USING JACOBI PLANE ROTATIONS IN R

JAN DE LEEUW

ABSTRACT. Matrix techniques for various types of diagonalizations of matrices

and three-dimensinal arrays are implemented in R using Jacobi plane rotations.

1. INTRODUCTION

Many problems in multivariate analysis can be formulated as optimizing a function
f(K) over the rotation matrices of order n, i.e. the square matrices that satisfy
K'K = KK’ = I. Or, more generally, to optimize a function f(Kj,---,K,) over a

number of rotation matrices.

Recently, much interesting theory has been developed on how to design gradient
type optimization methods for such problems, using the differential geometry of
Grassman and Stiefel manifolds [Edelman et al.,[1998|]. (Edelman, Book — gradient
methods).

In this paper we go a different route, however. We use the rotation matrix version of
one-dimensional coordinate-wise optimization, by building up the optimal rotation

matrices iteratively from a sequence of one-parameter plane rotations.

2. PLANE ROTATIONS

Two-by-two rotation matrices can be written in the one-parameter form

o= [ <ot o).

Note that K(0)' = K(—6) and K(0) = 1.

Jacobi plane rotations of order n are the matrices K;;(6), which are equal to the

identity matrix of order n, but with elements (i, ), (j, j), (i, /) and (j,i) replaced
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by the four elements of K(6). We use sg and cy as abbreviations for sin(6) and
cos(60). Thus

(2a) {Kij(0)}ii = co,
(2b) {Kij(0)}i; = so,
(2¢) {Kij(0)})i = —se,
(2d) {Kij(0)}; = co-

Now Kl'j(e)/ == Kji(e) = Kij(—e), and again Kl'j(O) =1
Suppose X is a rectangular matrix with # rows and m columns. Then X = K; i(0)X
differs from X only in row i and row j. We have
CoX;p —|—S9Xjﬁ if o =i,
(3a) faﬂ = —SeXip —i—ng]'lg ifa=j,
Xqp  otherwise.

Similarly X = XKy, (&) differs from X only in columns k and £, with

CeXgj—Sexor if B =],
(3b) Xop = SeXoj+CeXar ifp=¢,

Xqp  Otherwise.

Equations (3a) and (3b) are one-sided left and right Jacobi transformations of X.
The two-sided transform is defined by X = K;;(0)X K, (). We find
CeXar —SeXor if f=kand @ #1i,j,
seXar +cexoqe i f=/Land o # i, j,
coxip +soxjp if a=iand B #k,l,
—sgx;p +coxjp if a=jand B #k,l,
4) ZXop= CoCeXik +SoCeXjk — CoSgXiy — Sosexjy  if @ =iand B =k,
coSeXix +SgseXjr +coceXic+sgcexjy  ifa=iand f =/,
—SeCeXik +CoceXjk +SSeXiy —cosexje  if = jand B =k,

—SeSgXik + CoSeXjk — SeceXy +cocexje  if = jand B =/,

Xqp  otherwise.

Of course the one-sided transforms can be recovered by setting either 6 = 0 or

£=0.
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3. CYCLES

In our algorithms we update the current rotation matrix K of order n by applying
n(n— 1) plane rotations K;;(6) for all i < j, where  is chosen to optimize some
criterion. In all our applications the criterion is a sum of squares of certain matrix

or array elements.

Usually we update from the left, i.e. we set K = K;;(8)K, with the optimally chosen
6. If the function we are optimizing contains a term KX, for some fixed matrix X,
then of course X = K;;(#)KX. It is usually convenient to update X in situ, which
can be done by just a few multiplications and additions. Because the criterion is
a sum of squares, the optimal sin(6) and cos(@) can usually be found by solving
a 2 x 2 eigenvalue problem for the eigenvector corresponding with the smallest or

largest eigenvalue.

In the symmetric matrix case we use two-sided updates. Because of symmetry we
still only deal with a one parameter problem, and trigonometric identities can be
used to again reduce finding the optimal plane rotation to solving a 2 x 2 eigenvalue

problem. Each cycle of the algorithm again passes through all %n(n —1) in order.

In the literature there are many variations on how to cycle through the plane rota-
tions. We could choose the largest element contributing to the sum of squares, or
we only decide to rotate if an element is above a certain threshold (and then lower
the threshold in further cycles). This may be important for really large examples,
but our R code is intended for fairly small ones. In future versions of our work we

will optimize by code by translating the loops in the core of the algorithm to C.

4. APPLICATIONS

4.1. Eigenvalues. In the classical eigenvalue problem we have a symmetric matrix
A, and we want to find a rotation matrix K such that K’AK is diagonal. In the
classical Jacobi method we build up K by successive plane rotations. Thus the

matrix X is symmetric, and we use the symmetric two-sided transform

A=Kij(§)AK;(§)
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In the formulas from the previous section we have 8 = —&. Using this, and the

symmetry of A, we find

Cedoi —Sgaaj if=iand o #1,}J,
Sgai~+ Cedyj if=jand a #1,j,
ceaig —segag ifa=iand B #1i,j,
sgaig+ceajg ifa=jand B #1i,j,
(5) dop = céaii—Zsécéaiquséajj ifa=iand B =i,

sece(aii—aj;) +(cg —s3)ai;  ifa=iand = j,
sece(aii—aj) +(c; —s3)ai;  if o= jand B =i,
%%+kgﬂ%+%Wj ifa=jandf =,
aep otherwise.
Now
(cetai —Seaa;)” + (Sedai+ Czaaj)’ = g + ay,
(czaip —szajp)® + (ssaip +cajp)’ = ajp +ajp,
and thus

~2 2 2 ~2
Y dop =) agp—ai;+ai.
a<f

a<f
We minimize the sum of squares of the off-diagonal elements of A by solving
dij = sece (aﬁ - ajj) + (Cé - sé)aij = Siﬂ(Zé)dij —I—COS(Zé)a,’j =0,

with d;; = 1(a;; —a;;). One solution for the vector (sin(2&),cos(2&)) is
1

aijj ]
& +dE | i
We now solve for any s¢ and c¢ such that 2s¢ce = uy, cé — sé =uy, and c% —|—S% =1.
Thus

u—=

14+ uy
2 )

Céz

1—up

se = sign(u;) 3
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Note that we can also update the matrix of eigenvectors K by starting with K =1,

and by updating to K after each plane rotation using

(6) ié(xﬁ = Sékai—f—Cékaj lfﬁ :j7

kap otherwise.

The code for the algorithm is given in the Appendix. Note that we have imple-
mented the cyclic Jacobi method, without any searching for a largest pivot ele-
ment. In applying our algorithm to various matrices, we do see the fast quadratic
convergence. In this form, however, our method is not intended to be competitive
with the eigen () routine in R, which is optimized compiled FORTRAN code from
LAPACK.

The comparison with eigen () will become more interesting by rewriting critical
sections in C, although it is well-established that Jacobi is slower than the combi-
nation of Givens-Householder tri-diagonalization and inverse iteration. But Jacobi
has the advantage that it is more easily parallelized [Sameh, 1971} Pourzandi and
Tourancheaul, [1995]], and we intend to use OpenMP to see if we can make these

routines competitive on SMP machines.

4.2. Singular Values. The existence theorem for the singular value decomposi-
tion says that for any rectangular X there exist rotation matrices K and L such that
X = KXL is diagonal. We can compute the singular value decomposition by one-
sided Jacobi rotations, minimizing the sum of squares of the off-diagonal elements.
We can first pivot through all left planar rotations, then pivot through all one-sided
right planar rotations, then do the left ones again, and so on. Note that this al-
gorithm can also be applied to symmetric matrices, in which case it gives us an

alternative method to compute eigenvalues and eigenvectors.

Instead of minimizing the sum of squares of the off-diagonal elements we may
as well maximize the sum of squares of the diagonal elements. For a left Jacobi

transformation K;;(0) this means maximizing

(cos(0)x; + sin(G)xj,-)2 + (—sin(0)x;; + cos(@)x‘,-j)z.
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Define a 2 x 2 matrix V with

Vi1 :x?j +X§,~7
V12 = V21 = XiiXji — XjjXij,

Vo = Xizi + x? L
and a two element vector u with u; = sin(0) and uy = cos(0). Then we must
maximize 'Vu over u'u = 1. Thus # is the normalized eigenvector corresponding
with the largest eigenvalue of V. There is no need to actually compute the optimal

0 because u has all the information we need.

For a right Jacobi rotation K;;(6) we minimize
(cos(8)x;; — sin(0)x;;)* + (sin(8)x;; +cos(0)x;;)%,

and we compute the largest eigenvalue and corresponding eigenvector of

2 2
Vi1 :xij+in,
V12 = V21 = XjjXji — XjiXij,

2 2
V22 :xii+XJj.

The code for the algorithm in the Appendix, in the function jSvD (). There are
various ways to deal with the fact that X is not square, and that consequently some
of the singular vectors correspond with zero singular values. An obvious, although
somewhat wasteful, way is to make X square by appending rows or columns with

ZETOCECS.

In our numerical experiments with jSvD () we find that the algorithm exhibits
slow linear or even sublinear convergence. It performs reliably, but it is dreadfully
slow. We are far better off applying the quadratically convergent Jacobi eigenvalue

algorithm to X’X or XX, or even to

I X
X 1

On the other hand the algorithm can be generalized very simply to approximate

simultaneous diagonalization of a number of rectangular matrices (see {4.4{below).



USING JACOBI PLANE ROTATIONS IN R 7

4.3. Simultaneous Diagonalization. If there are m symmetric matrices Ay they
generally cannot be simultaneously diagonalized by an orthogonal transformation
K. We can find K such that K’A K is diagonal for all v if and only if the A,
commute in pairs, i.e. if and only if AyA, = A Ay for all v,u. We can find
K, however, such that the transformed K'AyK are as diagonal as possible in the
least squares sense. For this we minimize the sum of squares of all off-diagonal

elements.

As Subsection shows, for K;;(§) we must choose the plane rotation angle &
such that

i [% sin(28) (@i — ajjv) +cos(28 )]’

is minimized. Let d;jy = %(a[,-v —ajjv). Define a 2 x 2 matrix V with
- 2
v =Y dij,
v=1
m
Vi = V21 = Z dijvaijv,
v=1

m
2
2 =) ajy,
v=1

and a two element vector u with u; = sin(2&) and u, = cos(2&). Then we must
minimize ¥'Vu over u'u = 1, and thus the optimal u is any eigenvector correspond-

ing with the smallest eigenvalue of V. Again, as in the Jacobi eigenvector method,

14 u
cg = B

. 1 —up
sg = sign(u) 7

This solution was first derived by [De Leeuw and Pruzansky| [[1978]], although in
an unnecessarily complicated way. It was implemented in a convenient FORTRAN
routine by [Clarkson| [[1988]]. [Ten Berge|[1984]] has shown, in an interesting paper,
that Kaiser’s VARIMAX rotation method [Kaiser, [1958]] can be formulated as a
simultaneous diagonalization problem, and that the algorithm proposed by Kaiser
is the same as the one in|De Leeuw and Pruzansky|[[1978]]. The implementation of

the function jSimbiag () in the Appendix converges quite rapidly.

4.4. Tucker Models. Suppose X1, ---,X,, are rectangular matrices of the same di-

mensions. The problem is to find K and L such that X; = KX;L are as diagonal as
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possible in the least squares sense. But for this we can straightforwardly use all the
results from[d.2] This gives an orthogonal version of the TUCKER-2 model [Kroo-
nenberg and De Leeuwl [1980]]. The function jSimsSVvD () is in the Appendix.

A more general problem is to transform the three-dimensional array X = {x;j},

using three rotation matrices K, L and M, by
Xabe = Z ZZ kaplqucrqur~
P g r

We can define different criteria to optimize. An interesting one is to maximize the
sum of squares of the body diagonal, i.e. of the elements for which a = b = c.
This fits an orthonormal version of the INDSCAL/PARAFAC model. It is imple-
mented in jTucker3Diag (). Another option is to maximize the sum of squares
of the leading principal block with a < A,b < B and ¢ < C. This equivalent to
fitting the original TUCKER-3 model [Kroonenberg and De Leeuw, |1980|]. The
function jTucker3Block () is also given in the Appendix. Both approaches are
conceptually straightforward generalizations of Principal Component Analysis and

the Singular Value Decomposition.

All techniques discussed in this section can be generalized to arrays in more than
three dimensions. In R this is most easily done by using the machinery developed

by (APL). The code will be presented in a subsequent publication.

4.5. PREHOM. In|De Leeuw|[1982]]; Bekker|[1982] and in|Bekker and De Leeuw
[1988]] a variation of multiple correspondence analysis using Jacobi plane rotations
is proposed. The matrix to be analyzed is the Burt matrix [Burt, [1950] of m cat-
egorical varables. Variable j has k; categories. If G = [Gl Gm} are the
concatenated indicator matrices (dummies) of the variables, with G; of dimension
n x kj, then the Burt matrix is C = G’G. Matrix C has submatrices Cy, of dimension
kj x ky. If j # { then Cj, contains the bivariate marginals (cross table) of variables
jand . If j =/ then Cj, is a diagonal matrix with the univariate marginals of
varable j on the diagonal. Also define D = diag(C), and the scaled Burt matrix
A=D":CD 1.

Multiple correspondence analysis can be defined as diagonalization of the matrix
A. Thus we could use the classical Jacobi method of Subsection InDe Leeuw

[1982] a three-step approximate diagonalization of the scaled Burt matrix is pro-

posed, which is more revealing from a data analysis pont of view. In the first step
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Jacobi plane rotations are used to approximately diagonalize all of the k; x k; sub-
matrices A, simultaneously. Note that the diagonal submatrices Aj; are equal to
the identity matrix of order k;, and are thus already diagonal. After the Jacobi
step has finished we permute rows and columns to collect the diagonal elements
of the Ay into a direct sum of diagonal blocks. If all k; are equal to k, then there
are k blocks of order m. Each diagonal block is a correlation matrix. The first
block corresponds to the (1,1) elements of all Aj, the second block to the (2,2)
elements, and so on. If some variables have fewer categories, they will not occur
in the later blocks. The third step of the approximate diagonalization computes the

eigenvectors of the diagonal blocks, and uses them to diagonalize these blocks.

Thus the eigenvectors of the scaled Burt matrix are approximated by the product
KPL, where K is the cumulative product of the Jacobi rotations that approximately
diagonalize the Ay, P is the permutation matrix that permutes the elements to ap-
proximate block-diagonal form, and L is the direct sum of the eigenvectors that
diagonalize the correlation matrices along the diagonal. For m variables with k
categories each we use %mk(k + m — 2) parameters to do the approximate diago-

nalization, instead of the %mk(mk — 1) parameters for the full diagonalization.

The code for the R implementation is the function jMCA () in the Appendix.
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USING JACOBI PLANE ROTATIONS IN R

APPENDIX A. CODE

Copyright (C) 2008 Jan de Leeuw <deleeuw(@stat.ucla.edu>

UCLA Department of Statistics, Box 951554, Los Angeles, CA 90095-1554

This program is free software; you

it under the terms of the GNU General Public

the Free Software Foundation; either version 2 of the License, or

tributed in

WARRANTY; without

or FITNESS FOR A PARTICULAR PURPOSE. See the
lic License for more details.

You should a copy of the GNU General

along w. if not, write to the Free

Foundation, ., 675 Mass Ave, Cambridge, MA 02139,

version 0.0.1, 2008-12-05 Eigen and SVD

version 0.1.0, 2008-12-06 Simultaneous Diagonalization
version 0.2.0, 2008-12-08 /D

version 0.2.1, 2008-12-08 es

version 0.2.2, 2008-12-08 efficiency gains
version 0.3.0, 2008-12-10 added

version 1.0.0, 2008-12-10 added

jEigen<-function (a,epsl=le-6,eps2=1e-10,itmax=100, vectors=TRUE, verbose=FALSE)

n<-nrow(a); k<-diag(n); itel<-1; mx<-0; saa<-sum(a”2)

repeat {

for (i in 1:(n-1)) for (j in (i+1):n) {
aij<-ali,jl; bij<-abs(aij);
if (bij < epsl) next()
mx<-max (mx,bij)
am<-(af[i,i]l-al3j,31)/2
u<-c(aij,-am); u<-u/sgrt (sum(u*2))
c<-sgrt ((1+u[2])/2); s<-sign(u[l])=*sgrt((l-ul[2])/2)
s8<-8"2; cc<-c”"2; sc<-s*C
ai<-ali,]; aj<zalj,]
aii<-ali,i]; ajj<=alj, ]l
ali,l<-al,i]<-cxai-sxaj
alj,l<=al, jl<=sxai+cxaj
ali,jl<-al3j,11<-0
ali,i]<-aii*cct+ajjxss—2xscxaij
alj,jl<-ajjrcctaiixss+2xscxaij
if (vectors) {

ki<-k[,1]; kj<=k[, 3]

k[,il<=cxki-sxkj

{

11
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k[,Jl<=sxki+cxk]
}

ff<-sgrt (saa-sum(diag(a)"2))

if

if

(verbose)

cat ("Iteration ", formatC(itel,digits=4), "maxel ", formatC (mx,width=10),"
loss ", formatC (ff,width=10),"\n")

((mx < epsl) || (ff < eps2) || (itel == itmax)) break()

itel<-itel+l; mx<-0

}
d<-diag

(a)

; o<-order (d,decreasing=TRUE)

if (vectors) return(list (values=d[o],vectors=k[,0]))

else return(values=d[o])

jSVD<-function (x,epsl=le-6,eps2=1le-6,itmax=1000, vectors=TRUE, verbose=FALSE)

n<-—nrow

(x)

; m<—ncol (x); itel<-1; mx<-0

kkk<-diag(n); 1lll<-diag(m);

sxx<-sum (

repeat
for

{

(i

x"2); sxm<-sqgrt (sxx/ (nxm))

in 1:(n-1)) {
if (i > m) next()

for (j in (i+1):n) {

xi<=x[1i,1; xj<=xI[],]

xij<-ifelse(j > m,0,x[1,3])

xjj<-ifelse(j > m,0,x[73,J]1)
xii<-x[i,i]; xji<-x[7,1i]

mx<-max (mx, abs (xij) /sxm, abs (xji) /sxm)

v<-matrix(0,2,2)

v[l,1]<-xij"2+xji"2

v[1,2]<-v[2,1]<-xiixxji-xjjxxij

v[2,2]<-xii"2+xjI"2

u<-eigen (v) $vectors[, 1]

x[i,]1<-ul2]xxitul]xx]

x[J,1<zul2]*xxj-ull]*xi

if (vectors) {

ki<-kkk([1i,]; kj<-kkk[7,

kkk[i,]<-u[2]xki+tu[l]*k]

Kkk[J,1<-u[2]xkj-u[1]+ki

}

}

}

ff<-sgrt ((sxx-sum(diag(x)"2)) /sxx)

if

for

(verbose)

cat (" Left iteration ", formatC(itel,digits=4),"maxel ", formatC (mx,width
=10),"loss ", formatC (ff,width=10),"\n")

(k in 1:(m-1)) |

if (k > n) next()

for (1 in (k+1):m) {
xk<=x[,k]; xl<-x[,1]
xlk<-ifelse(l > n,0,x[1,k]
xll<-ifelse(l > n,0,x[1,1]
xkk<=x[k,k]; xkl<=x[k,1]

{
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mx<-max (mx, abs (xk1l) /sxm, abs (x1k) /sxm)
v<-matrix(0,2,2)
v[1l,1]1<-xkl1"2+x1k"2
v[1,2]1<-v([2,1]<-x11x»x1k-xkk*xkl
v[2,2]<-xkk"2+x11"2
u<-eigen (v) $vectors[, 1]
x[,kl<-u[2]*xk-u[l]*x1
x[,1l]1<-ull]lxxk+ul[2]*x1
if (vectors) {
1k<-111[,k]; 11<-111(,1]
111[,k]<-u[2]*1k-u[1l]x11
111[,1]<-u[l]*1k+uf2]*11
}
}
}
ff<-sgrt ((sxx-sum(diag(x)"*2))/sxx)
if (verbose)
cat ("Right iteration ", formatC(itel,digits=4),"maxel ", formatC (mx,width
=10),"loss ", formatC (ff,width=10),"\n")
if ((mx < epsl) || (ff < eps2) || (itel == itmax)) break()
itel<-itel+l; mx<-0
}
return (list (d=diag(x),u=t (kkk),v=111))
}

jSimbDiag<-function(a,eps=1le-10,itmax=100, vectors=TRUE, verbose=FALSE) {
n<-dim(a) [1]; kk<-diag(n); m<-dim(a) [3]; itel<-1; saa<-sum(a”"2)
fold<-saa-sum(applv(a, 3, function(x) sum(diag(x"2))))

repeat {
for (i in 1:(n-1)) for (j in (i+1l):n) {
ad<-(ali,i,]-alj, 3,1)/2
av<-ali,j,]
v<-matrix(0,2,2)
v[l,1]<-sum(ad”"2)

v[l,2]<=v[2,1]<=sum(av=*ad)

v[2,2]<=sum(av”"2)
u<-eigen (v) Svectors([, 2]
c<=sqgrt ((1+ul2])/2); s<=sign(ull])=xsqgrt ((1-ul2])/2)
for (k in 1:m) {
ss<-s"2; cc<-c"2; sc<-s*C
ai<-ali,,k]; aj<-alj, k]
aii<-ali,i,k]; ajj<-alj,3,k1; aij<-ali, J, k]
ali, ,kl<-al,i,k]<-cxai-sx*aj
Jrrkl<=al, j,kl<=sxai+cxaj

[
[
[i,3,kl<=alj,i,kl<-ulllx(aii-ajj) /2+ul2]xaij
[i,i,k]<-aiixcct+tajjxss—-2xscxai]

[

alj,j,kl<-ajjrcctaiixss+2xscxaij
}

if (vectors) {
ki<-kk[,1]; kj<=kk[,]]
kk[,i]<-cxki-sxk]
kk[, jl<=sxki+cxk]
}

13
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fnew<-saa-sum(apply(a, 3, function(x) sum(diag(x"2))))

if

if

(verbose)

cat ("Iteration ", formatC(itel,digits=4),"old loss

,"new loss ", formatC (fnew,width=10),"\n")

(((fold-fnew) < eps) || (itel == itmax)) break()

itel<-itel+l; fold<-fnew

}

return(list (a=a,d<-apply(a,3,diag),k=kk))

}

", formatC(fold,width=10)

jSimSVD<-function (x,eps=le-6,itmax=1000, vectors=TRUE, verbose=FALSE) {

n<-dim(x

kkk<-diag(n);

print (dim(x))

repeat

for

{

(1 in 1:

if (1 >

}

) [1]; m<—dim(x) [2]; nmat<-dim(x) [3]; itel<-1
1ll<-diag(m); sxx<-sum(x"2); fold<-Inf

(n=-1)) {
m) next ()
for (j in (i+1):n) {
v<-matrix(0,2,2)
for (imat in l:nmat) {
xij<-ifelse(j > m,0,x[i,],imat])

xjj<—ifelse(j > m,0,x[J,J,imat])

xii<-x[i,1i,imat]; xji<-x[3j,1i,imat]

v[1l,1]<=v[1,1]+(xij"2+x3i"2)
v[1,2]1<=v[2,1]1<-VvI[]1l,2]+(x1iixxJi-xJJj*xxi7])
v[2,2]<-v[2,2]+(x1i"2+x3F]"2)
}

u<-eigen (v) Svectors[, 1]

for (imat in l:nmat) {
xi<-x[i,,imat]; xj<-x[3,,imat]
x[i,,imat]<-u[2]*xi+u[l]*x]
x[J,,imat]<-u[2]*xj-u[l]»xi
}

if (vectors) {
ki<-kkk([i,]; kj<-kkk[7],
kkk[i,]<-u[2]xki+u[l]*k]
kkk[3,1<=ul2]xkj-ull]xki
}

ss<-sum(apply (x,3,diag) ~2); fnew<-sgrt ((sxx-ss)/sxx)

if

for

(verbose)
cat (" Left iteration ", formatC(itel,digits=4),"loss
=6,width=10),"\n")
(k in 1:(m-1)) {
if (k > n) next()

for (1 in (k+1):m) {

v<-matrix(0,2,2)

for (imat in l:nmat) {
xlk<-ifelse(l > n,0,x[1l,k,imat])
x1l<-ifelse(l > n,0,x[1,1,imat])
xkl<-x[k,1l,imat]; xkk<-x[k,k,imat]

", formatC (fnew,digits
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206 v[1,1]1<-v[1,1]+(xkl"2+x1k"2)

207 v[1,2]<=v[2,1]<=v[1,2]+(x1lxx1k-xkkxxkl)

208 v[2,2]<-v[2,2]+(xkk"2+x11"2)

209 }

210 u<-eigen (v) $vectors[,1]

211 for (imat in 1l:nmat) {

212 xk<-x[,k,imat]; x1<-x[,1,imat]

213 x[,k,imat]<-u[2]*xk-u[1]*x1

214 x[,1,imat]<-u[l]*xk+u[2]*x1

215 }

216 if (vectors) {

217 1k<-111[,k]; 11<-111¢(,1]

218 111([,k]<-u[2]*lk-u[1] 11

219 111[,1]1<-u(l]*1k+uf2]x11

220 }

221 }

222 }

223 ss<-sum(apply (%, 3,diag) ~2); fnew<-sgrt ((sxx-ss)/sxx)

224 if (verbose)

225 cat ("Right iteration ",formatC(itel,digits=4),"loss ", formatC (fnew,digits
=6,width=10), "\n")

226 if (((fold - fnew) < eps) || (itel == itmax)) break()

227 itel<-itel+1l; fold<-fnew

228 }

229 return(list (d=apply (x,3,diag),u=t (kkk),v=111))

230 }

231

232 jTucker3Diag<-function(a,eps=le-6,itmax=100,vectors=TRUE, verbose=TRUE) {
233 n<-dim(a) [1]; m<-dim(a) [2]; k<-dim(a) [3]; nmk<-min(n,m, k)
234  kn<-diag(n); km<-diag(m); kk<-diag(k); ossg<-0; itel<-1

235 repeat {

236 for (i in 1:(n-1)) for (J in (i+1):n) {
237 ai<-ali,,1; aj<-alj,,]

238 acc<-ass<-asc<-0

239 if (i <= min(m,k)) {

240 acc<-acctal[i,i,i]1"2

241 ass<-ass+alj,i,11"2

242 asc<-asctali,i,ilxalj, i,1]
243 }

244 if (3 <= min(m,k)) {

245 acc<-acc+alj, 3,31"2

246 ass<-ass+ali, j,3j1"2

247 asc<-asc-alj,J,jlxali, J, J]
248 }

249 u<-eigen (matrix(c(acc,asc,asc,ass),2,2))Svectors[,1]
250 c<—ull]; s<-ul2]

251 ali,,]<-cxai+sxaj

252 alj,,l<-cxaj-sxai

253 if (vectors) {

254 ki<-kn[i,]; kj<-kn[J,]

255 kn([i,]<-crki+s+kj

256 kn[j,]<=cxkj-sxki

257 }
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258 }

259 for (i in 1:(m-1)) for (j in (i+1):m) {

260 ai<-al,i,1; aj<=al,3,]

261 acc<-ass<-asc<-0

262 if (1 <= min(n,k)) {

263 acc<-acc+ali,i,i]"2

264 ass<-ass+ali,j, 1172

265 asc<-asc+ali,i,il*ali, ], 1]

266 }

267 if (J <= min(n,k)) {

268 acc<-acc+alj,J,j1"2

269 ass<-ass+alj,i,31"2

270 asc<-asc-alj,Jj,jl*alj, i, 3]

271 }

272 u<-eigen (matrix(c(acc,asc,asc,ass),2,2))Svectors|[,1]

273 c<-ull]; s<-ul2]

274 al,i,]1<-cxai+sx*aj

275 al,j,1<-cxaj-sxai

276 if (vectors) {

277 ki<-km[i,]; kj<=km[],]

278 km[i, ]<-cxki+s*k]

279 km[§, ]<-cxkj-sxki

280 }

281 }

282 for (i in 1:(k-1)) for (j in (i+1):k) {

283 ai<-afl,,il; aj<-al,,7Jl

284 acc<-ass<-asc<-0

285 i1f (1 <= min(n,m)) {

286 acc<-acc+ali,i,i]"2

287 ass<-ass+ali,i,3]1"2

288 asc<-asc+ali,i,ilxali, i, ]]

289 }

290 if (3 <= min(n,m) {

291 acc<-acc+alj, j, 312

292 ass<-ass+alj,J,11"2

293 asc<-asc-alj,j,jl=alj, j, 1]

294 }

295 u<-eigen (matrix(c(acc,asc,asc,ass),2,2))Svectors|[,1]

296 c<-u[l]; s<-ul2]

297 al,,i]<-cxait+sx*aj

298 al,,jl<-cxaj-sxai

299 if (vectors) {

300 ki<-kk[i,]; kj<=kk[3j,]

301 kk[i, ]<-cxki+s*k]

302 kk[j, ]<—cxkj-sxki

303 }

304 }

305 nssqg<-0; for (v in l:nmk) nssqg<-nssqg+alv,v,v]"2

306 if (verbose)

307 cat ("Iteration ",formatC(itel,digits=4),"ssq ",formatC (nssq,digits=10
width=15),"\n")

308 if (((nssg - ossqg) < eps) || (itel == itmax)) break()

309 itel<-itel+l; ossg<-nssq
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}
d<-rep(0,nmk); for (v in l:nmk) d[v]<-al[v,v,V]
return (list (a=a,d=d, kn=kn, km=km, kk=kk) )
}

jTucker3Block<-function (a,dims,eps=le-6,itmax=100, vectors=TRUE, verbose=TRUE) {

n<-dim(a) [1]; m<-dim(a) [2]; k<-dim(a) [3]; nmk<-min (n,m, k)

p<-dims[1]; g<-dims[2]; r<-dims[3]
kn<-diag(n); km<-diag(m); kk<-diag(k); ossg<-0; itel<-1

repeat {
for (i in 1l:(n-1)) for (j in (i+1):n) {
ai<-ali,,]; aj<-alj,,]
acc<-ass<-asc<-0
if (1 <= p)
for (u in 1l:g) for (v in 1l:r) {
acc<-acc+ali,u,v]"2
ass<-ass+alj,u,v]"2
asc<-asc+ali,u,vl*xalj,u,v]
}
if (3 <= p)
for (u in 1l:g) for (v in 1l:r) {
acc<-acc+alj,u,v]"2
ass<-ass+ali,u,v]"2
asc<-asc-al[j,u,v]*ali,u,v]
}
u<-eigen (matrix(c(acc,asc,asc,ass),2,2))Ssvectors|[,1]
c<-u[l]; s<-ul2]
ali,,]<-cxai+s=*aj
alj,,]<-cxaj-sxai
if (vectors) {
ki<-kn[i,]; kj<-kn[J,]
kn[i, ]<-cxki+sxk]j
kn[j,]<-cxkj-sxki
}
}
for (1 in 1:(m-1)) for (j in (i+1l):m) {

ai<-al,1i,1; aj<zal,3,]
acc<-ass<-asc<-0
if (1 <= q)
for (u in 1:p) for (v in 1l:r) {
acc<-acc+alu,i,v]"2
ass<-ass+alu, j,v]"2
asc<-asc+alu,i,v]xalu, j, vl

}

for (u in 1l:p) for (v in 1l:r) {
acc<-acc+alu, j,v]"2
ass<-ass+alu,i,v]"2
asc<-asc-alu,i,v]xalu, j, vl
}
u<-eigen (matrix(c(acc,asc,asc,ass),2,2))svectors[,1]
c<-u[l]; s<-ul2]

al,i,]<=cxrai+sxaj
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al,j,l<zcraj-sxai
if (vectors) {
ki<-km[i,]; kj<-km[J,]
km[i,]<-cxki+sxkij
km[J, ]<-cxkj-sxki
}
}
for (i in 1:(k-1)) for (j in (i+1):k) {
ai<-al,,il; aj<=al,, ]l
acc<-ass<-asc<-0
if (1 <= 1)
for (u in 1l:p) for (v in 1l:q9)
acc<-acc+alu,v,1i]"2

ass<-ass+alu,v,Jjl"2

asc<-asc+alu,v,i]*alu,v, ]

}

for (u in 1l:p) for (v in 1l:q9)
acc<-acc+alu,v,j]"2

ass<-ass+alu,v,1]1"2

asc<-asc-alu,v,i]x*alu,v, ]

}

{

{

u<-eigen (matrix(c(acc,asc,asc,ass),2,2))Ssvectors|[,1]

c<-ull]; s<-ul2]
al,,i]<-cxai+s=*aj
al,,jl<=cxaj-sxai
if (vectors) {
ki<-kk([i,]; kj<-kk[J,]
kk[i,]<-cxki+sxk]
kk([J,]<-cxkj-sxki
}
}

nssq<-0; for (i in 1:p) for (j in 1:g) for (1 in 1l:r)

172

if (verbose)

nssg<-nssqg+ali, j, 1

cat ("Iteration ", formatC(itel,digits=4),"ssqg ", formatC(nssq,digits=10,

width=15),"\n")

if (((nssg - ossqg) < eps) || (itel == itmax)) break()

itel<-itel+l; ossg<-nssq

}
d<-a[l:p,1l:g,1:r]
return (list (a=a,d=d, kn=kn, km=km, kk=kk) )
}

JMCA<-function (burt, k, eps=1le-6, itmax=500, verbose=TRUE, vectors=TRUE) {

m<-length (k); burt<-msmsburt/sum(burt); sk<-sum(k)
db<-diag(burt); ll<-kk<-ww<-diag(sk); itel<-1; ossg<-0
klw<-l+cumsum(c(0,k)) [1:m]; kup<-cumsum (k)

ind<-lapply (l:m, function (i) klw[i]:kup[i])

sburt<-burt/sqgrt (outer (db, db))
for (i in 1:m)

kk[ind[[1]],ind[[1]]]<-t (svd(sburt[ind[[i]],])Su)
kbk<-kk%*%sburt%x%t (kk)
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414  for (i in 1l:m) for (j in 1:m)

415 ww[ind[[i]],ind[[]j]]]<-ifelse(outer(l:k[i],1:k[3],"=="),1,0)

416 repeat {

417 for (1 in 1:m) {

418 if (k[1] == 2) next()

419 li<-ind[[1]]

420 for (1 in (klw([l]+1):(kup[l]-1)) for (j in (i+1):kup[l]) {

421 bi<-kbk[i,-1i]; bj<-kbk[]j,-11i]

422 wi<-ww[i,-1i]; wj<-ww[],-11i]

423 acc<-sum (wixbi”2)+sum(wjxbj"*2)

424 acs<-sum((wi-wj) xbixb7j)

425 ass<-sum(wixbj"2)+sum(wjxbi”"2)

426 u<-eigen (matrix(c(acc,acs,acs,ass),2,2))svectors[,1]

427 c<—u[l]; s<-ul2]

428 kbk [-1i,i]<-kbk[i,-1i]<-cxbi+sbj

429 kbk[-1i,jl<-kbk[]j,-1li]<-cxbj-sxbi

430 if (vectors) {

431 ki<-kk[i,1i]; kj<-kk[7j,1i]

432 kk[i,1i]<-cxki+ssk]j

433 kk[j,1i]<-cxkj-sxki

434 }

435 }

436 }

437 nssqg<-sum (wwxkbk”"2)-sum(diag (kbk) ~2)

438 if (verbose)

439 cat ("Iteration ",formatC(itel,digits=4),"ssqg ",formatC (nssq,digits=10,
width=15),"\n")

440 if (((nssg - ossqg) < eps) || (itel == itmax)) break()

441 itel<-itel+l; ossg<-nssq

442 }

443  kl<-unlist (sapply(k, function (i) 1:1))

444 pp<-ifelse(outer(l:sk,order (kl),"=="),1,0)
445  pkbkp<-t (pp) $*%kbk%*%pp

446  pk<-t (pp) 5x%kk

447 km<-as.vector (table(kl)); nm<-length (km)
448 klw<-1l+cumsum(c (0, km)) [1:nm]; kup<-cumsum (km)

449 for (i in 1l:length(km)) {

450 if (km[i]==1) next ()

451 ind<-klw[i]:kup[i]

452 11[ind, ind]<-eigen (pkbkp[ind, ind]) $vectors
453 }

454 lpkbkpl<-t (11) 3x3pkbkps*x%11

455 1pk<-t (11)%+%pk

456 return (list (kbk=kbk,pkbkp=pkbkp, lpkbkpl=1pkbkpl, kk=t (kk), pp=pp,11=11,kpl=t (1pk)))
457 }
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