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1. DiSTANCE

Suppose F and G are two tables with positive frequencies. Define the Pois-

son distance between F and G as

D(F,G) =2 Z Z fi log ~ (fij - &)

i=1 j=1
Observe that D(F, G) > 0, with equality if and only if F = G. Moreover
D(F,G) # D(G, F). If F and G are close then Poisson distances are close

to chi-square distances. More precisely

noJn L o.)2
DFEG =) Y (f’f—g’) +o(IG - FIP),

i=l j=1 Y

as well as
(fij — 1))
D(FG)—ZZ L= 1 o(IG - FIP).

i=1 j=1 l
We can easily generalize the Poisson distance to cases in which some ele-
ments of F are zero, by using lim,_,o xlog x = 0. We can also generalize to
incomplete tables, by summing only over the set of index pairs for which

we do have information.

Now consider the case in which F is an observed table of frequencies, which
may have zeroes and which may be incomplete. The elements of G are
given by a parametric family of tables, depending on parameters 6. We
write 4;;(6) for the elements of G(6). If theta varies over an open subset ©
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of R”, then G(6) varies over a manifold G in the positive orthant of R™".
The problem we study in this paper is to project F' on this manifold G, i.e.
to find

(1;1612 D(F,G) = geléf D(F,G(H)),

and to find

argmin D(F, G) = argmin D(F, G(0)),
GeG 0e®

if the minimum is attained. Observe

fi

W (fij — 4i;(9)),

D(F,G) =2 an Zm: fijlog

i=1 j=1

and in order to solve the minimization problem it suffices minimize the

simpler function

Lp(F,GO) = = > > {fij10g 4:;(60) — 10},

=1 j=1

which is the negative Poisson log-likelihood. If the observed frequencies
have a Poisson distribution, then our estimates are maximum likelihood es-

timates.

2. MobELs FOR Row AND CoLuMN EFrFecTS

We now specialize the parametric models we fit to be of the form
Aij(0) = paByi;(0).

Thus the model includes a main effect yu, row effects a;, column effects S,
and a parametrized interaction y;;(6). Using this specification we can derive

the following useful results. We have
D(F,G(u, a,B,0)) =

u Zn: i aiByij(0) — foo logu — Zn: z’": fijlog aiBjyi;(0),

i=1 j=1 i=1 j=1
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where replacing an index with a bullet means summation over the index.

This is minimized over u at

A foo
/’l = n m *
i1 2= @iBvij(0)
This implies that minimizing D(F, G(u, @, 8, 8)) can be done by minimizing

aB3,yi;(0)
k=1 21 UBeyie(0)
which is the negative log-likelihood of a multinomial model for the table

and we use p;; = fi;/ fee.

Lu(F.Gap. oy == S pylog

i=1 j=1

We can take this one step further by writing

D(F,G(a,B,0)) =

Zn: @i Zm:ﬁj%‘j(g) - Zn: fieloga; — Zn: Zm: f,~j lOg,Bjyij(Q),
J=1 i=1

i=1 ' j =1 j=1

where we have absorbed the u into the «;. This is minimized at

& = L
LY aiByyi0)
which implies that we can minimize D(F, G(u, @, 8, 8)) by minimizing
\ N B,vij(0)
Len(F,GB,0) == ) fi ) piilog mm———
" Z ]Z: 108 S Beye®)

which is the negative log-likelihood of a product multinomial model for the
rows of the table and we use p;; = f;;/f.. A similar derivation could be
applied, of course, to finding a product multinomial model for the columns

by eliminating £.

So we have seen in this section that allowing row and column effects shows
that we are not just computing maximum likelihood estimates of the param-
eters in the Poisson case, but also in the multinomial and product multino-
mial cases (for suitably normalized versions of the same parametric model).
Or, to put it differently, although we start by using Poisson distances be-
tween tables, we can show that our treatment covers multinomial and prod-

uct multinomial distances between tables as well.
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We concluded the section with a slightly more general result. We need
this for the extension of our procedures to include versions of multiple cor-
respondence analysis. Suppose we have more than one table of observed
frequencies. In particular, we will be interested in the case in which we
have tables F,, with r = 1, - - - 5, which all have n rows, but they may have a

different number of columns m,. Consider the row and column effect model
/lijr(g) = airﬁjryijr(g)-

The Poisson distance between the observed and parametrized table can be

written as

DEG@BN =3 Y ar S By

i=1 r=1 =1
an Z fier log air = Z i Z fijrlog Bvijr(6),
=1 r=1 i=1 j=1 r=1

and minimizing out « gives the product multinomial negative log-likelihood

ﬁ]r71]r(9)
F G 0)) = ior l”l
Lpu( B,0)) = ; ; fi jZ:J Pjir 108 ,B,fr%fr(‘g)

3. BINARY TABLES

Observe that the Poisson distance can also be used to measure distance be-
tween binary tables, which only consists of zeroes and ones. We simply

treat them as a special case of frequency tables.

This is especially interesting in the case in which we have a set of indicator
matrices(or dummies), i.e. a number of binary n X m, tables whose rows
add up to one. The product multinomial negative log-likelihood from the

previous section becomes

ﬂ],,r71],rr(9)
F,G(B,0)) =
Lru(F,G(B,0)) = ; ; > BerYier(0)

where j;, is the unique index for which f;;, = 1. Now suppose

(1) ﬁjirr)/ij,-rr(e) = n}niarlxﬁt’rywr(g),



CORRESPONDENCE ANALYSIS USING DISTANCE ASSOCIATION MODELS 5

and suppose vy is positively homogeneous, in the sense that for each 7 > 0

and for some u > 0 we have y(70) = y(60). Then, as T — oo,
inf Lpy(F,G(B,16)) = lim Lpy(F,G(B,70)) = —ns,

and the minimum is not attained. Clearly in that case the infimum of
D(F,G(a,B,0)) is zero, and we have perfect fit. Thus, for homogeneous
models, we can interpret our Poisson distance methods as ways to fit the
system of inequalities (I)). In most cases the system will not actually be
solvable, and we compute an approximate solution. If the system is solv-
able, then our method will find the infimum by letting parameters go to

infinity.

In the special case in which the indicator matrices have only two columns,

the system becomes

(2) ﬁjirryijirr(g) > ﬁfirryigi)'r’

where j;. is the unique index for which f;;, = 1 and ¢;, is the unique index
for which f;;. = 0.
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