
MULTIDIMENSIONAL SCALING AND UNFOLDING

JAN DE LEEUW

A. We give an overview of the distance-based interpretation of
multivariate data, and the corresponding techniques and algorithms to
derive distance-based representations in low-dimensional Euclidean space.

1. I

Multidimensional scaling (MDS) techniques are statistical techqnies that
convert information about distances between a number of objects into a spa-
tial representation of these objects. These techniques were first discussed
systematically in psychometrics [Torgerson, 1958; Coombs, 1964] as mul-
tidimensional extensions of univariate psychophysics and sensory scaling.
Because they needed considerable computational resources, they did not be-
come widely used until he early seventies, when digital computers became
available.

Marketing scientists were among the first users outside psychology. In par-
ticular, the books written by Paul Green and his co-workers [Green and
Carmone, 1970; Green and Rao, 1972; Green et al., 1989] were among the
very first applied multidimensional scaling books. In general terms, MDS
is useful in marketing because, as Cooper [1983, p. 427] says in his useful
review paper:

Understanding the choices people make in the marketplace
is the main goal of marketing research.
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More specifically, Green [1975, page 27] indicates that MDS in the form of
perceptual and preference mapping has been used to answer one or more of
the following questions:

(1) What are the major perceptual and evaluative dimensins of the prod-
uct class ?

(2) What existing brands are perceived as similar to what other exiting
brands ?

(3) What are the major perceptual points of views among consumers ?
(4) What new brand possibilities are suggested by the configuration of

existing brands ?
(5) How are respondent ideal points of preference vectors distributed in

the various perceptual spaces ?
(6) How compatible are various advertising messages, slogans, or other

types of promotional materils with brand perceptions ?

1.1. Techniques. Statistical techniques are defined on sets of possible data
structures, and they map these data structures into numerical representa-
tions. The techniques in this chapter are used to construct geometrical rep-
resentations from multivariate data structures.

The representations we consider are, in all cases, sets of points on the line,
in the plane, or in some other low-dimensional Euclidean space. Repre-
sentations are chosen in such a way that observed numerical or relational
aspects of the data correspond with geometrical aspects of the representa-
tion. In this chapter we shall concentrate on mappings that portray relations
in the data as Euclidean distances between the points in the representation.
This defines an important class of techniques, much larger than one would
expect, mostly because the notion of (dis)similarity is very general, and the
notion of distance is quite intuitive.

The motivation for finding a geometrical representation of data is that “a
picture is worth a thousand numbers”. Or, equivalently, that summarizing
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a large amount of data in a geometrical representation such as a scatter-
plot, tends to be more informative than just looking at the numerical data or
computing a large number of descriptive statistics.

1.2. Omissions. The choices we have made exclude a number of related
techniques, which are more properly discussed under the heading of “cluster
analysis”. In those technique the representation is in the form of a tree
or a nested set of partitionings. Such representations are more algebraic
and combinatorial, although they may have geometrical aspects. We also
exclude the use of non-Euclidean distances, which have been used (on a
limited scale) in some forms of multidimensional scaling. And, perhaps
most importantly, we exclude techniques that portray relations in the data by
other geometrical aspects such as inner products of vectors. These types of
techniques are more appropriately discussed under the heading of “principal
component analysis” or “factor analysis”.

2. D

Following Coombs [1964]; Shepard [1972]; Carroll and Arabie [1980] we
can classify the various multidimensional scaling (or MDS) techniques by
using a taxonomy of the various types of data they can be applied to. In the
context of this chapter, all data are dissimilarity or similarity data, because
data always provide us with information about the distance between the
objects in our study. Entries in the data matrix, which we will write as ∆, are
interpreted as approximate distances or as transformations of distances. In
some case the entries only convey ordinal information about the distances,
or we only want to use the ordinal information in the numerical data.

2.1. Symmetric Matrices. Distances are symmetric, and consequently dis-
similarity data are often symmetric. They are also often hollow, which
means ∆ has a zero diagonal.

Data come directly in the form of a symmetric matrix of dissimilarities if
we measure distances approximately, as in geodesics or in the conformation
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of large molecules. They also occur if we ask individuals for similarity
or dissimilarity estimates between pairs of objects. In both cases small
deviations of similarity and hollowness are possible, but they are attributed
to chance or measurement error.

In many experiments with human subjects, we do not ask for numerical
dissimilarity estimates, but we ask the subjects to compare dissimilarities.
Thus judgments are ordinal. In the methods of triads, for example, objects
are presented as triples and subjects are asked to select the largest and/or
the smallest dissimilarity. If dissimilarity is only used to determine order
of the distances, then of course the diagonal is only required to contain the
smallest elements (or, in the case of similarity, the largest ones).

2.1.1. Derived Distance Matrices. Symmetric matrices of distances are of-
ten computed from more basic data structures, such as multivariate data. If
we have a rectangular matrix, we can compute distances between either the
rows and the columns in various ways. Since multivariate data can have
mixed measurement level, with numerical, ordinal, and nominal variables,
we may have to use measure of distance which take this information into
account [Gower and Legendre, 1986].

Computing derived distance matrices is the first step in many techniques.
The most common example of a square symmetric similarity matrix, for ex-
ample, is a correlation matrix. Usually, correlations are computed between
variables (the columns of the multivariate data matrix), but in some cases it
may make sense to compute them between individuals (the rows). Subtract-
ing all correlations from one makes them into distances. MDS techniques
can then be applied to these derived distance matrices.

There are other important examples in which we preprocess data into dis-
tance matrices before proceeding with further analysis. For paired com-
parison data, for example, in which pi j is the probability that stimulus i is
preferred to stimulus j, the Bradley-Terry-Luce model [Luce, 1959] gives

δi j =

∣∣∣∣∣∣ log
pi j

p ji

∣∣∣∣∣∣ ≈ |xi − x j|
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Thurstone’s Case V model [Thurstone, 1959] gives the same result by ap-
plying the inverse cumulative normal to the pi j.

For binary item response data, in which piJ is the probability that item i
is answered correctly and j is not and pI j is the probability that item j is
answered correctly and i is not, the Rasch model [Fischer and Molenaar,
1995] gives

δi j =

∣∣∣∣∣∣ log
piJ

pI j

∣∣∣∣∣∣ ≈ |xi − x j|

In both cases estimating the probabilities by aggregating over individuals
and computing the corresponding transformations gives symmetric data ma-
trices that can be used as input for MDS.

2.2. Square Asymmetric Matrices. Distance information can also be de-
rived from square asymmetric matrices, in which row and column objects
are the same, but data are collected in such a way that there is no symmetry.

A common example is confusion matrices in identification experiments.
Another one are input-output matrices, such as tourist traffic or import/-
export between a number of countries. Yet another one is social interaction
between a number of individuals in a classroom, or the interlocking board
structure of a number of companies. In most of these example the data are
frequency matrices, indicating frequency of interaction.

For frequency matrices F = { fi j}we often assume quasi-symmetry[Caussinus,
1965], which means in this context fi j ≈ αiβ j exp(−di j(X)). This implies
that if we define

δi j = −
1
2

log
fi j f ji

fii f j j

then δi j ≈ di j(X) and we can apply ordinary metric MDS. The same transfor-
mation from frequencies to distances has also been proposed in psychology
by Shepard [1957] and Luce [1963].

Asymmetry also occurs because of row-conditionality, in which each row
has its own scale to measure distances, and there is no comparability be-
tween different rows. This happens, for instance, if we collect similarity
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rankings for a number of consumer products, using each of the products in
turn as a standard. If we have 20 cars, for instance, we produce 20 similarity
rankings using each car as a pivot, and clearly the 20 × 20 matrix of rank
orders is asymmetric.

In the case of asymmetric square matrices we can actually choose between
two different types of representations. Consider the import/export example,
for instance. We can compute a single configuration for the countries, or
we can construct two different ones. There is an export configuration and
an import configuration, and we only have information about the distances
between those two. The distances within each of the two configurations are
missing.

2.3. Rectangular Matrices. In non-square rectangular matrices the row
objects and the column objects are two different sets. We collect distance
information between sets, the within-set information is missing. Preference
and voting data are a prominent example. From the preference information
we know how close a consumer is to a product, but we have no direct infor-
mation how close consumers are to each other, or how close products are to
each other.

As we have seen above, it is quite common to apply MDS techniques to
the derived distance matrices computed from multivariate data. This is not,
however, what we have in mind in this section. It is also possible to apply
MDS using the numerical or relational information in the rectangular data
matrix directly, without aggregating to distances first.

2.4. Three-way Data. A somewhat less common, but still very important
situation, involved more than one dissimilarity matrix [Arabie et al., 1987].
We could have a matrix ∆k for each individual or group k. Two obvious
ways to deal with such data are to aggregate them to a single matrix or to
analyze each of them separately. The first alternative gets rid of all indi-
vidual or group differences, and this may not be desirable. We throw away
too much information, as it were, and do not introduce enough parameters.
Separate analysis does not reflect the fact that the data presumably come
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from related groups or individuals, and thus the solutions will tend to have
structural properties in common. So here we do not incorporate enough
prior information, and we have too many parameters. Special techniques
intermediate between these two extremes will be discussed below.

3. T

MDS involves minimizing complicated multivariate loss functions. In the
section we discuss and compare some of the more common loss functions
that have been proposed.

3.1. Basics. The computational MDS problem, in its simplest form, is to
minimize the loss function

(1) σ(X) =
n∑

i=1

n∑
j=1

wi j(δi j − di j(X))2

over X. Here ∆ = {δi j} are the data, collected in a matrix of dissimilari-
ties, the matrix D(X) = {di j(X) has the corresponding Euclidean distances,
and X is the n × p configuration matrix. Thus X is the set of n points in
low-dimensional Euclidean space Rp that we are solving for. Clearly the
δi j are interpreted as approximate distances and they are approximated by
actual distances between n points in Rp. This defines the simplest form of
metric MDS, it uses the stress loss function (1), which was first introduced
by Kruskal [1964a,b].

The wi j in (1) are weights. They can be used for various purposes. If we
have information about the relative measurement errors of the dissimilari-
ties, then weights can be used to take this into account. If there are missing
dissimilarities, then the corresponding weights can be set equal to zero.

3.2. Transformation. If we have similarities, or if the data can only be
interpreted as approximate distances after a transformation, then we must
minimize

σ(X) =
n∑

i=1

n∑
j=1

wi j(φ(δi j) − di j(X))2



8 JAN DE LEEUW

For similarities between zero and one, for instance, we can use the transfor-
mation φ(δ) = − log(δ). Of course after we have applied the transformation
to the data, we are back to simple metric MDS.

But matters are more complicated if we do not have a single fixed trans-
formation such as the negative logarithm to work with. In some cases we
want to allow for a class of possible transformations Φ such as polynomi-
als, splines, or monotone transformations. In that case the problem, in the
Kruskal formulation, becomes to minimize

σ(X, φ) =
n∑

i=1

n∑
j=1

wi j(φ(δi j) − di j(X))2

over the configuration matrices X and the transformations φ ∈ Φ. The case
in which Φ is the class of all monotone transformations, suitably normal-
ized, is usually called non-metric MDS. If Φ is the class of linear transfor-
mations, we often refer to the corresponding MDS problem as the additive
constant problem.

The result of our analysis will not only be the optimal configuration of
points in Rp, but it will also be the optimal transformation from Φ of the
dissimilarities or similarities. Finding a transformation of the data which
optimizes the fit of a (usually geometric) model is often called optimal scal-
ing [Young, 1981]. In non-metric MDS the optimal transformation is com-
puted by monotone regression. Plotting the optimal transformation of the
data in the scatterplot of dissimilarties versus the optimal distances gives us
the Shepard diagram, after Shepard [1962a,b].

The straightforward way of dealing with row-conditionality is to introduce,
and to optimize over, separate transformations for each row.

σ(X, φ1, · · · , φn) =
n∑

i=1

n∑
j=1

(φi(δi j) − di j(X))2

Each row will have its own Shepard diagram. Observe, however, that this
will tend to introduce many additional parameters and can easily lead to
instability of the solutions.
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3.3. Alternative Loss Functions. Sometimes, for computational or other
reasons, it may make sense to minimize

σψ(X) =
n∑

i=1

n∑
j=1

wi j(ψ(δi j) − ψ(di j(X)))2

Here we do not fit distances to data, but we fit transformed distances to
transformed data. The most common special case has ψ(d) = d2, creating
a loss function σ2(X) which is often called sstress [Takane et al., 1977].
The reason for squaring the distances is both conceptual and computational.
Squared distances are quadratic functions, and thus sstress is a multivariate
quartic polynomial [Browne, 1987]. Multivariate polynomials are smoother
and in some ways easier to handle computationally than stress, which is not
even differentiable in configurations for which one or more of the di j(X) are
equal to zero.

Another important special case has ψ(d) = log(d). This transformation
is mainly used for statistical reasons [Ramsay, 1977]. One can argue that
the logarithm will stabilize the variance of the dissimilarities under some
fairly reasonable scenarios, and thus using log-dissimilarities will lead to
techniques with simpler statistical properties.

Observe that if the dissimilarities and the distances are close, which means
that we have a good fit, then

σψ(X) ≈
n∑

i=1

n∑
j=1

wi j{ψ
′(δi j)}2(δi j − di j(X))2.

Thus we can approximate the minimizing solution by a simple modification
of the weights.

3.4. Torgerson Transform. For the historical point of view, the most im-
portant type of transformation of the dissimilarities is the Torgerson tranfor-
mation τ(∆) [Torgerson, 1958; Critchley, 1988]. It is apply to the whole ma-
trix of squared dissimilarities, which we write as ∆?∆, and is consequently
more complicated than the simple element-by-element transformations ψ
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we have discussed so far.

τi j(∆ ? ∆) = −
1
2

(δ2
i j − δ

2
i• − δ

2
• j + δ

2
••)

Bullets are used for averages. In words, we square the dissimilarities, and
then we subtract from each element the row and column mean of the squared
matrix, and add the overall mean. In other words, we double-center the
matrix of squared dissimilarities. Clearly τ is linear in the squared distances.

It may seem slightly mysterious why this transformation is applied, but the
motivation becomes clear if we apply the Torgerson transformation to the
squared distance matrix E(X) = D(X) ? D(X). Then some algebra gives
τi j(E(X)) = X̃X̃′, where X̃ is centered X, or X in deviations from its column
means. That means τ (linearly) transforms squared distance matrices to
inner product matrices.

The loss function

(2) στ(X) =
n∑

i=1

n∑
j=1

wi j(τi j(∆ ? ∆) − τi j(E(X)))2

is often called strain. In the case of equal weights, we can write strain in
matrix notation as

στ(X) = tr (τ(∆ ? ∆) − XX′)2

and this can be minimized [Householder and Young, 1938] by spectral
(or eigen) decomposition. In fact, if τ(∆ ? ∆) = KΛK′ is this eigen-
decomposition, with the eigenvalue decreasing along the diagonal, then the
solution for the best p-dimensional configuration is Xp = Kp[Λp]1/2

+ . Here
Kp contains the first p columns of K and [Λ]p is the positive part of the
leading order p submatrix of Λ. Eigen decompositions are comparatively
inexpensive to compute, and thus in this respect strain has some clear ad-
vantages over stress and sstress. This remains true even in the case of arbi-
trary non-constant weights [Gabriel and Zamir, 1979].

If ∆ is a Euclidean distance matrix, then τ(∆ ? ∆) is positive semi-definite.
Thus the diagonal of Λ in τ(∆ ? ∆) = KΛK′ is non-negative. Define Xp =

KpΛ
1/2
p and define d2

i j(p) = (ei − e j)′XpX′p(ei − e j) as the squared distances
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between the rows of Xp. Here ei and e j are unit vectors (columns of the
identity matrix). Then

d2
i j(1) ≤ d2

i j(2) ≤ · · · ≤ d2
i j(r) = d2

i j(X),

with r the rank of τ(∆?∆). Thus we see that the squared distances, and thus
the distances themselves, are approximated from below, and that each suc-
cessive dimension brings the fitted distances closer to the actual distances.

Now suppose that we compute dissimilarities as derived distances using a
formula of the form

δ2
i j = (ei − e j)′A(ei − e j),

with A positive semi-definite. We want to find X such that d2
i j(X) = δ2

i j. The
previous construction, with A = KΛK′ and X = KΛ1/2 gives the solution,
and in the same way we can approximate the dissimilarities from below.

A simple example are squared Euclidean distances between the rows of a
multivariate data matrix Z, because

δ2
i j = (xi − x j)′(xi − x j) = (ei − e j)′ZZ′(ei − e j).

Gower and Legendre [1986] give more examples of derived distance ma-
trices of this form that apply even if the variables in Z are not numerical.
Below, we shall also discuss the derived distances used in correspondence
analysis.

4. S F MDS

4.1. Metric and Nonmetric Unfolding. Unfolding simply applies MDS
to an off-diagonal matrix. Thus in the metric case we minimize

σ(X,Y) =
n∑

i=1

m∑
j=1

wi j(δi j − di j(X,Y))2

over the row-configuration X and the column-configuration Y. This does not
seem to introduce any new aspects, in fact it could be incorporated simply
in our previous MDS techniques by using zero weights for the diagonal
blocks.
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Nevertheless, unfolding is often discussed separately, because it is impor-
tant in practice. It is perhaps the most common way to analyze unaggre-
gated preference data and rank orders. And because the sparsity of the data,
which large blocks of missing information, unfolding creates some unique
computational problems, which are still being studied.

For the purposes of this chapter, however, it suffices to observe that there
is metric and non-metric unfolding, that we can unfold using stress, sstress
and strain. There is both unidimensional and multidimensional unfolding,
and most of our other previous remarks and distinctions also apply in this
context.

In most cases, unfolding techniques are used row-conditionally. Since the
data are already sparse, this often leads to unstable or even degenerate so-
lutions. Not only do we miss the two diagonal blocks, we also miss the
comparisons between different rows of the off-diagonal block.

As we have indicated above, square asymmetric can also be unfolded. We
then have different configurations for the row and columns points, even
though they may refer to the same objects.

4.2. Unidimensional Scaling. Much of classical psychophysics and psy-
chometrics uses aggregated data to construct one-dimensional scales [Guil-
ford, 1954]. MDS methods can also be used in this context. We have seen
that Bradley-Terry-Luce, Thurstone, and Rasch models specify transforma-
tions of choice probabilities to distance on a one-dimensional scale.

The basic loss function for Unidimensional Scaling (UDS) is

σ(x) =
n∑

i=1

n∑
j=1

wi j(δi j − |xi − x j|)2.

If we write |xi− x j| = si j(x)(xi− x j), where si j(x) = sign(xi− x j), then we see
that if the rank-order, and thus the sign-matrix, of x is fixed, then minimiz-
ing stress is a linear regression problem. To find the minimum, we have to
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look at all possible rank orders and minimize stress over all x in the appro-
priate order, which means we have to solve a simple monotone regression
problem [Barlow et al., 1972] for each of the possible rank orders.

Of course if n is at all large, the number of possible rank orders is simply to
large for this recipe to be practical. In this case methods combining search
with clever heuristics are needed [Hubert et al., 2002].

4.3. Full-dimensional Scaling. In MDS we usually look for the best fit-
ting configuration in a given dimensionality p. Suppose we drop this last
constraint and consider the problem of minimizing stress over all Euclidean
distance matrices. It is slightly more convenient to minimize over all matri-
ces E which are matrices of squared Euclidean distances. Thus

σ(E) =
n∑

i=1

n∑
j=1

wi j(δi j −
√

ei j)2.

Now observe that

σ(E) =
n∑

i=1

n∑
j=1

wi jδ
2
i j − 2

n∑
i=1

n∑
j=1

wi jδi j
√

ei j +

n∑
i=1

n∑
j=1

wi jei j.

The first term is independent of E, the second term is convex in E, and
the last term is linear in E. Thus σ(E) is convex. Because the set of all
squared Euclidean distance matrices is convex cone in the space of all non-
negative, symmetric, hollow matrices, we see that the Full Dimensional
Scaling (FDS) problem is a convex programming problem, which has no
non-global local minima.

4.4. Three-way Scaling. With dissimilarity matrices ∆1, · · · ,∆m the obvi-
ous generalization of stress is

(3) σ(X1, · · · , Xm) =
m∑

k=1

n∑
i=1

n∑
j=1

wi j(δi jk − di j(Xk))2

As we indicated before, we can minimize this over all Xk, or we can mini-
mize it under the constraint X1 = · · · = Xm, which amounts to aggregating
the dissimilarities.
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But the problem only becomes interesting if we find parametrizations of the
configurations that make them partially identical. The most common one
is Xk = XΦk, with Φk diagonal. This are the constraints proposed, in the
strain context, by Carroll and Chang [1970]. This means configurations are
the same for all k, except for the fact that the axes are differentially shrunken
and stretched. This eliminates rotational indeterminacy from MDS, because
rotated configurations do not satisfy the constraints Xk = XΦk any more.
Two less popular three-way specifications, with more parameters, are Xk =

XΦk, with Φk full, and Xk = XΦkZ, with Φk diagonal.

4.5. Constrained Scaling. In ordinary MDS we minimize stress over all
n × p configurations. But in many practical applications, reviewed by De
Leeuw and Heiser [1980a], it make sense to constrain the configuration.
We might want to require that the points are on a circle, or a regular grid,
that the configuration matrix is in the linear span of a given matrix, or that
certain points are kept fixed in certain locations. We have seen that three-
way scaling also imposes constraints on the configurations.

Another important example is when the n × (q + n) matrix X can be parti-
tioned as X = (Z | Φ), with Φ diagonal. It follows that d2

i j(X) = d2
i j(Z)+φ2

i +

φ2
j , which can be thought of as the MDS version of factor analysis. In the

same way we can impose various simplex and circumplex constraints on
the configuartion. See De Leeuw and Heiser [1980a] for details, additional
examples, and for algorithms.

4.6. Correspondence Analysis.

4.7. Multiple Correspondence Analysis.

5. A

Computationally we solve an MDS problem by minimizing the loss func-
tion over the configurations. This is a high-dimensional optimization prob-
lem, and most computer packages have general-purpose routines that can
be used to compute local minimizers of arbitrary functions. It is generally
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more efficient, however, to devise special purpose optimization routines that
take the specific properties of the loss function into account.

Much of the published research on minimizing stress and its variations is
technical, and outside the scope of this chapter. We shall only discuss some
of the basic results, and refer to the literature for the details.

We know that d2
i j(X) = (ei − e j)′XX′(ei − e j) and this can also be written

as d2
i j(X) = tr X′Ai jX, where Ai j is the matrix (ei − e j)(ei − e j)′. Thus Ai j

has the (i, i) and ( j, j) diagonal elements equal to +1 and the (i, j) and ( j, i)
off-diagonal elements equal to −1. All other elements are zero. Define

V =
n∑

i=1

n∑
j=1

wi jAi j,

B(X) =
n∑

i=1

n∑
j=1

wi j
δi j

di j(X)
Ai j.

The basic algorithm to minimize stress is to iteratively replace X by the
update V+B(X)X, with V+ the generalized inverse of V . The global con-
vergence of this algorithm was proved by De Leeuw [1977], and the algo-
rithm was shown to have a linear convergence rate by De Leeuw [1988]. It
may seem that the algorithm should run into problems when some of the
distances become zero, but there is an easy modification which avoids the
problem, and De Leeuw [1984] shows that at a local minimum of stress the
distances are always positive anyway. This algorithm can be generalized to
unfolding, to unidimensional scaling, to full-dimensional scaling, to three-
way scaling, and to constrained MDS. See Borg and Groenen [1997] for
details.

Minimizing sstress can be done in many ways. In Takane et al. [1977] we
find the best fitting configuration by cycling over all np coordinates of the
configuration. Because sstress is a quartic, finding an optimal coordinate
with all other coordinates fixed at their current value means finding a root
of a one-dimensional cubic. More efficient algorithms have been studied
by Browne [1987], and for unfolding by Greenacre and Browne [1986], but
further improvements may still be possible.
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We have seen that minimizing strain, at least in the unweighted case, means
solving an eigen problem. Unfortunately that is no longer true in the weighted
case, or in unfolding, or in three-way scaling. Alternating least squares al-
gorithms, cycling over subsets of the parameters, are relatively easy to con-
struct, but strain loses its computational advantage over stress and sstress.

6. C

6.1. Assumptions. The role of assumptions in MDS techniques is mini-
mal. We are making a picture of a data structure. The picture can be in-
formative or it can be disappointing. The distances can approximate the
numerical or relational information in the data well or poorly. But none of
this has anything to do with assumptions.

It is true that there have been some attempts to embed MDS into one of the
standard statistical replication frameworks. In Ramsay [1977], for instance,
maximum likelihood techniques for non-linear regression are used. In the
derived distance methods for frequency tables and paired comparison we
compute distances from the frequencies, and delta method calculations can
be used to compute their standard errors. In fact, frequency models can be
formulated as multinomial models for contingency tables, and they can be
fitted by minimizing the corresponding deviances.

6.2. Appropriateness. MDS methods are especially appropriate if there
are external reasons, or if there is theory that makes it natural to think of dis-
tance to represent aspects of the data. If we are measuring actual distances
with error, then MDS seems natural. If there is a psychological theory of
stimulus generalization based on distance, such as Shepard [1957], then
again using MDS makes perfect sense. The same thing is true for choice
theories based on single peaked preference functions, especially if they are
cast in the geometrical framework of Coombs [1964].

If the objects we are scaling have an underlying geometric structure, then
MDS will tend to be more informative. This is true for regions of the brain,
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for countries exchanging tourists, for imports and exports, for locations be-
tween which we measure travel times, and for genes located on a chromo-
some. See De Leeuw and Heiser [1980b] for more discussion of this and
related issues.

6.3. Validation. In most applications there is no complete statistical repli-
cation framework, so the usual forms of inference are not relevant. We have
seen that derived distances from frequency tables are an exception, but we
must emphasize that a lot of parameters are involved and the asymptotic
results may not be even close. And even if they were, the main function of
MDS remains data reduction and visualization, not formal inference.

Despite of this, the more general notion of stability remains of great impor-
tance. We can look at the second derivatives of our various loss functions to
draw stability ellipsoids around our points. We can use influence function
techniques to study the effects of single dissimilarities on the solution. If we
have multivariate data, or some other notion of replication, then resampling
becomes possible and the bootstrap can be used to study stability. Even in
straightforward MDS it is possible to construct special versions of the Jack-
knife [De Leeuw and Meulman, 1986] to derive global stability information
about the recovered configuration.

7. E

There are many succesfull examples of mutlidimensional scaling, unfold-
ing, and correspondence analysis in marketing. For scaling and unfold-
ing this is ampy illustrated in the classic books by Paul Green and his co-
workers [Green and Carmone, 1970; Green and Rao, 1972; Green et al.,
1989]. For simple correspondence analysis we refer to the equally classi-
cal paper by Hoffman and Franke [1986] and for multiple correspondence
analysis to the chapter by Hoffman et al. [1994].
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