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0 The multinomigl distribution

Observations in m classesj frequencies Nyy see 0§ total frequency N.

Distribution (random sampling with replacement from a finite population, or with/
without replacement from an infinite population):

n,
) P;1
-f%' i
p("v'"’nm'm =N 5.
i=1 i
Some expected values:
E(ni) = Npi!

VAR(n,;) = E(n}) - B%(n,) = Wp, (1-p,),

COVAR(ni,nj) = B(nyn;) - E(n;)E(ny) = ~Np; e (1#3)

1 Test of a simple hypothesis

1.1 Simple hypotheses .
H02 pi L] gi (i=1,oot'm),
H,t p; ¥ B, (at least one i),

(ﬁi completely specified), Define the new random variable
n, - Ny
zg = -i?==q~*- N
Nﬁi

If Ho ig true, then
E(zi) = o'

VAR(zi) =1 - ﬁi, .
COVAR(zi,zj) = -Vﬁiﬁj. (i#3)

1.2 Asymptotic distribution

If Nﬁi-ed’ for all i then by the multivariate Moivre-Laplace theorem the distridbutio

of the z, tends to an m~variate normal distribution with means zero, variances

i

Yig = 1 = By
and covariances

fos = -VB8y  (149).

1.3 Orthogonal systems

1

Consider m vectors yo,y1,...,ym— with m elements each, matisfying

m .
Z y::‘,’: = éatv (oytw0yo0e,m=1)
i=1
and '
0 & .
yi b ﬁ;g . '(181,900’m)0



+ Jafine the m new random variables

m
&
xs b z yizii (&!zo,...,m—‘l)

Obviously Xy = 0, no matter what n, iss For s=1,.00,m~1 we find that X, ise
asymptotically normally distributed with mean zero., The covariance of xs and x, is

¢, =

at

- ysy'!; + § % ysyt -
ioq 713 511 f21 5= ivj Jij
(i#3)
- f oy (1 - 8,) -z 2: .v:y
i=1 * i=1 j=1
(i#3)
m

with probability one, and FyveeeyX o 0TS asymptotically uncorrelated {and thus

independent) standardized normal variates.

1.4 Xz-stgjistio

We have m~1 m—1 m m-1 m

B;B,

8 4 gt
Z%Vﬁ—; j2;1 Yjﬁ’ Je,

for a,t=1,s40ym~1. Thus Xq is a trivial random variable which assumes the value zero

Z swi(zyisi)e Ziyiyjij

8=0 gm0 i=1 . 8=0 i=1 j=

= ZE ZE' Zs :E: 3‘ 'Ef Ef 28

i=1 J=1 amo i=1 j=1

2
= 2 zio

i=1

And thus, if Nﬁi-w oo for all 1 and Hy is true, the statistio

m (n —N’ﬁ)2

-2 2.3 i,

i=1 i=1

ig distributed as the gum of squares of m~1 in&ependent gtandardized normal

variates with zero expectations, i.e. aa‘J[ wibdh m-1 degrees of freedom.

1.5 Partitioning X2

[t also follows that xs is distributed asymptotically am ]{2 with one dfr for

2 2

all 8=1ye0e,m=15 that Xy + Xy is distribvted asymptotically as JE? with two dfr
Por all s,t=1,e0sym~1 with sf t, and so on. Because there is an imfinite number

W



of ways to choose the vectors y, there also is an infinite number of ways to
partition Xz. We must however always choose the y without reference to the data,
tecause otherwise the yi are not constants any more but random variables and our

derivation of the limiting distribution of xg is invalid.

‘o6 Between-Within contrastes

The most important choicesm for y are those for which the components of X2 (i.e.
zf, xg, etc) are aoctual X2 valueg for component vectors of observed frequencies.
These are the between-within contrasts in which we leave out certain classes
and/or poole others, If this ism done in the usual orthogonal fashion (k groups,
X within~group X2 values, and one between-group X2 value) we have an additive
partition of XE. To premerve additivity we must use modified X2 values for the

within-group contraste, and not the (asymptotically equivalent) actual %2 values.

2 Test of a compomite hypothesis

In the composite case the null hypothesis is

Hyt py = %{6 Ye (i=1y000,m)
The probabilities fii are predescribed functiom of r free parameters 91,..., Gr.
He are intereated in the asymptotic dimtribution of

» n (n, - N3(8))°
X0) = Z —1e)

“if we estimaﬁe the parametera Q . Under some regularity coqditions on the

" functions ﬁi(é }, it can be proved that if we substitute the maximum likelihood
estimatesn @ for @ s then the statimtic again has an asymptotic 'x2 distribution
under HO with m - » dfr, We replace the given number ﬁi in our previous dsvelopment

by ﬁi(ia),and.our whole discussion again applies.

3+ The contingency table

3.1 Composite hypothegis of indapendence

Notation N = {jni;%(i=1,...,n; J=1yeeeym)e Marginals gy m g grand total n_ .
Suppose m £ n. The same dimoussion applies, with slight modifications, The most
interesting hypothesis is complete independence

For Pij = Y py-
Maximum likelihood estimates

{'}i =ng /n

A : _
Py = m, 5, UERY
and . A A2 - 2
. n m (n,-n o ) n m n
SCRY R 5 g eS| TS
' &M oa A 3=t =1 P10,
J co PP : 3



ia dstributed (HO true, n; n i/n 2 for all i,3) as 2?2 with am -~ (n + m =1) =

fm = 1)(m - 1) dfr,

In this case we need two sets of orthonormal vectors in stead of our single set

yﬁ,...,ym—T. These two sets xro,...,'\a"m"'1 and wo,...,wn'1 must satiafy
E‘? dhet (ot
b A ’
i=1—
o
VArie,t Qe
V . jvj = [}
3“*\ )
and A
0 %
Wy = ééi,
a
Vqs A/'R.—o
i P

The nm new rv'e X,y are defined by

t
: = :g 8 %
X .= 2 B, W, V.,
at ie1 321 ij 173
and consequently oo = 0, but alsmo X0 = 0 for all &=1,..,,n, and th = 0 for all
t=1,.oo’m"1. Thus .
X2 = %_1 .}2:.1 X2
‘ tz- gt

g=1 t=1
ie distributed as % ° with (n-1)(n-1) afr.

3.2 Canonical partition

Standard results in the theory of canonical forms of matrices tell us that we can

choose v and w in such a way that x__ = O for all 8 ¥ t, and for 8> m. There are

at
only m-1 compeonents of X2 not equal‘to zero, With different notation we can =ay
m—1
Xz = n g’
LR} 5:1
and
n, n . M1
. ie o 8 8
ngs = - (1 + ?1 b s"ivj)'

The }ks can be interpreted as mquared canonical correlations.

3.3 Between-Within contrasts

In the same way as before it is possible to form between and within contrasts,

now both for rows -and columns, Using these we can partition N, for example, into

(n=1)(m-1) twofold tables with 1 dfr each, whose modified X2 values add up to the
5 .

total X",

§ Posterior testing
[f we form our orthonormal functions after inspection of the data we clearly need

a different testing procedure, The theory of posterior testing telle us to test
any component of the total X2 ag if it was 3.2{2 with {(n~1){(m-1) dfr. It can be

r— T — - |



srown that with this sirategy the probability that a true hypothesis is rejected

is lesg than the significance level chosen,

S  Literature

Seneral:

H,0. Lancagter:

Partitiongs

H.,C, Lancester:

Irwin, J.0,

Kimball, A.W.

Kastenba.um ’ M.A.

Castellan, N,J,

4,5, Maxwell: Analysing Qualitative Data
London, Methuen, 1961

¥,G, Coochran: The 7{2 test of goodness of fit
Ann, Math. Statist. 1952, 23, 315-

#,G, Cochran: Some methods for strenghtening the common.')(2 tents
Biometrica 1954, 10, 417-

A veconcilliation of y{,g considered from metrical and
enumerative aspectis
Sankhya,. 13, 1953, 1-

Also: Kendall & 8tuart, Advanced Theory, chapters 30 and 33,

The derivation and partition of X 2 in certain discrete
distributions
Biometrika 36, 1949, 117-

A note on the mubdivision of }(2 into components
Biometrika 36, 1949, 130~

Short~Cut formulas for the exact partition of]fz in contingency
tables A
Biometricas 1954, 10, 452-

A note on the additive partitioning of ,(2 in contingency tables
Biometrics 1960, 16, 416-

On the partitioning of contingency tables
Psychol. Bull. 1965, 64, 330~

Canonical partition:

H,0, Lanceater

Canonical correlations and partitions of )(2.
Quart. J. Math, Oxford, 1963, 14, 220~

Pogterior testing:

Gabriel ’ X.H,

Keith Smith, J.E, . Posterior comparisons in contingency tables -

Michigan Math. Pasychol. Program, Report MMPP66~4, 1966

Simultaneous test procedures for multiple comparisons

on categorical data
J. Amer. Statist. Ass, 1966, 61, 1081~

r___—___________________.-_____



Teats for gcores

F. Tatses The analysis of contingency tables with groupings based on gquantitative
characters
Biometrika 1948, 35, 176~

¥illiams, E.J. Use of scores for the analysis of asgociation in contingency tables

Biometrika 1952, 39, 274~

¢ Examples

2.4 Artificial example. Eguiprobability test, six classes, 120 obgervations.

ei = Nﬁi = 20 for all i. Example of a between~within analyeis, three groups,

each of esize two.

£,2 Example from Lammers. Syﬁmetric two-way within-between analysis of transition

frequencies father's pofitical choice -~ mtudent's political choice (University

of Amsterdam 1964). 5 % 5 input table somewhere in the middle of the page.

6,3 Own Example, Number of children from environment A~B-C~D-E which goes to
school form A-B~C-D-E (columns) after leaving 6th grade. Environment (father's
profession): A academic, director, etc. B: high white collar, army officers.
@: Shop keepers, low white collar, D: Schooled labor, E: Unskilled labom.

Two-way within-between.

6.4 Main example from Lammers. First page: input three~way contingency table.

Student political choices per university per faculty. Second, third, and
fourth page: two-way marginale, Fifth page: canonical partition of the
two main two-way marginals. Sixth page: plot of out-put on fifth page.

Seventh page: Lammers used prior scores for left-right

CONF 1
VVD 0
PYDE 3
PACO 4
D'66 2

On this page they are compared with the canonical scores. Eighth page: compute
allkpossible within components for parties and investigate possible
governmental -coalitions for homogeneity. Nineth page: three-way joint

bivariate canonieal analysis.




¥ ¥
1 1
1 1
E -2 0
23 20 3 9 0 ~1 -2 0
2% 20 9 81 0 0 1 -1
27 20 7 49 0 0 -1 1 -1
120 120 0 304 ( 120) ( 40) ( 40) ( 40) ( 240) ( 80)
2 ,
X 0 .1 o4 o1 «15 14.45
" Between groups . ]
2
T L
22 40 -18 324
A2 40 2 4
56 40 16 . 256
g2 2 2
120 120 0 584 X% = 584/40 = 14.6 = X, + Xgo
¥ithin group I
2
R, e, n,-e. (n 1785 )
10 20 -10 100 .
12 20 -8 64 X% = 2/11 = 1818,
22 40 -18 324 X% = 164/20 ~ 324/40 = .1 = xf.
. 2 2 =2 |
In the pame way: within group ITI X~ = .4 = xg. X° = ,2195,
within group IIT X2 = .1 = x5, X2 = .0714.
Miitive partition of X° Asymptotic partition
Bonrce X2 X afr P 'f2 dfr P
KHthin grbupa 6. 3 .896 <5327 3 .803
Jetwoen groups 14,6 2 ¢{.001 14.6 2 <.001
Potal 15.2 5 - 009 1541327 5 .009




yVD KVP AR/CH PYDA  PSP/CPN
-1 1 1 -1 -1 demominational /non
- 0 0 ’ 1 1 left/right
0 0 0 1 -1 pink/red
1 -1 0 0 cathOlic/protestant

78.574 0.292 0.005 6.219 85,090

0,000 67,456 0,764 0,000 68,220

0.047 0,046 7.900 0.118 8.111

16.877 4.537 0.107  53.983 75.504
95.498  72.331 8.776 60,320 236,925
39 08 73 15
00 05 04 04

(1,4) (3,3) 51 00 02 17 07

10 39 01 21 ©

40" 36 26 10 15 oi 07 09 05
o1 21 1215 14 00 03 T3 12

(441 2

1) (4,2) 01 00 00 04 04

Diagonal partition

Btability - 207.913 dfr = 4

Total 236,925 dfr =16

Canonical partition

Gomponent I 135.312 101,614  7.346 1313 (catholics-noncatholics)
Compbnen't IT 72.541 29,074 1.987 L322 (1iv & prot-pink & red)
Component III 21,243 7.831 =-1.680  .954  (protestants~liberals)
Component IV 7.830 {pink-red)

Total 236.926 12.469




16

i 28 00 00 ©0 00 28
B 29 00 00 00 00 29
8 45 06 04 01 00 56
3 49 3% 07 10 03 105
E 03 09 04 O7 03 26
154 51 15 18 06 244
01 +1 41 +1 =1 =1 +1 =1 =1 =1
02 +1 41 +1 =1 =1 0 +1 +1 -1
03 +1 +1 +1 =1 =1 0 +1 =1 +1
04 +1 41 +1 =1 =1 0 +1 ~1 =1
05 +1 -1 0 0 0O +1 =1 =1 ~1
06 +1 -1 0 0 O 0 +1 +1 ~1
07 +1 -1 0 O 0 +1 =1 +1
08 +1 -1 0 0 © 0 +1 =1 =1
09 +1 +1 -1 -0 O +1 =l =] -
10 +1 +1 =1 0 O 0 +1 +1 =1
11 +1 +1 =1 0 O 0 +1 =1 +1
12 +1+1 =1 0 0 0 +1 =1 =1
13 0 0 0 +1 =1 +1 =1 =1 =1
14 0 0 0+1 ~1 O +1 +1 -1
15 0 0 041 ~1 0 +1 ~1 +1
16 0 0 041 =1 0 +1 =1 =1
Environment X2 dfyr P
Within ABC ' 5.527 . 8 « 30
Within DE 26,054 4 .01
Between ABC-DE 68,193 4 <,01
Total 39.7174 16 <.01
School
Hithin A 0.000 0 S—
Within BCDE 17400 12 <14
Between A-BCDE 82.374 4  <.01
Total 39.774

A=

[}
[

=}
]

66,646
0.854
0.513
0,180
0,000
0,000
0.000
0.000
4.682
0,467
0.28)
0,0¢¢

11,046
8,070
2675
4,263

HAVO, MAVO, V0,

LTS, LHNO,

1TO, IOM, NEL.

STOP,

= LAVO, LEAO,

66,646
1.980
1.189
0.417

12,404

10,743
3.244
1.527
2.174
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00 01 02

LEIDEN

01 01 00

14 07 06

00 00 00

18
10
15
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05

00

00

00

14
01
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00 01 00

01 00 03

11 02 00
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00
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01
01
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01
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08
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09
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01 03 01
60 01 00
00 01 00
00 00 O
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00 00 00
00 00 00

g

A'DAM
08 06 00
07 03 02

05 11 06
05 06 02

02 00 01
00 02 00

01 01 01
13 05 €0

GRONINGEN

02 01 00
07 01 O1

01 03 01

33 15 062
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01
Q2
01
02
e

oo

01
0z
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1t

12
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01

01

00
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00
07

01
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01 04 13
01 08 28
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07
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24

16 01 00
11 09 02
14 16 07
04 05 10
10 4 04

06 01 01
03 00 00
00 00 02

01 00 01

UTRECHT

07 03 01
09 03 02
02 02 04
02 05 04
00 08 02

02 00 00

60 00 00

00 01 00

NIJYEGEN

66 22 20

DELF?

05
11
21
11
13

05
01
o1

04

06

05
06
22
04

02
G5

co
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DELFT
ETHDE
RODAM
TBURG

KYGEN

DRIEN

GRONI
WAGEN
Iﬁ"ﬁEC
ADAMG
B

LEIDE

TOTAAL

005 024

00T

003 015

022 025 021 037 018

182
035

019

023 026 035 036 020

002

029 039 068 036 034

041 039 041 067 055 -

003 014 008 005 003

074 044 041 038 027

JUR MED W&N S0C LET TEC PSW VEE TND THE LBW CIF

075

025

005 011 001
005 004 003

052
016 004 008 006
o1 001 . 022
| 005 061
007 003

200 211 214 243 157 236 011 016 814 036 052 036

ECO

026

001

057
006

190

T0T
182
035

111 .

043
140

019

- 055

240
334
- 045
234

1616




: 'cpn. : ,

i conf vvd pvda psp  d'66 tot

if 24 66 22 20 50 182

§ 12 o7 03 'ob 13 o3

% BODAM 20 ,-43 20 Y 24 11
TBURG -~ 08 12 03 03 T | 043
RYCER 3 22 22 13 50 140
DRIEN oo 07 03 - o4 05 019
GRONI o - 48 43 14 55 178
WAQEN 11 15 08 06 15 - 055
UTREC 40 65 36 21 T2 240
ADAMG Y 59 92 43 113 - 334
ADAMV 27 o1 o5 03 09 | 045 :
LEIDE. 29 88 34 21 62 | 234

TOTAAL 251 43 291 158 | 485 1616
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251

79

61

34

3

80
01
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01
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04
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pvda

33

30
45
58
40
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05
01
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05
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30
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opn
PSP

o6

19
22
38

.20
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00

01

01
04
08

09

08

158

art66

49
64
2

85

68
- G4
05

04

o7
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12
55
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=R -. 006 . 005 PSW .019 ~.013
BLATEN . 006 e 003 ’ VEE -.016 005
f o) g -.010 016 THE 012 062
i3avwy .059 «011 LBW ~.002 .009
BEw -. 005 -,013 oI 027 -.013
ECO e 014 bt 3 006
LME=T . 070 « 041 067 ,030
=T 114 66 108 4%
FECIT .01 <05 .01 s H0
Tamarical partition univermities
%2 Residual z p
© Lmmmement 1 113,809 89.124 3.803 . 00007
ﬁdn;mﬂegt 11 66.472 22,653 -2,722 99677
Beeiiual 22,647
Ttz 202,928 9,4222 1E=-21
Zammo=ical partition faculties
Temrorent I 108,05 69.60 2.007 »02241
om-onent 11 4?0 8‘? 21073 “"3' 343 099958
Iesidual o 21.73
Ptz 177.65 8,1052

1E-16
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x cif
?Lémmers
X moc
x let
x wikn
x the
x Llbw
xmed
R i A T : N T ) = >
canonical
X eco
%487
) T tnd
Bammers vartition faculties
Segrrce X? - 4fr P P
eczion 105.546 12 44419 «001
Bt i-al 72,109 36
Wil 177655 48
BEammers partition universities
Becreszion 61,656 11 71,311 .25
e 141.272 33
Sre=1 202.928 48




Y COYTOONENTS
“23.844 00111 35516 00011 29.097
28,220 01011 97.776 00101 13.688
43,206 01101 90,514 00110 20,010
©23,063 01110 121,637 01007 50, 228
156,642 10011 66,903 01010 77+ 142
10101 62.489 01100 72.881
10110 T4.176 10001 - 28,628
11001 96,771 10010 43,558
11010  121.124 10100 46,354
11100 119.461 11000 56,440
| ==e=oTo coantTIoNs ]
: x2 afr x? arr
b we111 £8.220 36 00111 35.516 24
SRO0 0,000 .0 11000 564440 12
82,435 12 - 85.659 12
177.655 48 177.655 48
56,440 12 10100 46,354 12
13.688 12 01001 50,228 12
0,000 0. 00010 0,000 0
107,527 24 | 81,053 24
177.655 48 177.655 48
74,176 24 11001 96.771 | 24
50,228 12 00110 20,010 12
47.251 12 | 60.874 12
177.655 48 177555 A8
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