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Abstract. We outline the computation of both FIML and REML

estimates in homogeneous sibgroups of a multivariate quantita-

tive characteristic, in the case in which there are no covariates. A

program in R is provided.

1. Single Population

Suppose x and y are m-dimensional normal random vectors 1 with

E(x) = E(y) = µ,(1a)

E(x −µ)(x −µ)′ = E(y −µ)(y −µ)′ = Σ,(1b)

E(x −µ)(y −µ)′ = E(y −µ)(x −µ)′ =Ω.(1c)

This implies Σ &Ω in the Loewner sense, i.e. Σ−Ωmust be positive
semi-definite. The intraclass correlation matrix [Rao, 1945] is the
matrix Γ = Σ−

1
2ΩΣ−

1
2 .
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1When calculating within a model we underline [Hemelrijk, 1966] the hypo-

thetical random variables whose realizations we observe. The realizations them-

selves use the same symbol as that for the random variable, but without the under-

lining. In addition we use overlining for means of vectors of observed quantities,

and tildes for the elements of the vector in deviations from the mean.
1



2 JAN DE LEEUW AND AGATHA LEE

Define the new random vectors u = 1
2(x − y) and v = 1

2(x+ y). Then

E(u) = 0,(2a)

E(v) = µ,(2b)

E(uu′) =
1
2

(Σ−Ω),(2c)

E(uv′) = 0,(2d)

E(v −µ)(v −µ)′ =
1
2

(Σ+Ω).(2e)

Rao et al. [1987]; Srivastava et al. [1988] If we have n independent
realizations (ui ,vi) of (u,v), then the deviance 2 is

D(∆,Ξ,µ) = n logdet(∆) +n logdet(Ξ)+(3)

+
n∑
i=1

u′i∆
−1ui +

n∑
i=1

(vi −µ)′Ξ−1(vi −µ).

where ∆ = 1
2(Σ−Ω) and Ξ = 1

2(Σ+Ω).

Thus the maximum likelihood estimate of µ is

µ̂ = v =
1
2

(x+ y),

which is the mean vector of all 2n vectors.

Define G = 1
n

∑n
i=1uiu

′
i and H = 1

n

∑n
i=1 ṽi ṽ

′
i . The concentrated nega-

tive log-likelihood is

D?(∆,Ξ) ∆=min
µ
D(∆,Ξ,µ) = n[logdet(∆) + logdet(Ξ)+(4)

+ tr ∆−1G+ tr Ξ−1H].

Maximum likelihood estimates of the variance components can be
computed as

Σ̂ = Ξ̂+ ∆̂ =H +G,

Ω̂ = Ξ̂− ∆̂ =H −G.

2The deviance is twice the negative log-likelihood, except for irrelevant

constants.
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Note that Σ̂− Ω̂ = 2G & 0, but it is not guaranteed that Ω̂ & 0. Maxi-
mum likelihood estimates that guarantee positive semi-definiteness
are discussed in the Appendix.

Since E(G) = 1
2(Σ −Ω) and E(H) = 1

2
n−1
n (Σ+Ω) we can compute un-

biased estimates using

ˆ̂
Σ =

n
n− 1

H +G,

ˆ̂
Ω =

n
n− 1

H −G.

These unbiased estimates are also the restricted maximum likeli-
hood or REML estimates.

2. Heritability

The ACE model for monozygotic and dizygotic twins decomposes
variation into additive genetic, common environmental, and unique
environmental variation. In the simplest case we have for the two
types of twins

ΣM = ΣD =ΘA +ΘC +ΘE ,

ΩD =
1
2
ΘA +ΘC ,

ΩM =ΘA +ΘC .

Solving gives the unbiased estimates

Θ̂A = 2(ΩM −ΩD) = 2(
n

n− 1
(HM −HD)− (GM −GD)),

Θ̂C = 2ΩD −ΩM =
n

n− 1
(2HD −HM)− (2GD −GM),

Θ̂E = ΣM −ΩM = 2GM .
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Appendix A. A Matrix Problem

Consider the problem of minimizing

logdet(∆) + logdet(Ξ) + tr ∆−1G+ tr Ξ−1H

over the two matrices ∆ and Ξ, with Ξ & ∆ > 0. Clearly if H & G > 0
the solution is Ξ̂ =H and ∆̂ = G.

AssumeH > 0. Then there is a nonsingular S such thatG = SΦS ′ and
H = SS ′ with Φ & 0 diagonal. Define ∆ = S ′∆−1S and Ξ = S ′Ξ−1S.
Suppose ξ̃i and δ̃i are the diagonal elements and λi and θi are the
eigenvalues of Ξ̃ and ∆̃. Then

n∑
i=1

− logλi − logθi + ξiφi +λi
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