more preecisely matrix-valued functions) are positive semi-definite.

We can use these matrices for a majorization of 𝜔𝑓(𝑥; 𝑦) at 𝑦 is

𝜔𝑓(𝑥; 𝑦) = 𝐶 + 1
2

𝑥′(𝑉 (𝑦) + 𝐻(𝑦))𝑥 − 𝑥′𝐵(𝑦)𝑥 ≤ 𝜅𝑓(𝑥; 𝑦), (17)

with

𝜅𝑓(𝑥; 𝑦) ∶= 𝐶 + 1
2

𝑥′(𝑉 (𝑦) + 𝐻(𝑦))𝑥 − 𝑥′𝐵(𝑦)𝑦, (18)

where 𝐶 is a constant that depends on 𝑦 but not on 𝑥.
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We now update using

𝑥(𝜇+1) = argmin
𝑥

𝜅𝑓(𝑥; 𝑥(𝜇)) = (𝑉 (𝑥(𝜇)) + 𝐻(𝑥(𝜇)))+𝐵(𝑥(𝜇))𝑥(𝜇),

which results in

𝜎𝑓(𝑥(𝜇+1)) ≈ 𝜔𝑓(𝑥(𝜇+1); 𝑥(𝜇)) ≤ 𝜅𝑓(𝑥(𝜇+1); 𝑥(𝜇)) < 𝜅𝑓(𝑥(𝜇); 𝑥(𝜇)) = 𝜎𝑓(𝑥(𝜇)).

Unlike in smacof there is no guarantee that 𝜎𝑓 decreases from one iteration to the other.

Monotone convergence of loss function values will only happen if the approximation is good,

i.e. if 𝑑(𝑥(𝜇+1) is close to 𝑑𝑘(𝑥(𝜇). This requires closer monitoring of convergence than in

smacof. Also note that if ̃𝛿𝑘(𝑦) < 0 for all 𝑘 then 𝐵(𝑦) = 0, which means that the update
from 𝑦 is equal to zero. Again, this eventuality must be monitored.

3 Software

3.1 Data

The data and weights are in the MDS data format defined in De Leeuw (2025). This is a list

with two scalars nobj and ndat, the number of objects and the number of data points (object

pairs), and five vectors iind, jind, delta, blocks, weights of length ndat. Vectors iind and jind

have integers between 1 and n with iind > jind that code for which pairs of objects we have

dissimlarity information. The dissimilarities are in delta, the weights in weights. Dissimilarities

are sorted in increasing order and blocks indicates tie-blocks in the dissimilarities.

In smacofSSRStress.R there is a function smacofSSRStress() which sets up the parameters for

a call to smacofSSRStressEngine(), which is coded in C and can be found in the shared library

smacofSSRStress.so.

The arguments of smacofSSRStress.R are

function (theData, ndim = 2, xinit = NULL, ties = 1, itmax = 1000,
eps = 1e-06, rpow = 1, digits = 8, width = 10, verbose = TRUE,
weighted = FALSE, ordinal = FALSE)

NULL
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3.2 Initial Estimate

The initial estimate of the configuration is calculated using classical MDS (also known as

Torgerson-Gower MDS) on the dissimilarities. First we make sure the weights add up to one.

If there are missing dissimilarities they are first imputed by setting them equal to the weighted

mean of the non-missing dissimilarities. Then we double center the squared dissimilarities

and compute the classical scaling solution using the eigs_sym() function from the RSpectra

package (Qiu and Mei (2024)).

Now we scale the solution, which is done with the R function smacofSSRStressScale(). We

first normalize the powered dissimilarities such that their weighted sum of squares is equal to

one. We then choose 𝜆 to minimize

𝜎(𝜆) ∶= ∑
𝑘

𝑤𝑘(𝛿𝑟
𝑘 − 𝑑𝑟

𝑘(𝜆𝑥))2 = ∑
𝑘

𝑤𝑘(𝛿𝑟
𝑘 − 𝜆𝑟𝑑𝑟

𝑘(𝑥))2,

where 𝑥 is the Torgerson-Gower solution. The minimum is attained for

𝜆̂ ∶= [
∑𝑘 𝑤𝑘𝛿𝑟

𝑘𝑑𝑟
𝑘(𝑥)

∑𝑘 𝑤𝑘𝑑2𝑟
𝑘 (𝑥)

]
1/𝑟

.

Our initial estimate is 𝜆̂𝑥 wit distances 𝜆̂𝑑𝑘(𝑥).

4 Examples
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