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Abstract. We construct majorization algorithms and programs

for a class of multinomial maximum likelihood problems in

contingency tables in which interactions are modeled using Eu-

clidean distances between points representing the row and col-

umn objects.

1. Introduction

Suppose F = {fij} is an n×m table with frequencies. The saturated

log-linear model for the table is

(1a) E(f ij) = µαiβj exp(φij),

which decomposes the expected values into main effects and a

first-order interaction1. Often saturated models are not what we

want, because having as many (n − 1)(m − 1) parameters to de-

scribe first-order interaction may not be desirable from a data re-

duction point of view.

For this reason, a large number of models have been proposed to

reduce the number of parameters describing the interaction. Some

of the most interesting ones are geometrical, in the sense that they
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represent the n row objects and them column objects as points in

low-dimensional space. The interaction term φij is then modeled

as a function of the form φ(xi, yj), where φ is often distance or at

least distance-like. Thus we have a model for the expected values

of the form

(1b) E(f ij) = µαiβj expφ(xi, yj).

We call such models distance interaction models, following De Rooij

and Heiser [2005]. They are especially interesting if the interac-

tions can be interpreted as some form of similarity for which a

spatial representation is natural. Clearly distance interaction mod-

els are related to multidimensional scaling methods, which also

relate measures of similarity to distance between points in low-

dimensional space.

One particular type of table for which distance interaction mod-

els are often interesting is the square table, in which rows and

columns refer to the same objects. In this case we can make both

a spatial representation and capture the underlying symmetry of

the table by a model of the more specific form

(1c) E(f ij) = µαiβj expφ(xi, xj).

Tables with different row and the column objects are often called

two-mode data, tables in which both row and column objects are

the same are one-mode data. Two-mode data are a mapping of I⊗J
into the integers, while one-mode data are defined on I ⊗ I.

The literature is on distance interaction models is difficult to sum-

marize because the models have been discovered and discussed in

many different applied contexts. We give a brief overview, which

is mainly intended to introduce the type of models we have in

mind, and to provide the reader with the major references. A sim-

ilar overview has been published recently by De Rooij and Heiser

[2005].
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1.1. Probability Model. So far we have given models for the ex-

pected values only, which is clearly not enough to build a full like-

lihood. For frequency data there are at least three common alter-

natives [Bishop et al., 1975; Haberman, 1974].

1.1.1. Poisson. Suppose the f ij are independent Poisson, with pa-

rameters λij . Thus the Poisson log-likelihood, except for irrelevant

constants, is

(2a) LP(Λ) = n∑
i=1

m∑
j=1

fij log(λij)−
n∑
i=1

m∑
j=1

λij,

where bullets are used to indicate summation over an index. Sub-

stituting (1a) gives

(2b) LP(µ,α,β,Φ) = f•• logµ +
n∑
i=1

fi• logαi +
m∑
j=1

f•j logβj+

+
n∑
i=1

m∑
j=1

fijφij − µ
n∑
i=1

m∑
j=1

αiβj exp(φij),

1.1.2. Product Multinomial. Suppose each row of F is an indepen-

dent multinomial, with parameters fi• and πj|i. Thus the log-

likelihood is

(3a) LPM(Π) = n∑
i=1

m∑
j=1

fij logπj|i.

Our model is of the form

(3b) πj|i =
βj exp(φij)∑m
`=1 β` exp(φij`)

.

and

(3c)

LPM(β,Φ) = m∑
j=1

f•j logβj +
n∑
i=1

m∑
j=1

fijφij −
n∑
i=1

fi• log
m∑
j=1

βj exp(φij).
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1.1.3. Multinomial. Suppose the whole table F is multinomial, with

parameters f•• and πij . Thus the log-likelihood is

(4a) LM(Π) = n∑
i=1

m∑
j=1

fij logπij.

Our model is of the form

(4b) πij =
αiβj exp(φij)∑n

k=1

∑m
`=1αkβ` exp(φk`)

.

and

(4c) LM(α,β,Φ) = n∑
i=1

fi• logαi +
m∑
j=1

f•j logβj+

+
n∑
i=1

m∑
j=1

fijφij − f•• log
n∑
i=1

m∑
j=1

αiβj exp(φij).

Theorem 1.1.

max
µ
LP(µ,α,β,Φ) = LM(α,β,Φ)+ f•• logf•• − f••,

where the maximum is attained at

µ̂ = f••∑n
i=1

∑m
j=1αiβj exp(φij)

.

Proof. The Poisson log-likelihood is concave and differentiable so

it is enough to solve the stationary equations. �

Theorem 1.2.

max
µ,α

LP(µ,α,β,Φ) = LPM(β,Φ)+ n∑
i=1

fi• logfi• − f••,

where the maximum is attained at

µ̂α̂i =
fi•∑m

j=1 βj exp(φij)
.

Proof. The Poisson log-likelihood is concave and differentiable so

it is enough to solve the stationary equations. �
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Corollary 1.3.

max
α
LM(α,β,Φ) = LPM(β,Φ)+ n∑

i=1

fi• logfi• − f•• logf••.

Proof. We use the two previous theorems to arrive at the identities

max
α

max
µ
LP(µ,α,β,Φ) = max

α
LM(α,β,Φ)+ f•• logf•• − f•• =

= LPM(β,Φ)+ n∑
i=1

fi• logfi• − f••.

�

The theorems show that both the Poisson likelihood and the multi-

nomial likelihood can both be maximized by maximizing the prod-

uct multinomial likelihood. Moreover the additional parameters in

the Poisson and multinomial models can be easily computed from

the product multinomial parameter estimates. Thus it suffices to

work with the product multinomial likelihood.

2. Application Areas

2.1. One Mode Data.

2.1.1. Stimulus Recognition. Consider the situation in which sub-

jects are asked to identify stimuli. Some obvious examples are

recognition of letters on an optimetricians card, or recognition of

morse code signals in an army test. Replication over subjects leads

to a square matrix, often called a confusion matrix, in which cell

(i, j) indicates how many subjects responded j when presented

with i.

Shepard [1957]Luce [1959]Luce [1963]
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2.1.2. Social Mobility. Ever since Galton and Pearson, sociologists

and statisticians have studied mobility tables, in which we count

how many children of parents in profession or status group i wind

up in profession or status group j.

2.1.3. Interactions. The basic data in a stimulus recognition exper-

iment also occur in other situations. Consider, for example, the

number of tourists from country i who vacation in country j. Or

the number of container ships traveling from country i to country

j. In both these examples there may be a problem with defining the

diagonal of the matrix, and in that sense the examples are different

from stimulus recognition.

Another obvious example in this class is sociometric data, in which

we count the number of interactions between individual i and indi-

vidual j in a social group. Again defining the diagonal is problem-

atic. Or, more generally, we count the flows in any network from

node i to node j.

2.2. Two Mode Data.

2.2.1. Ordination.

2.2.2. Ideal Point Discriminant Analysis. In Takane et al. [1987] a

technique for discriminant analysis was proposed, and in Takane

[1987] the technique was extended to the analysis of contingency

tables. The basic model for the probability of choosing reponse j
under condition i is

πj|i(X, Y , β) =
βj exp(−d2

ij(X, Y))∑m
`=1 β` exp(−d2

i`(X, Y))
.

In discriminant analysis applications X is usually assumed to be in

the span of a number of regressors, and we assume X = ZB. For

various reasons, it is also often assumed in IPDA that Y = D−1F ′X,

i.e. the column points are in the centroids of the row points.
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2.2.3. RC Association Models.

E(fij) = µ +αi + βj +
p∑
s=1

xisyjs

3. Problem

3.1. Loss Function. The problem we study in this paper is mini-

mization of the deviance, which is minus two times the log-likelihood,

D(X, Y , β) = −2
n∑
i=1

fi•
m∑
j=1

pj|i logπj|i(X, Y , β),

with

πj|i(X, Y , β) =
βj exp(φ(xi, yj))∑m
`=1 β` exp(φ(xi, y`))

.

Also fi• is the vector of row sums of F , and pj|i = fij/fi•.

Since

D(X, Y , β) ≥ −2
n∑
i=1

fi•
m∑
j=1

pj|i logpj|i,

we actually compute the non-negative loss function

G(X, Y , β) = 2
n∑
i=1

fi•
m∑
j=1

pj|i log
pj|i

πj|i(X, Y , β)
,

which is asymptotically chi-squared in the case that the rows of F
are independent multinomials.

3.2. Combination Rules. The basic algorithm we develop applies

to arbitrary combination rules φ, but we shall be especially inter-

ested in

φS(xi, yj) = −d2
ij(X, Y) = −(xi −yj)′(xi −yj),

φD(xi, yj) = −dij(X, Y) = −
√
(xi −yj)′(xi −yj),

φP(xi, yj) = cij(X, Y) = x′iyj.

These are, repectively, the negative squared distance rule, the neg-

ative distance rule, and the inner product rule.
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If the data have a single mode, then the symmetric versions of the

rules are used, which we obtain by simply setting X = Y .

φS(xi, xj) = −d2
ij(X) = −(xi − xj)′(xi − xj),

φD(xi, xj) = −dij(X) = −
√
(xi − xj)′(xi − xj),

φP(xi, xj) = cij(X) = x′ixj.

3.3. Distances or Inner Products. Consider

πj|i(X, Y , β) =
βj exp(φij)∑m
`=1 β` exp(φi`)

with φij = −d2
ij(X, Y). Then

πj|i =
β̃j exp(x′iyj)∑m
`=1 β̃` exp(x′iy`)

,

with

β̃j = βj exp(−1
2
y ′jyj).

Thus fitting a negative squared distance model with bias parame-

ters is equivalent to fitting an inner product model with bias pa-

rameters. Fitting a negative squared distance model without bias

parameters can be done by fitting an inner product model with bias

parameters, but the two models are equivalent only if we impose

nonlinear constraints on the bias parameters.

4. Algorithm

The algorithm we propose alternates minimization over β for fixed

X,Y and minimization over X,Y for fixed β. For single mode data

we require X = Y . In both steps we use majorization [].

4.1. Optimum β. We have

− logπj|i(X, Y , β) = − logβj−φ(xi, yj)+ log
m∑
`=1

β` exp(φ(xi, y`)).
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By concavity of the logarithm, for all pairs β and β̃,

log
m∑
`=1

β` exp(φ(xi, y`)) ≤

log
m∑
`=1

β̃` exp(φ(xi, y`))+
n∑
j=1

πj|i(X, Y , β̃)
β̃j

(βj − β̃j),

and thus

κj(β) ≤ − logβj−xj+log
m∑
`=1

β̃` exp(φ(xi, y`))+
n∑
j=1

πj|i(X, Y , β̃)
β̃j

(βj−β̃j.

4.2. Optimum X,Y . Define

πj(x) =
βj exp(xj)∑n
`=1 β` exp(x`)

,

and

κj(x) = − logπj(x) = − logβj − xj + log
n∑
`=1

β` exp(x`).

For the partials of κj we find

∂κj
∂x`

= −(δj` −π`(x)),

and for the second partials

∂2κj
∂x`∂xν

= ∂π`
∂xν

= π`(x)(δ`ν −πν(x)),

which is the same for all j. This shows, by the way, that κj is a

convex function of x.

Lemma 4.1. Suppose p is any vector in the simplex Sn−1, i.e. p has

n non-negative elements that add up to one, Let V(p) = P − pp′,
where P is the diagonal matrix with p on the diagonal, and let λ+(p)
be the largest eigenvalue (or the spectral radius) of V(p). Then

max
p∈Sn−1

λ+(p) =
1
2
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Proof. The spectral radius of a matrix is less than or equal to any

matrix norm. In particular

λ+(p) ≤
n

max
i=1

n∑
j=1

|vij(p)|.

Now
n∑
j=1

|vij(p)| = pi(1− pi)+
n∑
j 6=i
pipj = 2pi(1− pi).

Since pi(1− pi) ≤ 1
4 for 0 ≤ pi ≤ 1 we see that

λ+(p) ≤
1
2
.

If p has two nonzero elements, both equal to 1
2 , then we have

λ+(p) = 1
2 , so the maximum is attained. �

Theorem 4.2. For all x,y

κj(x) ≤ κj(y)+
1
4

n∑
`=1

[x` − τj`(y)]2 −
1
4

n∑
`=1

[y` − τj`(y)]2

where

τj`(y) = y` + 2(δj` −π`(y)).

Proof. By the mean value theorem and Lemma 4.1

κj(x) ≤ κj(y)−
n∑
`=1

(δj` −π`(y))(x` −y`)+
1
4

n∑
`=1

(x` −y`)2.

Completing the square gives the required result. �

Now think of

κj(β) = − logβj − xj + log
m∑
`=1

β` exp(x`)

as a function of β for fixed x. By concavity of the logaritm

log
m∑
`=1

β` exp(x`) ≤ log
m∑
`=1

β̃` exp(x`)+
n∑
j=1

πj(β̃)
β̃j

(βj − β̃j,
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and thus

κj(β) ≤ − logβj − xj + log
m∑
`=1

β̃` exp(x`)+
n∑
j=1

πj(β̃)
β̃j

(βj − β̃j.

We first rewrite our optimization problem as minimization of the

deviance, which is minus two times the log-likelihood. Now the

problem is to minimize

D(X, Y , θ) = −2
n∑
i=1

m∑
j=1

fij logπj|i(X, Y , β),

with

πj|i(X, Y , β) =
exp(ψij(X, Y , θ))∑m
`=1 exp(ψi`(X, Y , θ))

.

We use the majorization result from Appendix ??. After some com-

putation we find

D(X, Y , θ) ≤ D(X̃, Ỹ , θ̃)+ 1
2

n∑
i=1

fi•
m∑
`=1

[ψi`(X, Y , θ)− τi`(X̃, Ỹ , θ̃)]2+

(5)

− 1
2

n∑
i=1

fi•
m∑
`=1

[ψi`(X̃, Ỹ , θ̃)− τi`(X̃, Ỹ , θ̃)]2,(6)

where

τi`(X̃, Ỹ , θ̃) = ψi`(X̃, Ỹ , θ̃)+ 2(p`|i −π`|i(X̃, Ỹ , θ̃)).

Here fi• are the row sums of F , and pj|i = fij/fi•.

For the majorization algorithms we have to minimize (or at least

decrease) the single term on the right in (5) depending on X, Y , and

θ. This means minimizing the least squares loss function

(7) σ(X,Y , θ) =
n∑
i=1

fi•
m∑
`=1

[ψi`(X, Y , θ)− τi`(X̃, Ỹ , θ̃)]2.

The precise algorithm used to minimize (7) depends, of course,

on the combination rule. For our three differrent rules we have,
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respectively,

σS(X, Y , θ) =
n∑
i=1

fi•
m∑
`=1

[−1
2
d2
i`(X, Y)− τi`(X̃, Ỹ , θ̃)]2,(8a)

σD(X, Y , θ) =
n∑
i=1

fi•
m∑
`=1

[[−di`(X, Y)− τi`(X̃, Ỹ , θ̃)]2,(8b)

σP(X, Y , θ) =
n∑
i=1

fi•
m∑
`=1

[x′iy` − τi`(X̃, Ỹ , θ̃)]2.(8c)

These least squares appriximation subproblems can all be tackled

by standard multidimensional scaling, multidimensional unfold-

ing, singular value or eigen value algorithms. Because generally

σP is somewhat easier to deal with than σS , we generally use the

equivalence pointed out in Appendix 3.3 to reduced the negative

squared distance rule with bias to the inner product rule with bias.

Appendix A. Alternative Majorization

To show the versatily of the majorization method, we also give a

direct majorization of the negative Poisson likelihood (??) for the

negative distance and the negative squared distance rules. The

part that depends on φij is

F(Φ) = − n∑
i=1

m∑
j=1

fijφij + µ
n∑
i=1

m∑
j=1

αiβj exp(φij)

Now if both φij ≤ 0 and φ̃ij ≤ 0 we have

exp(φij) = exp(φ̃ij)+ exp(φ̃ij)(φij − φ̃ij)+
1
2

exp(ξij)(φij − φ̃ij)2

for some ξij between φij and φ̃ij . Thus ξij ≤ 0, and

exp(φij) ≤ exp(φ̃ij)+ exp(φ̃ij)(φij − φ̃ij)+
1
2
(φij − φ̃ij)2
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As a consequence

F(Φ) ≤ F(Φ̃)− n∑
i=1

m∑
j=1

(fij − µαiβj exp(φ̃ij))(φij − φ̃ij)+

+ 1
2
µ
n∑
i=1

m∑
j=1

αiβj(φij − φ̃ij)2

and it suffices to minimize
n∑
i=1

m∑
j=1

αiβj(φij − zij)2,

where

zij = φ̃ij +
fij − µαiβj exp(φ̃ij)

µαiβj
.

This is (again) a weighted multidimensional scaling problem, which

can be alternated with updating α and β by iterative proportional

fitting. Observe the derivation depends on the fact that negative

distances are squared distances are non-positive, and thus it does

not work for the inner product rule.
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