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1. INTRODUCTION

Suppose A is a symmetric matrix of order n, not necessarily positive semi-definite.
Our problem is to minimize

σ(C) = tr (A−C)2

over the set Cr of all positive semi-definite matrices C with rank(C) ≤ r. For the
projection of A on Cr we write Πr(A). Thus

tr (A−Πr(A))2 = min
C∈Cr

tr (A−C)2.

Suppose A+ is the projection of A on the cone of positive semi-definite matrices.
Then A− = A+−A is positive semi-definite, and tr A+A− = 0. Thus

σ(C) = tr ((A+−C)−A−)2 =

= tr (A+−C)2 + tr A2
−+2tr CA−.

If we choose X̂ such that X̂ X̂ ′ is the best rank-p approximation to A+, then tr X̂ X̂ ′A−=
0 and thus

min
X

σ(X) = min
X

tr (A+−XX ′)2 + tr A2
−.

The solution can be easily described in terms of the spectral decomposition A =
KΛK′. Suppose λ1 ≥ λ2 ≥ ·· · ≥ λn. Number the eigenvectors accordingly. Let

λ̂s =

λs if λs ≥ 0 and s≤ p,

0 otherwise.
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Then x̂s = ksλ̂s for s = 1, · · · , p. Thus rank(X̂) = rank(Â+).

It may be impractical, or inefficient to compute an complete spectral decompo-
sition. In some cases r� n and we only need a small number eigenvectors. In
other cases, such as within other iterative algorithms, we may not need the exact
approximation, but we only need to improve the current approximation by a small
step.

2. BASIC MAJORIZATION

If A is positive semi-definite, then by convexity

tr X ′AX ≥ tr Y ′AY +2tr Y ′A(X−Y ) = 2tr Y ′AX− tr Y ′AY.

Thus

σ(X)≤ η(X ,Y ) ∆= tr A2−4tr X ′AY + tr (X ′X)2 +2tr Y ′AY.

The general theory of majorization methods now tells us that the update

X (k+1) ∈ argmin
X

η(X ,X (k))

will generate a convergent algorithm. We solve

∂η(X ,Y )
∂X

=−4(AY −X(X ′X)) = 0,

which gives (X ′X)3 = Y ′A2Y , and thus

X (k+1) = AX (k)((X (k))′A2X (k))−
1
3 .

The algorithm can be implemented by using U (k) = AU (k−1) = AkU (0) and then

C(k+1) = X (k+1)(X (k+1))′ = U (k)((U (k))′U (k))−
2
3 (U (k))′.

Then σ(X (k+1)) = tr (A−C(k+1))2, and the sequence C(k) will converge to Πr(A).

Computationally the algorithm requires an eigenvalue routine to compute the frac-
tional matrix power.

3. DOING BETTER

Since C(k+1) = U (k)S(k)(U (k))′ with S(k) = ((U (k))′U (k))−
2
3 we see that

min
S

tr (A−U (k)S(U (k))′)2 ≤ σ(X (k+1)).
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The minimum over S is attained at

S̃(k) = ((U (k))′U (k))−1(U (k))′AU (k)((U (k))′U (k))−1.

This suggest the algorithm in which we define P(k) = U (k)((U (k))′U (k))−1(U (k))′

and then

C̃(k+1) = P(k)AP(k).

It follows that tr (A−C̃(k+1))2≤ tr (A−C(k+1))2, and C̃(k) also converges to Πr(A).

The projectors can be computed by QR-decomposition of U (k), which is not too
demanding.

4. EVEN BETTER

Both algorithms we have discussed so far are of the form X (k+1) = U (k)T (k),

5. PROJECTION AND MAJORIZATION

Rewrite the problem as minimizing σ(K,T ) = ‖A−KT K′‖2 with K of size n× r
and orthonormal, and with T psd of order r. Now

σ(K,T ) = tr A2−2tr T K′AK + tr T 2,

and thus

min
T

σ(K,T ) = tr A2− tr (K′AK)2.

This means we have to maximize tr (K′AK)2 over K. Suppose K̃ is the current best
solution. Then

tr (K′AK)2 ≥ 1
tr (K̃′AK̃)2 {tr K′AK̃}2

Thus the majorization step maximizes tr K′AK̃ over K′K = I, i.e. K = procrus(AK̃).
Because minT σ(K,T ) is invariant under rotations of K we get the same sequence
of function values by taking K = gram(AK̃).

If A is not positive semi-definite, then

min
T&0

σ(K,T ) = tr A2− tr (K′AK)2
+.
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6. ITERATING WITH A2

7. ASYMMETRIC ITERATIONS

Minimize
σ(X ,Y ) = tr (A−XY ′)′(A−XY ′)

Algorithm

Y (k) = AX (k)((X (k))′X (k))−1,

X (k+1) = AY (k)((Y (k))′Y (k))−1,

or
X (k+1) = A2X (k)((X (k))′A2X (k))−1(X (k))′X (k).
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