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1. Graphs and the Adjacency Matrix

Consider a graph G = (V,E), where V is the set of the n vertices
and E the set of edges. The set of edges can be represented in ma-
trix form through the adjacency matrix W = {wij}, i, j = 1, . . . , n.
Thus vertices i, j ∈ G are connected if and only if wij > 0, otherwise
wij = 0. In case all wij ’s are 0 or 1 we have a simple graph, otherwise
a weighted graph. Graphs are used to model complex systems (e.g.
transportation networks, VLSI layouts, molecules etc) and to visual-
ize relationships (e.g. social networks). In Michailides and de Leeuw
[1999] and de Leeuw and Michailides [1999] the problem of representing
datasets with categorical variables as bipartite graphs is considered.

1.1. Graph Drawing. In many instances the right picture is the key
to understanding. The various ways of visualizing a graph provide dif-
ferent insights, and often hidden relationships and interesting patterns
are revealed. An increasing body of literature is considering the prob-
lem of how to draw a graph (see for instance Tammasia’s book on Graph
Drawing, the proceedings of the annual conference on Graph Drawing
etc). Also, several problems in distance geometry and in graph theory
have their origin in the problem of graph drawing in higher dimensional
spaces. The problem of graph drawing is closely related to the problem
of graph embedding in a desirable space (going back to Steinitz [1922]
and definitely the pioneering work of Tutte [1963]).

During the past few years the study of graphs from a geometric
perspective has been emerging. Geometric models of graphs can be
classified as either (i) topological models, (ii) adjacency models, or (i-
ii) metric models. The topological approach is mainly concerned with
graph planarity and embeddability of graphs on other 2 dimensional
manifolds [Kelmans, 1993], as well as 3 dimensional embeddings mostly
in the context of knot theory [Welsh, 1993]. In an adjacency model, the
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geometry respects only the relation of adjacency/nonadjacency of ver-
tices as captured by the matrix W . A prime example for this approach
is the celebrated Koebe-Andreev-Thurston theorem (? and references
therein), that every planar graph is the contact graph of openly dis-
joint planar discs. Higher dimensional results in the same line look at
embeddings in the n dimensional Euclidean sphere (e.g. Frankl and
Maehara [1988], Reiterman et al. [1989]). Orthogonal embeddings are
investigated in Lovász [1979], embeddings to n− 1 dimensional convex
simplices in Lovász et al. [1989] and to lattices, and cubes in Graham
and Winkler [1985] and Winkler [1983] respectively. The graph draw-
ing community in computer science has paid particular attention to
this approach due to its obvious importance in VLSI design. In the
third approach graph metrics play a role. The most commonly used
metric is the one where the distance between vertices i and j is given
by the number of edges in the shortest path from i to j. This turns
the graph G into a finite dimensional metric space, and there is a long
line of research dealing with embeddings of metric spaces into normed
spaces (e.g. Schoenberg [1937, 1938], Blumenthal [1978] and more re-
cently Johnson et al. [1987], Bourgain [1985]) and the question of the
minimum dimension Witsenhausen [1986].

The latter approach brings us to multidimensional scaling (MDS),
a popular technique in multidimensional data analysis, where in the
metric case the goal is to embed a finite number of semi-distances
(known as dissimilarities) to a low dimensional Euclidean space (see
Gower [1984, 1985]). For categorical multivariate datasets, due to their
special structure, the technique of multiple correspondence analysis has
also be used.

In this paper we look at the general problem of graph drawing and
embedding into R

p by adopting primarily the adjacency model, through
objective functions that measure the quality of the resulting embed-
ding. However, we also make the necessary connections to the MDS
approach and therefore to the metric approach. We study extensive-
ly certain graph structures such as bipartite and multipartite graphs,
trees and more generally planar graphs, that are often encountered in
multivariate data analysis.

1.2. Pull Function. Suppose Z = {zis} is a n×p configuration, which
we use to make a picture of the graph in R

p. For optimal graph drawing
we define objective functions, that must be optimized over Z. Our first
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proposal is

pullφ(Z) =

n∑
i=1

n∑
j=1

wijφ(dij(Z)),(1)

where dij(Z) is Euclidean distance. For the time being, we will suppose
the weights wij are non-negative and φ is an increasing function. Thus
we minimize the weighted sum of the transformed distances between
the points that are connected in the graph.

Important special cases are

pulls(Z) =

n∑
i=1

n∑
j=1

wijd
s
ij(Z),(2)

with s ≥ 0.

1.3. Normalization. Minimizing pull without further restrictions usu-
ally does not make much sense. We can minimize pull by collapsing all
points in the origin of the space. All distances become zero.

There are two ways out of this dilemma. The first one, and the
one we study in this paper, is to do a constrained optimization over
normalized configurations, where the normalization serves the function
of pushing points apart.

Consider, for example, the pulls function. Let Ec denote the com-
plement of the edge set E; that is all the pairs of vertices in G that
are not connected. Then, the problem becomes to minimizing pulls
subject to a push constraint of the form∑

i,j∈S

zs
ij ≥ |S|1+1/p, ∀S ⊂ Ec.(3)

We can think of other such ”spreading” constraints as well.
We can normalize by using linear inequalities etc, and solve a QP

problem. We can normalize by tr Z ′Z = 1 (but not if we use pull2). We
can Tutte normalize. We can use partitioned normalization, especially
if the graph is bipartite.

2. Relation with Other Problems

2.1. The Location Problem. In his dissertation Heiser [1981] uses
the location problem to introduced a wide class of scaling and unfolding
techniques.

In the classical location problem, we know the coordinates of a num-
ber of facilities zi in R

p and we try to locate a new facility x, such
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that

pull1(x) =

n∑
i=1

wid(x, zi)(4)

is minimized. It is not necessarily true that the distance d is Euclidean.
In fact, a great deal of attention is given to non-Euclidean distances
such as the City Block or �1 metric. It is also not necessarily true
that this minisum formulation is the most natural one. In some cases
minimax is a more direct translation of what we want to obtain. In
that case

pull1(x) =
n

max
i=1

wid(x, zi)(5)

must be minimized.
An obvious generalization is to locate more than one server in the

space, but this leads to various complications, because we do not only
want clients and servers to be close, we may also want servers to be
relatively far apart. For instance, if we are locating m servers, we may
want to minimize

pull1,min(X) =
n∑

i=1

wi

m

min
j=1

d(xj, zi)(6)

This minimizes the sum of the distances of the clients to the closest
server. If we are locating toilets in a campground, for instance, this
seems to be the appropriate criterion. In other cases it may make sense
to minimize

pull1,max(X) =
n∑

i=1

wi
m

max
j=1

d(xj, zi),(7)

for instance if each client must always visit all servers. Another exam-
ple, mentioned in Francis et al. [1992], is.

There is another way to define these loss functions. Let

pull1(X,W ) =
n∑

i=1

m∑
j=1

wijd(xj , zi).(8)

Then

pull1,min(X) = min{pull1(X,W )|
m∑

j=1

wij = wi, wij ≥ 0},(9a)

pull1,max(X) = max{pull1(X,W )|
m∑

j=1

wij = wi, wij ≥ 0}.(9b)
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In Francis et al. [1992, Chapter 6] the multifacility location problem is
defined as

pull1(X) =

n∑
i=1

n∑
j=1

vijd(xi, xj) +

n∑
i=1

m∑
j=1

wijd(xj , zi)(10)

2.2. The QA/TSP Problem. Heiser also discusses in this context
the quadratic assignment problem. In this case all points are in fixed
locations. It uses the loss function

pull1(Π) =

n∑
i=1

n∑
j=1

wijdπ(i)π(j)(Z),(11)

2.3. Multidimensional Scaling.

3. Using Squared Distance

Let us first study the case in which φ(d) = 1
2
d2

ij. The following

notation is convenient. d2
ij(Z) = tr Z

′AijZ with Aij = (ei−ej)(ei−ej)
′

and with the ei unit vectors.
Define the matrix V , where

V =

n∑
i=1

n∑
j=1

wijAij .(12)

Thus V has the negative values −wij as its off-diagonal elements, and
the row-sums (or column-sums) of W as its diagonal elements. Then

pull2(Z) = tr Z
′V Z.(13)

This must be minimized under some normalization condition on Z.

3.1. Normalization Conditions. The results in the previous section
suggest that using the normalization condition tr Z ′Z = 1 is natural.
Unfortunately, this does not work. For pull2, for instance, we find the
stationary equations V Z = λZ, which implies that all columns of Z are
proportional to the eigenvector corresponding with the smallest non-
zero eigenvalue of V . Thus the optimal Z is of rank one. In order to
prevent this from happening, we can choose other scalar normalizations
such as det Z ′Z = 1. Or we can choose Z ′Z = I. These basically all
result in Z being equal to the p eigenvectors corresponding to the p
smallest nonzero eigenvalues of V .
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3.2. The Laplacian Connection. Some algebra shows that V = 1
2
L,

where L = D − W , with D being a diagonal matrix containing the
degrees of the vertices in V . Define L = T−1/2LT−1/2. This is the
Laplacian of the graph G, an object of intense study over the last 20
years (starting with Fiedler in 1973). Notice that traceL = n. In the
literature the vectors Z(:, i) are also known as Fiedler vectors. We
discuss next some properties of L.

1. λ1 = 0 withe corresponding eigenvector T−1/2u with u comprised
of all ones.

2. λ2 > 0 iff the graph is connected.
3. λn = 2 iff the graph is bipartite.
4. For the complete graph Kn, the eigenvalues are 0, and n/(n− 1)

with multiplicity n− 1.
5. For the complete bipartite graph Kn1,n2, the eigenvalues are 0, 1

with multiplicity n1 + n2 − 2 and 2.
6. For the star graph on n vertices, the eigenvalues are 0, 1 with

multiplicity n− 2 and 2.
7. For the n dimensional hypercube on 2n vertices, the eigenvalues

are 2k/n, with multiplicity
(

n
k

)
for k = 0, 1, . . . , n

In general, the second eigenvalue λ2 provides a lot of information for
the underlying graph. The larger its value is the more connected its
components are and therefore the harder to split it; thus implying that
clustering a dataset with a large λ2 is hard. However, the converse is
not true, since a highly connected graph with a single isolated vertex
will necessarily have λ2 = 0.

3.3. Partitioned Normalization. Suppose Z is partitioned as

Z =

[
X
Y

]
(14)

where X is normalized in some way, and Y is free. Then

pull2(X, Y ) = tr X ′V11X + 2tr X ′V12Y + tr Y ′V22Y,(15)

and thus

pull2(X, %) = min
Y

σ(X, Y ) = tr X ′{V11 − V12V
−1
22 V21}X.(16)

and this quadratic must still be minimized over normalized X.
An example is the normalization proposed by Tutte [1963]. In the

Tutte Normalization X is simply fixed at some value, and the optimal
Y is chosen as above. Clearly if the normalization actually fixes X,
there is not need to minimize (16). The choice of which points to fix
can be somewhat arbitrary, however, and it has a great deal of influence
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on the solution (ref to festschrift, ref perhaps to Goldstein and Healy
in Biometrika).

3.4. Bipartite Graphs. If

W =

[
0 A
A′ 0

]
,(17)

then

V =

[
D −A
−A′ E

]
,(18)

with D and E diagonal matrices with the row sums and column sums
of A. Thus

pull2(X, Y ) = tr X ′DX − 2tr X ′AY + tr Y ′EY.(19)

Thus the minimum over X for fixed Y is

X = D−1AY,(20a)

and the minimum over Y for fixed X is

Y = E−1A′X.(20b)

These are the two centroid principles. Reference to chapter in Dekker
Book. They are familiar from discussion of correspondence analysis,
but we see that they apply much more generally.

4. Majorization

4.1. General Theory. The algorithms proposed in this paper are all
of the majorization type. In a majorization algorithm we want to
maximize φ(θ) over θ ∈ Θ. Suppose ψ(θ, ξ) on Θ × Θ, which we call
the majorization function, satisfies

φ(θ) ≥ ψ(θ, ξ) for all θ, ξ ∈ Θ,(21a)

φ(θ) = ψ(θ, θ) for all θ ∈ Θ.(21b)

Thus, for a fixed ξ, ψ(•, ξ) is below φ, and it touches φ in the point
(ξ, φ(ξ)).

There are two key theorems associated with these definitions.

Theorem 4.1. If φ attains its maximum on Θ at θ̂, then ψ(•, θ̂) also

attains its maximum on Θ at θ̂.

Proof. Suppose ψ(θ̃, θ̂) > ψ(θ̂, θ̂) for some θ̃ ∈ Θ. Then, by (21a)

and (21b), φ(θ̃) ≥ ψ(θ̃, θ̂) > ψ(θ̂, θ̂) = φ(θ̂), which contradicts the

definition of θ̂ as the maximizer of φ on Θ.
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Theorem 4.2. If θ̃ ∈ Θ and θ̂ maximizes ψ(•, θ̃) over Θ, then φ(θ̂) ≥
φ(θ̃).

Proof. By (21a) we have φ(θ̂) ≥ ψ(θ̂, θ̃). By the definition of θ̂ we have

ψ(θ̂, θ̃) ≥ ψ(θ̃, θ̃). And by (21b) we have ψ(θ̃, θ̃) = φ(θ̃). Combining
the three results gives the desired conclusion.

If φ is bounded above on Θ, then the algorithm generates a bounded
increasing sequence of function values, thus it converges. Some mild
continuity considerations are needed to actually show that the sequence
of θ values converges as well. See de Leeuw [1990], or for a general
discussion the book by Zangwill [1969].

Example . This is an artificial example, chosen because of its simplicity.
Consider φ(ω) = ω4−10ω2. Because ω2 ≥ ξ2+2ξ(ω−ξ) = 2ξω−ξ2 we
see that ψ(ω, ξ) = ω4−20ξω+10ξ2 is a suitable majorization function.
The majorization algorithm is ω+ = 3

√
5ω.

The algorithm is illustrated in Figure 4.1. We start with ω(0) = 5.
Then ψ(ω, 5) is the dashed function. It is minimized at ω(1) ≈ 2.92,
where ψ(ω(1), 5) ≈ 30.70, and φ(ω(1)) ≈ −12.56. We then majorize by
using the dotted function ψ(ω, ω(1)), which has its minimum at about
2.44, equal to about −21.79. The corresponding value of φ at this point
is about −24.1. Thus we are rapidly getting close to the local minimum
at

√
5, with value 25. The linear convergence rate at this point is 1

3
.

Theorem 4.3. This implies that D2(ω, ω) = 0 for all ω, and conse-
quently D12 = −D22. Thus M = −D−1

11 D12.

4.2. Weiszfeld’s Algorithm for the Weber Probkem.

4.3. Majorizing the minimum of a number of convex functions.
Suppose fs are convex, with s = 1, . . . , p. Define

g0 =

p∑
s=1

λsfs, λs ∈ R

gr =

p∑
s=1

fs − fr,

and also

h0 =
p

min
s=1

fs,

h1 =
p

max
s=1

gs.
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Figure 1. Majorization

Clearly, all off g0, . . . , gp are convex, and so is h1. Also, trivially,

h0 = g0 − h1.

This represents the minimum of the fs as a d.c. (difference of convex
functions) function. Thus we can majorize h0 by a convex function,
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using

h0(x) ≤ g0(x)− h1(y)−Dh1(y)(x− y) =

g0(x)− h1(y)−Dgr(y)(y)(x− y),

where r(y) is such that

gr(y)(y) = h1(y).

This result can be applied in a straightforward way to the multifacility
location problem, which is minimization of

σ(x1, . . . , xp) =

n∑
i=1

wi

p

min
s=1

‖zi − xs‖,

where the zi are existing facilities and the xs are new facilities (to be
located).

Minimizing differences of convex functions constitutes an important
subset of the field of global optimization. The class of d.c functions is
very rich as the next result shows:

Lemma 4.4. Let fs, s = 0, . . . , p be d.c. functions. Then, the follow-
ing are also d.c. functions.

(1) g0 =
∑p

s=1 λsfs, λs ∈ R,
(2) h0 = minp

s=1 fs,
(3) h1 = maxp

s=1 fs,
(4) |f0|, f+

0 = max{0, f0}, f−
0 = min{0, f0}.

Proof:

(1) It is a straightforward consequence of basic properties of convex
and concave functions.

(2) Write fs = αs − βs, s = 1, . . . , p. Then,

h0 =
p

max
s=1

{αs +

p∑
q=1,q �=s

βq} −
p∑

q=1

βq,(22)

which is a d.c decomposition, since the sum and the maximum of
finitely many convex functions are convex. Similar steps, establish
the result for h1.

(3) |f0| can be written as |f0| = 2max{α0, β0} − (α0 + β0), which
is a d.c decomposition. Similarly, f+

0 = max{α0, β0} − β0 and
f−

0 = α0 − max{α0, β0}, are d.c decompositions of f+
0 and f−

0

respectively.

A d.c function f : R
n → R is called locally d.c if for every x0 ∈ R

n,
there exists a neighborhood N = N(x0, ε) of x0 and convex functions
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αn, βN such that f(x) = αN(x) − βN(x) for all x ∈ N . An impor-
tant theorem proved in ? states that every locally d.c function is d.c.
This allows the characterization of d.c functions through their partial
derivatives.

Lemma 4.5. Every function f with continuous second partial deriva-
tives everywhere is d.c.

Proof: Since f has continuous second partial derivatives everywhere,
the Hessian D2f is bounded on the closed neighborood N(x0, ε) = {x ∈
R

n : ||x − x0||2 < ε}, ε > 0 and all x0 ∈ R
n. Then, there exist a real

number δ > 0 such that f(x)+δ||x||22 is convex on N(x), ε). So, f has a
d.c decomposition on N(x0, ε), namely f(x) = (f(x) + δ||x||22)− δ||x||22
and hence due to the theorem is d.c.

5. Pulling in General

We examine next three classes of functions φ(Z) of particular interest
to use.

5.1. Concave Functions. Suppose φ is concave. Often, we have in
addition that it is increasing and passes through the origin, but these
last two conditions are not really necessary for our development. Ex-
amples are f(x) = x/(1+x), f(x) = xs, s ∈ (0, 1], the logistic function
f(x) = ex/(1 + ex), the logarithm f(x) = log x, etc.

Because φ(x) is a concave function the following inequality holds.

φ(dij(Z)) ≤ φ(dij(Y )) + φ′(dij(Y ))(dij(Z)− dij(Y )).(23)

Hence, we iteratively minimize

pullφ(Z) ≤
n∑

i=1

n∑
j=1

wijφ
′(dij(Y ))dij(Z),(24)

which is a linear function in Z. But this corresponds to φ(x) = x,
which is treated in the next subsection. If we consider squared distances
instead we get

pullφ(Z) =

n∑
i=1

n∑
j=1

wijφ
′(d2

ij(Y ))d2
ij(Z),(25)

which is a quadratic function in Z, and so in one iteration we minimize
Z ′B(Y )Z, where

B(Y ) =
n∑

i=1

n∑
j=1

wij

φ′(d2
ij(Y ))

Aij .(26)
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Lemma 5.1. Suppose φ(x) is concave and increasing. Let ψ(x) =
φ(
√
x). Then ψ(x) is concave and increasing.

Proof. By definition ψ(λx + (1− λ)y) = φ(
√
λx+ (1− λ)y). But the

square root in concave, and thus
√
λx+ (1− λ)y ≥ λ

√
x+ (1− λ)

√
y,

and because φ is increasing ψ(λx+ (1− λ)y) ≥ φ(λ
√
x+ (1− λ)

√
y).

Finally, because φ is concave, ψ(λx+(1−λ)y) ≥ λψ(x)+ (1−λ)ψ(y).

This means that if φ is a squasher, and thus

pull2(Z) =

n∑
i=1

n∑
j=1

wijφ(d
2
ij(Z))

is concave with a linear majorizer, then ψ is a squasher too, while

pull1(Z) =

n∑
i=1

n∑
j=1

wijψ(d
2
ij(Z)) =

n∑
i=1

n∑
j=1

wijφ(dij(Z))

is concave too with a linear majorizer. If not increasing

5.2. Functions with bounded second derivatives. This class of
functions satisfies φ′(x) ≥ 0 and 0 ≥ φ′′(x) ≤ M for all x ≥ 0, and
for some M ≥ 0, so we have increasing functions with bounded second
derivatives. Examples of such functions include Huber’s and the bi-
weight functions Verboon [1994]. Under these conditions φ(x) satisfies

(27) φ(dij(Z)) ≤ φ(dij(Y )) + φ′(dij(Y ))(dij(Z)− dij(Y ))

+
1

2
M(dij(Z)− dij(Y ))2,

which after defining η(dij(Y )) = dij(Z)−M−1φ′(dij(Y )) can be written
as

φ(dij(Z)) ≤ φ(dij(Y ))− 1

2
M−1

(
φ′(dij(Y )

)
+

1

2

(
dij(Z)− η(dij(Y ))

)2
,

(28)

which shows that we are dealing with a quadratic majorizing function.
In this case we can follow similar steps as in the SMACOF algorithm
Suppose X1, . . . , Xm are disjoint subsets of R

p, and fi : Xi ⇒ R are
real valued functions. Define

f(x) =

m∑
i=1

δi(x)fi(x),

where δi(x) is the indicator of Xi.
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Theorem 5.2. Suppose gi(x, y) majorizes fi(x) on Xi, i.e.

fi(x) ≤ gi(x, y) for all x ∈ Xi and all y ∈ R
p,

fi(x) = gi(x, x) for all x ∈ Xi.

Then

g(x, y) =
m∑

i=1

δi(x)gi(x, y)

majorizes f(x) on X = ∪m
j=1Xi.

Proof. Suppose x ∈ Xi. Then f(x) = fi(x) ≤ gi(x, y) = g(x, y) for all
y ∈ R

p. Also f(x) = fi(x) = gi(x, x) = g(x, x).

5.3. Convex Functions with Slow Growth Rates.

Lemma 5.3. Let h : R+ → R+ be continuous and strictly increasing
with h(0) = 0, let k be the inverse of h, and define H(x) =

∫ x

0
h(y)dy

and K(x) =
∫ x

0
k(y)dy. Then, for all a, b ∈ R+

ab ≤ H(a) +K(b),

with equality if, and only if, b = h(a).

Proof. This is it.

b H(a)
K(b)

a

Figure 2. Proof of Young’s Inequality

We are interested in minimizing

pullφ(Z) =

n∑
i=1

n∑
j=1

wijφ(dij(Z)).(29)

or

pullφ(Z) =

n∑
i=1

n∑
j=1

wijφ(d
2
ij(Z)).(30)

In this case a straightforward application of Young’s inequality shows
that

φ(dij(Z)) = ds
ij(Z) ≤

2− s

2
ds

ij(Y ) +
2

sd2−s
ij (Y )

d2
ij(Z),(31)
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which implies that we can construct a quadratic majorizing function.
We have to minimize

pullφ(Z) ≤
n∑

i=1

n∑
j=1

wij

(2− s

2
ds

ij(Y ) +
2

sd2−s
ij (Y )

d2
ij(Z)

)
,(32)

which shows that in an interation we minimize trZ ′B(Y )Z over nor-
malized Z, where

B(Y ) =

n∑
i=1

n∑
j=1

wij

d2−s
ij (Y )

Aij .(33)

6. Applications of Majorization

6.1. Distance without the square. A particularly interesting pull
function is

pull1(Z) =
n∑

i=1

n∑
j=1

wijdij(Z).(34)

This minimization problem can be easily solved by using majorization
based on the AM/GM inequality.

dij(Z) ≤
1

2

1

dij(Y )
(d2

ij(Z) + d2
ij(Y )),(35)

and thus

pull1(Z) ≤
1

2

n∑
i=1

n∑
j=1

wij

dij(Y )
(d2

ij(Z) + d2
ij(Y )) =

1

2
{tr Z ′B(Y )Z + tr Y ′B(Y )Y },

where

B(Y ) =
n∑

i=1

n∑
j=1

wij

dij(Y )
Aij .(36)

Thus in an iteration we minimize tr Z ′B(Zprevious)Z over normalized
Z.

6.2. Logarithm of Distance. Suppose

pulllog(Z) =
n∑

i=1

n∑
j=1

wij log dij(Z)
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Again we minimize this by using majorization. A first possibility is to
use

log dij(Z) ≤ log dij(Y ) +
1

dij(Y )
(dij(Z)− dij(Y )).

This implies that we iteratively minimize

pull1(Z) =
n∑

i=1

n∑
j=1

wij

dij(Y )
dij(Z).

by the methods explained for pull1.
It may be more convenient to use

log d2
ij(Z) ≤ log d2

ij(Y ) +
1

d2
ij(Y )

(d2
ij(Z)− d2

ij(Y )),

which we can also write as

log dij(Z) ≤ log dij(Y ) +
1

2d2
ij(Y )

(d2
ij(Z)− d2

ij(Y )).

This amounts to minimizing

pull2(Z) =

n∑
i=1

n∑
j=1

wij

d2
ij(Y )

d2
ij(Z),

in each iteration and this is a quadratic problem of the form tr Z ′H(Y )Z,
where

H(Y ) =
n∑

i=1

n∑
j=1

wij

d2
ij(Y )

Aij.

Observe that using this second majorization gives a less precise ap-
proximation than the first, and consequently may lead to slower con-
vergence.

7. Examples

Not sure what to put in.
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