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1. I

Suppose G = {gi j} is a binary n × m matrix. There are various ways to
create low-dimensional Euclidean representations of this matrix. The first
key choice we have to make is to decide on the conditionality of the matrix,
the second choice is if we want to use compactness or separation as out
leading scaling concept, and the third choice is how to deal with the zeroes.

Let us illustrate these choices with a simple example. Suppose n senators
vote on m issues. Thus issues correspond with columns, senators with rows.
If we decide to treat these data as column-conditional, we think of each is-
sue as a variable classifying the senators into two groups: those who vote
“aye” and those who vote “nay” on the issue. If we decide to use compact-
ness, then we want to compute a geometric representation in which the sen-
ators in the “aye” group are close together. If zeroes (in this case “nay’s”)
are treated as informative then we also want the senators in the “nay” group
to be close together. If zeroes are non-informative, then the “nay” group can
be dispersed arbitrarily, and only the “aye” group must be homogeneous. If
we choose to emphasize separation instead of compactness, then in the in-
formative case we will generally look for a hyperplane separating the “aye”
and the “nay” groups, while in the non-informative case we will look for a
sphere containing all “aye” senators and no “nay” senators.
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In the case of row-conditionality, we reverse the role of rows and columns.
Instead of each issue defining a hyperplane separating the two groups of
senators, we find a hyperplane for each senator, separating the issues the
senator voted “aye” on from those she voted “nay” on. Or each sena-
tor defines a sphere containing only the issues she voted “aye” on. Since
row-conditionality is simply column-conditionality applied to the transpose,
there is no need to treat it separately.

Another example are archeological data, in which we either find or do not
find each of m types of artifacts in each of n graves. The general idea is
that objects are only put in the graves in a certain time interval. Thus zeroes
are non-informative, because not finding an object can either mean that the
grave is too early or the grave is too late. Only graves that contain objects
should be close, in this case probably on a one-dimensional scale.

The same distinction can be made between ability items an attitude items.
For ability items zeroes are informative, and we want those who fail an item
to be close to each other and those who pass an item to be close as well. But
for attitude items conservatives may disagree because they think an item is
too progressive, and progressives may disagree with the same item because
they think it is too concervative. So here zeroes are non-informative, and
we only want the people who agree with an item to be close.

The discussion in this introduction, however brief, owes a great deal to the
classical psychometric work of Stephenson [1953] and Thurstone [1959].
Our general approach to scaling qualitative data is largely due to Guttman
[1941] and Coombs [1964]. The modern computerized approach is also
due to Guttman, and is perhaps best described in Lingoes [1968]. There are
many obvious connections with correspondence analysis [Guttman, 1946,
1950; Benzécri, 1973, 1980; Greenacre, 1984; Gifi, 1990] which can be
thought of as the least squares version of compactness scaling.
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2. L F

The basic EDM loss function for binary matrices with a single-peaked rep-
resentation is

(1) D(X,Y, ξ) = −2

 ∑
(i, j)∈I1

log
βi j(ξ) exp(φ(xi, y j))

1 + βi j(ξ) exp(φ(xi, y j))
+

+
∑

(i, j)∈I0

log
1

1 + βi j(ξ) exp(φ(xi, y j))


Here I1 is the set of index pairs for which gi j = 1, and I0 are the index pairs
for which gi j = 0. There may be missing data, for which gi j is neither zero
or one.

In this paper we assume that the βi j(ξ) are specified using log-linear regres-
sion. This means we have

βi j(ξ) = exp(γi j(ξ)),

with

γi j(ξ) =
p∑

s=1

zi jsξs,

and with the zi js known regressors (which could be dummies or a design ma-
trix). Thus the parameters separate into a regression part, which involves ξ,
and a geometry part, which involves X and Y . One simple additive specifi-
cation of the regression part has γi j = θi + ε j. Then if φ(xi, y j) ≡ 0 we have
the Rasch model.

Observe there is no specific type of conditionality built into this specifica-
tion, the rows and columns are interchangeable. We can introduce condi-
tionality by further specifying the regression part. If γi(ξ) only depends on
the row-index i, for example, we have a form of column-conditionality, in
which the regressors have external information about the n objects. And
conversely we can have row-conditionality if γ j(ξ) only depends on the col-
umn index. Of course switching between these two forms of conditionality
is easily done by just transposing the data.
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3. L-  D́

3.1. Model Equivalences. The loss function we studied previously [De
Leeuw, 2006a], if specialized to binary data, is

(2)

D(X,Y, ξ) = −2

 ∑
(i, j)∈I0

log
βi j0(ξ) exp(φ(xi, y j0))

βi j0(ξ) exp(φ(xi, y j0)) + βi j1(ξ) exp(φ(xi, y j1))
+

+
∑

(i, j)∈I1

log
βi j1(ξ) exp(φ(xi, y j1))

βi j0(ξ) exp(φ(xi, y j0)) + βi j1(ξ) exp(φ(xi, y j1))

 .
From Equation (1) the log-odds are given by

(3a) λ(xi, y j, ξ) = log βi j(ξ) + φ(xi, y j),

while from Equation (2) we have

(3b) λ(xi, y j, ξ) = log
βi j0(ξ)
βi j1(ξ)

+ [φ(xi, y j0) − φ(xi, y j1)].

If φ is the inner product, then Equation (3b) can be rewritten as

(3c) λ(xi, y j, ξ) = log
βi j0(ξ)
βi j1(ξ)

+ φ(xi, y j0 − y j1).

and the two representations are equivalent if their regression parts are.

If φ is squared Euclidean distance, and the regression part includes the addi-
tive specification γi j = θi+ε j, then both (3a) and (3b) are just reparametriza-
tions of the inner product specification. The differences between (3a) and (3b)
are essential in the case in which φ is Euclidean distance, or in the case of
squared Euclidean distance without a suitable regression part.

3.2. Perfect Fit. As shown in De Leeuw [2006a] we will have perfect fit
if we can find a solution to the system of inequalities λ(xi, y j, ξ) > 0. In
that case we can use the homogeneity of the specification to show that
λ(κxi, κy j, κξ)→ ∞ if κ → ∞, and thusD(κX, κY, κξ)→ 0.

The system of strict inequalities can be rewritten as

φ(xi, y j) > −γi j(ξ).
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For the negative distance combination rule this means

‖xi − y j‖ < γi j(ξ).

Suppose γi j(ξ) only depends on j. Then the xi for which gi j = 1 must be in
a sphere centered at y j with radius γ j(ξ). Each issue defines a sphere, with
only the senators endorsing the issue in the sphere. Conversely, if γi j(ξ)
only depends on j, then the y j for which which gi j = 1 must be in a sphere
centered at xi with radius γi(ξ). Each senator defines a sphere with only the
issues she endorses in the sphere.

It may be interesting to require that some of the y j are the same, i.e. some
of the spheres are concentric. This is one possible way to introduce multi-
category variables.

4. A

The algorithm combines two different majorization steps. In the first step
we improve the regression part for fixed geometry, in the second part we
improve the geometry for fixed regression part. Each of the two substeps
can involve one or more inner iterations. The basic majorization result that
both substep algorithms are based on is given in the Appendix.

4.1. Improving Bias Estimates for Fixed Geometry. Define

ηi j = exp(φ(xi, y j)),

γi j(ξ) = log βi j(ξ) =
p∑

s=1

zi jsξs,

πi j(ξ) =
ηi j exp(γi j(ξ))

1 + ηi j exp(γi j(ξ))
,

ai j(ξ) =
2πi j(ξ) − 1
γi j(ξ)
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Also define the vectors u and v(ξ) with elements

us =

n∑
i=1

m∑
j=1

gi jzi js,

vs(ξ) =
n∑

i=1

m∑
j=1

πi j(ξ)zi js,

and the matrix R(ξ) with elements

rst(ξ) =
n∑

i=1

m∑
j=1

ai j(ξ)zi jszi jt.

The majorization algorithm for the logistic regression is simply

ξ(k+1) = ξ(k) + R(ξ(k))−1(u − v(ξ(k))).

4.2. Improving Geometry Estimates for Fixed Bias. Now

π(xi, y j) =
βi j exp(φ(xi, y j))

1 + βi j exp(φ(xi, y j))
,

a(xi, y j) =
2πi j(ξ) − 1
φ(xi, y j)

,

τ(xi, y j) = φ(xi, y j) +
gi j − π(xi, y j)

a(xi, y j)
.

In a majorization step, while currently at (X(k),Y (k)), we minimize

σ(X,Y) =
n∑

i=1

n∑
j=1

a(x(k)
i , y

(k)
j )(φ(xi, y j) − τ(x(k)

i , y
(k)
j ))2,

over X and Y .

A A. BM R

The core of the majorization algorithms used in this paper is the inequality
in Lemma A.1, which is a minor generalization of a result by Jaakkola and
Jordan [2000] and Groenen et al. [2003]. See also De Leeuw [2006b] for a
proof and more discussion.
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Lemma A.1. Define

ω(x) = log(1 + α exp(x)),

π(x) =
α exp(x)

1 + α exp(x)
.

Then
ω(x) ≤ ω(y) + π(y)(x − y) +

2π(x) − 1
2x

(x − y)2.

Proof. Suppose

g(x) = ω(y) + π(y)(x − y) +
1
2

a(x − y)2

majorizes ω(x). Clearly g(y) = ω(y). Suppose there is a z , y such that
g(z) = ω(z). Thus

a =
ω(z) − ω(y) − π(y)(z − y)

1
2 (z − y)2

Since g majorizes ω, we must also have g′(z) = ω′(z) = π(z). Thus π(y) +
a(z − y) = π(z), and

a =
π(z) − π(y)

z − y
.

Thus y and z are both support points of ω if
π(z) − π(y)

z − y
=
ω(z) − ω(y) − π(y)(z − y)

1
2 (z − y)2

or
ω(z) − ω(y)

z − y
=

1
2

(π(z) + π(y))

�
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