MATRIX NORMAL BLOCK EM:
THE R PACKAGE MNBEM

JAN DE LEEUW AND WEI TAN TSAI

ABSTRACT. The Expectation-Maximization algorithm is derived as a special
case of the Majorization Method. We specialize this general derivation to mul-
tivariate normal distributions, emphasizing in particular direct sum and direct
product structures for the dispersion matrix. A special case inportant in environ-
mental stastistics is missing data imputation in generalized growth curve models
for the matrix variate normal distribution. The corresponding algorithms, with R

code, are also given.

1. INTRODUCTION

The majorization method is a general approach, or family of approaches, to con-
struct optimization methods. Some general publications about majorization are Kiers
[1990]; |De Leeuw| [[1994]; Heiser [19935]); [Lange et al.| [2000]; Hunter and Lange
[2004]]; De Leeuw and Lange|[2009].

Suppose the problem is to minimize f: 2" = R over 2 C R". A function F :
Z @ Z = R is a majorization function if f(x) < F(x,y) for all x,y € 2" and
f(x) =F(x,x) forallxe 2.
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The iterative majorization algorithm finds the update of x¥) by computing

A argmax F (x,x%).
xeZ

If x) ¢ 27(®) we stop. Else we select x**1) € 2" () The sandwich inequality
f(x(kJrl)) < F<x(k+1),x(k)) < F(x(k)7x(k)) — f(x(k)

shows that the algorithm either stops, or produces a decreasing sequence of func-
tion values. Under compactness and continuity conditions this implies conver-

gence [Zangwill, [1969].

Of course if we are maximizing f, then we can construct a suitable minorization
function and maximize that in each iterative step. To cover both minorization and
majorization |Lange et al.|[2000]] propose the name MM algorithm, where the first
M stands for either majorization or minorization, and the second M stands for either

maximation or minimization.

Majorization and minorization functions are usually derived from classical inequal-
ities, from Taylor’s Theorem, or from convexity considerations. The Expectation-
Maximization or EM algorithm is a family of MM algorithms based on Jensen’s
Inequality, usually applied in the statistical context of computing maximum likeli-
hood estimates [Dempster et al., [1977; McLachlan and Krishnan, 2008]]. The gen-
eral idea of using MM algorithms in data analysis came about by realizing that the
EM algorithm, based on Jensen’s Inequality, and the SMACOF method for multi-
dimensional scaling [De Leeuwl 1977, based on the Cauchy-Schwartz Inequality,

were both examples of a more general approach to algorithm construction.

1.1. EM as MM. Suppose that g : X ® ¥ = R", where X C R" and Y C R™.
Define f: X — R* by

F(x) 2log /Y g(x,y)dy.

The problem we study in this paper is maximization of f over X.

Suppose x, X € X. We assume that if x # ¥ then g(x,y) # g(,y) forall y € Y. Now

e Jrgley)dy ng(f’y)igfggdy

&) f(x)_logfyg(f,y)dy_log JygEy)dy
Let ( )
A glxy
Hxy) = Jy g(x,y)dy
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Then [, h(x,y)dy =1 for all x and

o - \8(xy)
1) = £®) = tog [ n(e.n) $55ay

Applying Jensen’s Inequality to the right hand side gives
fx) > f(R) +k(x, %) — k(%, %),
where we use the abbreviation
K02 [ ) logglny)dy:
The function F (x,X) = f(X) +k(x,X) —k(%, X) is the required minorization function.
This leads to the MM algorithm in which

k) éargmax F (x,x(k)) = argmax k(x,x(k)),
xeX xeX

and xKt1) e 27 (k)

2. MULTINORMAL EM

2.1. General. In the case of a p—dimensional multinormal density the parameter

space X is some set of mean vectors (U and covariance matrices X.. We write

B.50) = e (5 (WS )
Thus
f(u,x) =10g/Yg(u,E,y)dy,
and
g(u,%,y)

hu.L.y) = —oo=))
(1, %,3) Jyg(u,%,y)dy

The MM algorithm minimizes

M S =toglEl+ [ BEEN) 00T - p)d.
If we let

(2a) 2 [ b Sy,

and

2b) ya /y h(fi,5,y) (v — i) (y — i) dy,
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then
3) (.2, 1,5) = log B +tr 7'V + (i — ) =7 (m— ).
2.2. Marginal Constraints. Suppose there is a z € R? such that Y = {z} @ RY,

with p + ¢ = m. Integration is over the last g of the m coordinates of y = (z,u),
with the first p coordinates fixed at z. Thus

SR =log [ (X, zu)du.
q

In this case 4 is the conditional density of u given z. Thus

1 1 _
h(“727 M,Z) - T exp{_i(u - nuu‘z)lzué <M - .uu|z)}u
(2ﬂ)q‘zu\z’
where
(4a) My = Mo+ ZMZZ;zl (z— 1),
(4b) Zule = T — ZurZz e

It follows directly that

(5a) m=

(5b) V=

From the computational point of view we can most easily compute L, and £, by
applying the sweep operator, explained for example in|Lange| [[1999| Chapter 7], to

the joint dispersion matrix £, sweeping the elements corresponding with z.

2.3. Direct Sums. Suppose X has direct sum structure, i.e. there are n positive

semi-definite matrices X;, or order m;, such that

Y 0 - 0
0 % - 0

0 0 - %,



MATRIX NORMAL EM 5
The corresponding partition of [ is

H

Uz
=1 .
Uy
Then

f(“vz) = Zlog\/yg(:ul?z’lay)dy?
i=1 i

where Y; C R™. Also

(6a)  L(u,Z,0,%) = Z{logfzz"+/Yhi(ﬂi,ii,y)(y—ﬂi)/zil(y—lii)dY}7
i=1 i
where

g(i;,
leg(illv

)| D2

hi( i, £i,y) =

[\g!

i7)’i)
i»y)dy
Thus, with obvious indexing notation,

n
6b) (% ,E) =Y {log[S] +tr £+ (i — ) (i — )}
i=1
This is basically the same as n replications of Equation (3).

2.4. Repeated Independent Trials. The results from Section[2.3|simplify if all X;
are equal to, say, the same positive definite matrix X of order m| Define V 2 % Y, Vi
Then

1 - - 1~ L R
(Ta)  —0(u, %, 1, %) = log |[Z| +tr X1V + — § (7 — ) T (i — ).
i=1
If we collect all /#%; in the n x m matrix M and all U; in the n X m matrix =, then

1 - 1 .
(7b)  —l(u,X,i,%) =log|E|+tr 7'V 4+ —tr (M -E)Z' (M- E).
n n

A

Define S(Z)= 1 (M — Z)'(M — Z). Then

1

n
1 < N

(7c) (1,2, 1,2) =log || +tr 7'V +tr 27S(E).
n

1observe we use Z both for the m x m column-covariances, and for IQ X =X @ --- P L. It will be
—_————

n times

obvious from the context which ¥ we mean.
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If the y; are also equal we define £} % YL m;. We then find
1 - .

(1d)  —l(u, X, 4,5) =log|Z| +tr X'V + (m—p)T ' (m—p) +tr 2718,
n

where §2 Lyn (i — ) (m; — ).

2.5. Direct Product (Kronecker) Structure. Now consider the more general case
in which the dispersion matrix is the nm x nm matrix I' ® X, where I" is of order n
and ¥ is of order m. This defines the matrix variate normal distribution, discussed in
detail in|Gupta and Nagar [2000]. The repeated independent trials from Section[2.4]
are the special case in which I = /. In the usual interpretation we have an n X m ma-
trix valued random variable Y, and there is a row covariance matrix I" and a column
covariance matrix X, which combine to the direct product covariance matrix I'® X
of all nm variables Vi Note that assuming Kronecker structure reduces the number

of parameters in the dispersions from Jnm(nm+1) to n(n—+1) + im(m+1).

In environmental statistics direct product covariance structures are used to approx-
imate the impractically large covariance matrices of space time time or vector-
valued time series. In that context, covariance matrices with direct product, or
Kronecker, structure are often called separable. See, for example, Matsuda and
Yajima, [2004]],|Lu and Zimmerman|[2005] or Mitchell et al.| [2006]]. In the context
of growth curve models Kronecker product dispersion matrices have been stud-
ied by many authors. Some recent interesting publications are |Srivastava et al.
[2008alb]. For repeated measures data, Kronecker product covariance structures
have been proposed by |[Naik and Rao| [2001]] and Roy and Khattree| [2005]]. In
most of the papers cited, however, emphasis is on estimation and testing, and not

on actual computation.
The log-likelihood for the matrix variate normal is
8) logg(E,[,%,Y) = mlogl +nlogZ+tr T~ 1(Y —E)27 (Y — ),
and the majorization function for multinormal EM becomes
9 (=L =
= mlog|T|+nlog|Z|+tr T '@X YW +tr T\ (M -2} (M —2).

Observe that now V is of order nm, and it has a non-zero row and column for all

missing elements of the n x m data matrix.
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3. MULTINORMAL MAXIMUM LIKELIHOOD USING BLOCK RELAXATION
The block relaxation method for multinormal maximum likelihood estimation [Obef-

hofer and Kmenta, |1974}; |De Leeuwl, [1994] is designed to minimize

@(,U,Z) = logg(uvzrx) = 10g|2‘ + (x_‘u)/zfl(_x_”)

over u € # CR™and £ € & € R™™. The algorithm alternates optimization of

U and X, and computes its updates using the rule

(10a) pw* D e argmin (x — p) [ZW] 7 (x — ),
ueH

(10b) >+ ¢ argminlog |£| 4 tr £ (x — p®+ D) (x — p*FDY,
rep

The update rules in (I0) can be relaxed to define generalized block methods. It is
not necessary to minimize in each of the two subproblems, it is enough to strictly
decrease, as long as this decrease is done with continuous maps. So suppose we
have two continuous maps F : R” @ R™*" — R™ and G : R" @ R™*"™ — R™*™,
Define u*t1) = F(u® £®) and 2*+1) = G(u*+D £®). Suppose

(= pE Y ER] = pE)) < = p WY [EW] T (= W),
and
log [E®D| 4 g [20+D]1 (x — kD) (x — B4y
< log [E]+ tr [E9] (v — p -+ (x— e+

This still defines a convergent algorithm.

3.1. Block EM. Using our EM results we can extend the block relaxation algo-

rithm to minimizing
QW£%ﬂ%Aﬁmew

One possible sequence of steps is
(1) m® = [ h(u®, =0, y)yay,
Y

(11b) W“zﬁMMHﬂ%w@—Mm@-mwnm
(11c) % e argmin (m® — @)/ [0~ (m® — p),
ueH

(11d) =*V € argminlog|Z|+tr £ {V® 4 (m® — &) (u*) — Dy
e
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There are many variations possible, however. We can alternate and [I1d a
number of times, before we go back to[ITajand [TTb] We can do steps[T1Ta] and [TTb|
after each step and after each step [[Idl And so on. In some cases it will even

be possible to replace[TTc|and[TT1d| by

(u(k“),Z(kH)) € arg/n;in}log |Z|+tr Z’I{V(k) + (m(k) — ,u)(m(k) —uw)'}.
neH xeo

For instance if there are no constraints on U, i.e. .#Z = R™, then ,LL("“) = m(k), and

1) ¢ argminlog|Z| +tr 7'V ®),
e

3.2. Kronecker Weights. Minimizing (9) requires some extra thought. We will

use a block algorithms with five substeps.

(1220 m" =vee(M™) = /Yh(u("),l“(“,z(") y)vec(Y)dy,

(12b) v = /Y h(u®,T® 28 ) (vee(y) —m™M) (vee(v) —m®)dy,

(12c) ¢ e argmin tr (L0 (m® — =) z®]~1 (m® — =)},

Ee.

(12d) T* D¢ argminmlog 0+ tr (T @ (@M 1y ® 4 g P10
(S

(12e) yktD) ¢ al;:gr;innlog 2] +tr (TE T YWy® L x- 18K
€

where

(13a) T = (u® — gkt [z =1 () _ gktDy

(13b) £ — (0 _ gDy rlkD)=1 g0 _ gkt

The piece de résistance is the term tr (I'"' @ Q~1)V(®), which involves multipli-
cation of two nm x nm matrices. Since we have applications in mind where nm
could be of order 10, the matrices could grow unpleasantly large. We can use the
Kronecker structure of I'"!' @ Q! and the sparseness of V(*) to get considerable

savings in computation and storage.

If we are updating ¥ in the block relaxation process we use

tr T os W =tr= 'Y Y v,
i=lk=1
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where the Y are the elements of I'"! and the Vl.,((k) are the m x m submatrices of
V(®) corresponding with row i and row k of Y. Note that element j,¢ of Viék) is

nonzero if and only if both y;; and y;, are missing.

In the same way if we are updating I" we use

m m
tr (T e Hyh = ZZcﬂv
where now the Vj(gk ) are the n x n submatrices of V*) corresponding with column j

and column ¢ of Y.

It is probably a good idea to start the iterations by minimizing the log-likelihood
over X, I, and = and over the missing elements of Y. This avoids the huge Kro-
necker products altogether and can be assumed to give a good initial estimate of

the structural parameters. At some point, we then let the algorithm (12)) take over.
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APPENDIX A. CODE

#

# mnem package

# Copyright (C) 2009 Jan de Leeuw <deleeuw(@stat.ucla.edu>

# UCLA Department of Statistics, Box Los Angeles, CA 90095-1
#

# This program is free software; you can redistribute it

# it under the terms of the GNU General Public License as published
# the Free Software Foundation; either version 2 of the License, or
#

#

#

# FITNESS FOR A PARTICUL. See the

# License for more details.

#

# 11d have received a copy of the GNU General

# ; 1f not, write to the Free

# Mass Ave, Cambridge, MA 02139, USA.

#

# lZZdzdddddddiddddddddddadAdRAA AR AR AR
#

# version 0.1, 2009-06-06 Initial Release

# version 0.2, 2009-06-08 Added some stuff

#

# which (outer (i, j, function(x,y) is.na(x)&is.na(y)))
imputeK<-function(y,v,w,mu) {

n<-nrow(y); m<-ncol (y)

vsig<-kronecker (v,w); vy<-as.vector(t(y)); vmu<-as.vector (t (mu))
vim<-imputeY (vy, vsig, vimu)

return (list (vim=matrix (vim$Syimp,n,m,byrow=TRUE), vvv=vim$vimp) )

}

sigmaHat<-function (vmat,v) {

n<-nrow (v); m<-nrow(vmat)/n; mm<-1:m; shat<-matrix(0,m,m)

for (1 in 1:n) for (k in 1:n)
shat<-shat+v[i, k] *vmat [mm+ (i-1) *m, mm+ (k—-1) *m]

return (shat)

}

gammaHat<-function (vmat,w) {
m<-nrow (w); n<-nrow(vmat)/m; mm<-(0:(n-1))»*m; ghat<-matrix(0,n,n)
for (j in 1:m) for (1 in 1:m)
ghat<-ghat+w[]j, 1] *vmat [mm+]j, mm+1]
return (ghat)
}

# given a multivariate normal with

matrix sig, and a vector of observations y,

values in y and the corresponding

5
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imputeY<-function(y,sig,mu) {

n<-length(y); nm<-is.na(y)

indi<-which (!nm); v<-matrix(0,n,n)
cs<-condiStat (sig,mu,y[indi], indi)

y [nm] <-cs$cmean; v[nm,nm]<-cs$cdisp

return (list (yimp=y, vimp=v))

condiStat<-function(sig,mu, z,indi) {

m<-nrow (sig); Jjndi<-(l:m) [-indi]

mv<-rep (0,m); mv[indi]<-mul[indi]-z; mv[jndi]<-mu[jndi]
aa<-sweeper (cbind(sig,mv), indi)

return(list (cmean=aa[jndi,m+1],cdisp=aaljndi, jndi]))

sweeper<-function(a,indi) {
n<-nrow(a); m<-length (indi)
for (j in indi) {
pv<=alj, ]l
if (pv == 0) next()
pr<-alj,-3jl; pc<-al-3,7J]
alj, 3] <= -1/pv
alj,-jl <= pr/pv
al-3,3] <= pc/pv
al-3,-31 == al-3,-Jjl-outer (pc,pr)/pv
}

return (a)

imputeOLS<-function(y,mu) return(ifelse(is.na(y),mu,y))

imputeWLS<-function(y,k,ginv, sinv, mu, eps=le-6,itmax=100, verbose=FALSE)
{
n<-nrow(y); m<-ncol(y); itel<-1

res<-y-mu; ras<-ginv$x%res%$x%sinv; ff<-sum(rasxres)

wgt<-outer (diag(ginv),diag(sinv))
repeat {

thmax<-0

for (i in 1:n) for (j in 1:m) {
£ (lis.na(k[i,3])) next()

rij<-ras(i,Jj]; wij<-wgt[i, ]

13
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105 th<--rij/wij

106 thmax<-max (thmax, abs (th))

107 z[i,]J]1<=z[i,3]+th

108 FE<—ff—(rij~2) /wij

109 ras<-ras+thxouter(ginv([,i],sinv[, j])

110 }

111 if (verbose)

112 cat ("itel", formatC(itel, format="d",width=4)," maxth", formatC (thmax,
format="£f",digits=8,width=15)," func", formatC(ff, format="£f",digits
=8,width=15), "\n")

113 if ((thmax < eps) || (itel == itmax)) break()

114 itel<-itel+l

115 }

116 return(y)

117 1}
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