TETRACHORIC CORRELATIONS
AND THE PEARSON PACKAGE

JAN DE LEEUW

ABSTRACT. We derive and review formulas and computations, many of
them with a history of more than a hundred years, that can be used to
estimate the tetrachoric correlation coefficient and its bias and asymp-
totic standard error. We also present some new computational methods.
The methods are implemented in the R package pearson, which will
eventually also have polychoric correlations and polychoric multivariate

analysis.
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TETRACHORIC CORRELATION 5

1. INTRODUCTION

Consider the set Px» of all 2 x 2, or four-fold, probability tables. These
tables form a three-dimensional simplex S® in four-dimensional space R*.
The four elements of the table are non-negative and add up to one. The
interior of P>», the set of all four-fold tables with all four cells positive, is
written as P35 _,.

For a table P € P,,» we use the classical notation

Y Y
X1 Pa Pb Pa+Pb
X Pc Pd Pc t+Pd
Pa+Pc Pb+Pa 1

In this paper, following Pearson| [1900], we think of the four-fold table as
arising from a discretized bivariate normal distribution. Specifically, we
divide the plane into four quadrants using the lines x = hand y = k, and
we form the four-fold table by integrating the bivariate standard normal
density with correlation p over the four quadrants.

If x and y are standard normal random variables ﬂ with correlation p then
the four-fold table P(h, k, p) is

Y Y
prob(x <h Ay <k) prob(x <hAvy >k) | prob(x <h)
X | prob(x > h Ay <k] prob(x >hAy >Kk) | prob(x >h)
prob(y < k) prob(y > k) 1

>

When p € U, the open interval (—1, +1), we can write P(h, k, p) as

Y Y

XM 5 oy eldxdy [N [i® by, p)dxdy | [T d(x)dx

X[ [ ooy, p)dxdy [ [ dlxy, p)dxdy | [, d(x)dx
I dly)dy L2 d(y)dy 1

1Random variables are underlined, cf.[Hemelrijk| [1966].
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where

A 1 1X2+y2—2pxy}
la XY, p)=———exps————————— >,
and
(1b) b(x) 2 \/127t exp {—éxz} .

Pearson [1900] showed that the map P(h,k,p) of R ® R ® U into P35, is
one-to-one, and consequently invertible. For each P € P35, , we can find
—o0 < h,k < 400 and —1 < p < +1 such that P(h,k, p) = P. The result
can be extended to include the boundaries of the regions, and we will do
this below. Describing P, > using the coordinates (h, k, p) is known as the
tetrachoric pammetrizationﬁ Tetrachoric theory was recently revitalized, and
made both more rigorous and more complete, in a very interesting disser-
tation by [Ekstrom [2009].

2. BIVARIATE NORMAL PROBABILITIES

2.1. Basics. Define

@) ®(h,k,p) 2prob(x <h A y < k).
f-1<p<+1

h k
©) ohkp =] | dlxuplduix

For p = +1 we go back to the definition (2).

(4a) ®(h,k,1) = prob(x < k A x < h) =min(®(h), D(k)),

and

(4b) @(h,k,—1) = prob(x <k A —x < h) =max(0,®(h) + ®(k) —1),
where

5) ®(2) =r o(2)dz.

At is tempting to go into the metaphysics of tetrachoric correlation, which is at the basis
of the famous Pearson-Yule debate. I will resist the temptation, and just refer to MacKenzie
[1978,11981].
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We use the notion of conditional densities and distribution to derive some
simple identities, useful for subsequent computations. Define

1>

(6a) $(xly, p)

1 o X —py

A X—py
(6b) O(xly,p) =D (ﬂ) .

Then
(7a) o(h &, p) = bRk, p) = b(k)b(RIk, p),
and
h k
7b)  O(hkp) = j_ (x)D (Klx, p)dx — J_ o(y)D(hy, p)dy.

2.2. Partial Derivatives. For both computational and statistical purposes
we need the partial derivatives|’|of ®.

The first two partials are simple.
(8a) Dy@(h, k, p) = b(h) @[k, p),

The third is more complicated. It can be proved by directly by computation,
or by differentiating the tetrachoric series expansion of ®(h, k, p). But it is
derived most easily from the identity D3 (h, k, p) = D12db(h, k, p) [Plackett,
1954]]. Integrate both sides over both h and k and then interchange the
order of integration and differentiation on the left-hand side. This gives

(8C) D3®(h/k/ p) = d)(hrk/ p)

Equation is an essential part of tetrachoric theory. It shows that for all
values of h and k the function ®(h, k, e) ﬁis strictly increasing in p.

3We use functional notation for derivatives for reasons given, for example, in [Spivak
[1965, p. 44-45]. For a function f of a single variable the derivative is Df and the second
derivative is D(Df), which we simply write as DDf or D f. For a function of two variables
the partials are D;f and D,f. We abbreviate D;(D,f) to Di,f. Df is the gradient (the vector
of partial derivatives) and DDf is the hessian (the matrix of second partials).

“To be precise: the function ®(h,k,e) is a function of p only, with ®(h,k,e)(p) =
D(h, k, p).
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2.3. Second Partials. The second partials with respect to the integration

bounds are
(86) ‘D12(D(h/kl p) = Cb(hlk'l p)/

The mixed second partials with respect to an integration bound and the
correlation are

k—h
(8g) Dl3®(h/ kr p) = d)(h/k/ p) |:q — p2:| ’

h—k
(8h) Ds®(h,k, p) = d(h,k, p) [2 - pz],

Finally

p3 —hkp? + (W2 +k*>—1)p — hk
(1—p?)2 '

Equation was also given by [Iyengar and Tong| [1987]. Like it is

of interest to tetrachoric theory, because the sign of D33®(h,k, p) shows

8) Dbk p) = —b(h K p) [

where @ (h, k, ®) is an increasing convex or concave function of p. From
the sign of D33P (h, k, p) is the sign of —p3 +hkp? — (h?2 + k% —1)p + hk. For
fixed h and k this defines a cubic in p. Since the cubic can have at most three
real roots, this means the interval [—1, +1] is partitioned by the roots into at
most four subintervals. Throughout each of these subintervals ®(h, k, e) is
either convex or concave. We study this “convexity cubic” in more detail

in the next section.

2.4. The Convexity Cubic. Suppose h and k are real numbers. Assume for
the time being h # k and h # —k. Consider the cubic fyi defined by

9) fri(p) = —p° + hkp? — (A2 + k% —1)p + hk.

We are interested in the real solutions of f1,i(p) = 0. Because f is a cubic

o there is either one real root and two conjugate complex ones or,
o there are three real roots (which can be multiple roots).

Since fri(—1) = (h +k)? > 0 and fh(+1) = —(h — k)? < 0 there is at least
one real root between —1 and +1. Suppose there are three real roots, call
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them «, 3 and y. By Viera’s rule
(c=1)(B-Dly—1) =—(h+Kk)? <0,
(x+1)(B+1)(y+1)=+(h—k)?>>0.

If -1 < o < +1 it follows that either 3,y < —lorf,y > +lor—-1< B,y <

+1. If B,v < —1 then fr,x must have two critical values less than —1, and
Dfny must have two roots less than —1 as well.

The discriminant of fyy is

Ao(h, k)2 —4hdk® + h2K22 + k2 — 12 —4(R2 + K2 —1)3+
+ 18(h? + k? — 1)h?k? — 27h%k2.

If Ag(h, k) > 0 there are three distinct real roots, if Ag(h, k) < 0 there is one
reat real root and two conjugate complex ones. The derivative of fy is the
quadratic

Dfnk(p) = —3p® + 2hkp — (h? + k? — 1).
Note that Dfp (1) = —(h—k)? —2 < 0 and Dfpi(—1) = —(h+k)?—2 < 0.
The discriminant of Dfyy is

Ar(h k) 24R2K2 —12(h2 + K2 —1).

If the discriminant A;(h, k) is negative, then fx has no critical values and
is strictly decreasing everywhere, with a single root between —1 and +1. If
there are three distinct real roots there must be two distinct critical values.
Thus Ag(h, k) > 0 implies A;(h, k) > 0.

In Figurewe have made contour plots of Ag(h, k) and A;(h, k). R code for
drawing this figure is in Appendix The red lines are the points (h, k)
for which Ag(h, k) = 0, the blue lines have A;(h, k) = 0.

’ Insert Figure[T|about here ‘

e The region in the plot has both Ag(h, k) > 0 and A;(h, k) > 0.
The function fyy has three distinct real roots and two critical points.
e The magenta region has Ag(h, k) < 0 and Aq(h,k) > 0. There are
two critical points, but only a single real root (between —1 and +1).
e The orange region has Ag(h, k) < 0 and A;(h, k) < 0. There is only
one real root (between —1 and +1) and 1 is everywhere decreas-

ing.
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In the magenta and orange regions the function ®(h,k, p) is convex in

(—1, «) and concave in (&, +1).

In the region there are three real roots @ < 3 < v, none of them equal
to £1. If all of them are in (—1,+1), then ®(h,k,e) is convex in (-1, &),
concave in («, 3), convex in (f3,v), and concave again in (y,+1). If only
one root is in (—1, +1) then it is either the smallest root « or the largest root
Y. In either case ®(h,k,e) is convex in the interval between —1 and the
root, and concave in the interval between the root and +1.

If Ag(h, k) = 0 the cubic has three real roots, which are not distinct. There
is either one root with multiplicity three, or two roots with multiplicities
one and two. If there is one root with multiplicity three, then it is between
—1 and +1. Again ®(h, k, p) is convex in the interval between —1 and the
root, and concave in the interval between the root and +1. If there is a root
with multiplicity one and one with multiplicity two, and only one of them
is in (—1,+1), then that is the root with multiplicity one, and ®(h,k, p) is
convex in the interval between —1 and the root, and concave in the interval
between the root and +1. If both roots are in (—1,+1), then ®(h,k, p) is
convex between —1 and the smallest root and concave between the largest
root and +1. If the smallest root has multiplicity two, the function is convex
between the roots, if the largest root has multiplicity two, then the function
is concave between the roots.

If h = k there are some simplifications. We can write

fhn(p) = —(p—1D)(p —p1(h))(p — p2(h)),

where

(h? —1) + y/(h?2 —1)2 — 4h2

h f—
p12(h) >

Define the discriminant

A

Ah)=(h? —1)2 —4h? = (h2+2h —1)(h? —=2h —1)

Then



TETRACHORIC CORRELATION 11

—00 <h< —-1—v2 = AMh)>0
-1-v2 <h< 41—-v2 = A(h)<0
+1-v2 <h< —1+v2 = A()>0
—14+v2 <h< 4+14+vV2 = AMh)<0
+1+v2 <h< +oo = A(h) >0

If A(h) < 0 then there is a single real root equal to one, and ®(h, h,e) is
convex on [—1, +1].

If h = —k we have a root at —1 and
fran(p) = —(p + 1)(p> + (h* — 1)p + h?)

The discriminant of the quadratic residual is the same as for h = k, and thus
there are two more real roots for the same values of h. The two remaining
roots are

—(h? —=1) ++/(h2 —1)2 — 4h2

P12 = >

In Figure 2l we have plotted ®(h, k, p) as a function of p for four values of
(h, k). Although the function is always smooth and strictly increasing, its
shape varies.

’ Insert Figure[2)about here ‘

The vertical blue lines indicate the zeroes of the convexity cubic, which is
plotted seperately for the same (h, k) combination in Figure

’ Insert Figure[3|about here ‘

2.5. Computation.

2.5.1. bivnorm. The file bivorm.R in Appendix has some additional
R code to compute bivariate normal probabilities. The function bivnorm
calls the £77 routine from tvpack, described below. This is the same code
used in the bivariate normal computations in Genz et al.| [2009a].

bivnormTetra takes a fixed number of terms from the tetrachoric se-
ries (??). It is mainly included for didactic and comparison purposes, since
the tvpack routine is both faster and more precise. The function uses a
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maximum of itmax terms, but stops if nsuc terms are less that eps in

absolute value.

The function bivnormTable takes as its arguments two vectors x and y,
and a correlation r, and computes a bivariate normal table with discretiza-

tions at x and .

PhiRhoPlotter (h, k) plots @(h,k, p) as a function of p, and optionally
puts in the zeroes of the convexity cubic. It was used to make the plots in
Figure[2].

dbNorm (x,y, rho) gives the density of the bivariate normal.

2.5.2. tvpack. The code in Appendix|C.3|provides an R interface to the £77
code of t vpack, which implements one-dimensional, two-dimensional and
three-dimensional rectangular normal and Student t probabilities [Genz,
2004]. The code for the £77 subroutines is on Alan Genz website at the

http:/ /www.math.wsu.edu/faculty/genz/software/fort77 /tvpack.t

Because t vpack provides £77 functions returning doubles, some code was
added to wrap the functions in subroutines, such that the .Fortran inter-
face from R could be used.

The R calling functions are bivNorm, bivT, trNorm, triT, gNorm
and gNorm. Although the trivariate functions and the t functions are not
used in this paper, we have included them for completeness.

2.5.3. cubic.

3. TETRACHORIC CORRELATION
Theorem 3.1. If
max(0,®(k)+ ®(h) —1) < p < min(®(h), ®(k))

then ®(h, k, p) = p has a unique solution —1 < p(h, k,p) < +1.


http://www.math.wsu.edu/faculty/genz/software/fort77/tvpack.f
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Proof. From (8d), (b)), and we see that @ (h, k, p) is a differentiable and
strictly increasing function from the open interval (-1, +1) to the open in-
terval (max(0, ®(k) + ®(h) — 1), min(®(h), ®(k))). Consequently it has a
differentiable and strictly increasing inverse. O

In order to invert the tetrachoric map, i.e. to compute the parameters
(h,k, p) from a given table P, we must solve the equations

(10a) @(h) =Ppa +po,
(10b) ®(k) =pa + Pe,
(1OC) (D(h,, k/ p) — pCl/

for the three unknowns. Parameters h and k are computed by using the
quantile functions, i.e. h(P) = ® (pq + pp) and k(P) = O (pq + pc).
Then, using these h(P) and k(P), we solve (10c), which always has a solu-
tion because of theorem [3.1]

The bounds from theorem 3.1 become pq — pa < Pa < Pa + min(pp, pe).
If po = pa + min(pyp,pe),ie. pp =0orp. =0, we can choose p(P) = +1.
If po = max(0,pq —pa), i.e. pa = 0orpgq =0, then we can choose p(P) =
—1. We show more precisely how to deal with zeroes in Table [1, given in

Appendix

| Insert TableMabout here]

The tetrachoric correlation is not uniquely determined (identified) if and
only if a row or a column of the table is zero. In that case all values in
the closed interval [—1,+1] are solutions of (I0). Note that h(P) and k(P)
are always determined uniquely, although they can be infinite. We also
see that has a unique solution —1 < p(P) < +1 if and only if all four
elements of the table are positive.

3.1. Computation. Computing a tetrachoric correlation coefficient means,
from the computational point of view, solve the equation

(1) O(hk,p)=p

for p. Computing h and k is trivial these days, because all computing envi-
ronments and numerical libraries have high precision quantile functions.
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We can first eliminate cases in which there are zero cells, using table (1, and
assume without loss of generality that there is a unique root in the open
interval (—1,+1). Alternatively, it has been suggested to add 1 to all zero
cells, and adjust the non-zero cells to keep the same marginals.

It should be emphasized that for a four-fold table we can actually solve
for any of the four p values. If we use p, or pg we find p, if we use py, or p.
we compute —p. This maybe helpful to deal with rounding errors if some
proportions are very small or very close to one.

Traditionally, Pearson’s tetrachoric series was used to solve (II). The se-
ries was truncated after a finite number of terms, and then the resulting
polynomial equation was solved for p. This is not necessarily the best way
to proceed, because for [p| close to one the series converges very slowly.
Because the derivative of ®(h,k, p) is so easy to compute, it makes sense
to consider Newton’s method or one of its many variations [Digvi, 1979].
The package in R that can be used to compute tetrachoric correlations is
polycor by [Fox|[2009], which actually computes polychoric correlations
using the maximum lkelihood method proposed by (Olsson [1979]. Using
general polychoric techniques may not be the best way to compute tetra-

choric correlations.

Newton’s method, unmodified, is

(k+1)

) ©(hk,tho™) —p

T T T ek tho)

To use this iteration we need a good routine to compute bivariate normal
probabilities. The ones currently available in R are based on the R imple-
mentation of Owen’s T function in sn by |Azzalini [2009], or on mvtnorm
by Genz et al. [2009b] that actually provides general multivariate normal
probabilities over rectangles. We have written code using the tetrachoric
series, and a R interface to the compiled code of |Genz [2004]. See Appen-
dix[C] Some comparisons, both in terms of speed and precision, are needed.

For higher order methods, such as Halley’s method, we may need the sec-
ond partial D33®(h, k, p). The cubic in the numerator is analyzed in detail
in Section Computing the roots of the cubic allows us to describe an
interval in which ®(x,y, p) has a root and is either convex increasing or
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concave increasing. This additional knowledge allows us to use powerful
versions of Newton’s method as well.

4. STATISTICS

4.1. Standard Errors. Assume all four cells are positive. We can differenti-
ate the three equations in with respect to all seven variables

h k p Pa Pb Pc Pd
Eq (10a) d(h) 0 0 -1 -1 0 0
Eq (T0B) 0 d(k) 0 -1 0 -1 0
Eq (10d) | d(h)®(klh,p) (k)@ (hk,p) ¢(h,kp)|[-1 0 0 0

If A is the leading 3 x 3 lower triangular part of the table, and B is the
remaining 3 x 4 table, then the implicit function theorem tell us the deriva-
tives of (h(P), k(P), p(P)) with respect to P are given by —A~!B. The inverse
of Ais

1
() ? 0
0 L) 0
_ ®(klhp) _ ®(hikp) 1
¢ (hk,p) éd(hk,p)  d(hk,p)
and thus the derivatives are
Pa Po Pc Pd
1 1
h T S ?
k ) 0 K]
1-®(k|h,p)—®(hlk,p)  D(klh,p)  @(hlk,p)
$(hk,p) d(hk,p) d(hk,p)

For the Delta method [Mann and Wald} [1943;|Tiago De Olivera, 1982] these
derivatives are all we need for computation.

4.2. Multinomial Case. Under a multinomial probability model for P, it
follows that the covariance matrix of the asymptotic distribution of h(P)
and k(P) is

Note that this implies that the correlation between h(P) and k(P) in the
asymptotic distribution is the population phi-coefficient.
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k
h D(h)(1—®(h)) $(hKp)—®(h)D(K)
¢2(h) PR b (X)
Kk | @hkp)—@(h)d (k) @ (k) (1-D(k))
PN d(K) $Z(k)

As we know since Pearson|[1900], the variance of the asymptotic distribu-
tion of p(P) does not look very appealing. Define

u(h,k, p) 2 d(h, k, p) — @(klh, p)®(h) — O (hlk, p)D(K),
and
w(h,k, p) 2{2(1 = @ (klh, p)) (1 — @(hfk, p)) — 1D (h, k, p)+
+ @2%(k|h, p)®@(h) + @%(hlk, p)D (k).

Then 1
L ! 2
(I)Z(h,k,p){ (h, ¥ p) (h k).

It remains to give expressions for the remaining covariances. Let

AVAR(p(P))

Alh, k, p) 2(1— ©(hfk, p))@(h,k, p) — @(klh, p)D(h),
n(h,k,p) £(1 — @(kfh, p))@(h, k, p) — O (hlk, p)®(K).
Then
ACOV(h(P),p(P)) = ———=————= {A(h, k, p) — @(h)u(h, k, p)},

4.3. Bias. bias
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APPENDIX A. TABLES

Pa Pb Pc Pa h(P) k(P) p(P)
+ 0 0 O 400 400 undetermined
0O + 0 0 +00 —00 undetermined
0O 0 + O —00 400 undetermined
0o 0 0 + 00 —00 undetermined
+ + 0 O +00 ® (pq) | undetermined
+ 0 + 0] O Ypa) +00 undetermined
+ 0 0 +| Ol pa) D lpa) +1
0 + + 0 @ lpy) -0 '(py) -1
0 + 0 +| O Ypy) —00 undetermined
0O 0 + + —00 O !(p.) | undetermined
0 + + +| @ lpy) O (po) -1
+ 0 + +| Ol (pa) —@ lpa) +1
+ + 0 +|—0lpa) @ lpa) +1
+ + + 0] -0 '(p) —@ pp) -1

TABLE 1. Zeroes in Tetrachoric Correlations

17
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APPENDIX B. FIGURES

Two Discriminants

FIGURE 1. Contour Plots Discriminants
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Cubic Plot for h = 0.00 and k = 4.00
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APPENDIX C. CODE

C.1. hermite.

C.1.1. Codein R.

1 regquire("polynom")

2 dyn.load("~/Public/pearson/code/hermite/hermite.so")

3
4 hermiteR<-function (x,degree) {
5 hh<-c(1,x); itel<-1

6 1if (degree > 1)

7 repeat {

8 uu<-x+hh[2]-itelxhh[1]

9 hh[1]1<-hh[2]

10 hh[2]<-uu

11 itel <= itel + 1

12 if (itel == degree) break()
13 }

14 else uu<-switch (degree+l,1,x)

15 return (uu)

16 '}

17

18 hermiteF<-function (degree,verbose=FALSE) {
19 u0<-polynomial(l); ul<-polynomial (c(0,1))
20 fa<-u0; fb<-ul; itel<-1

21 switch (degree+l,

22 if (verbose) print (fg<-ul),
23 if (verbose) print (fg<-ul),
24 repeat {

25 if (verbose) print (u0)
26 if (verbose) print (ul)
27 fg<-ulxfb-itelxfa

28 if (verbose) print (fqg)
29 fa<-fb; fb<-fg

30 itel<-itel + 1

31 if (itel == degree) break()
32 }

33 )

34 return(as.function(fg))
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tetrachoricR<-function (x,degree) {
if (degree==0) return (pnorm(x))
return (hermiteX (x,degree-1) xdnorm (x) /sgrt (factorial (degree)))

}

tetrachoricF<-function (degree) {

if (degree==0) return (pnorm)
ff<-as.function (hermiteF (degree-1))

return (function(x) ff (x)xdnorm(x)/sgrt (factorial (degree)))

}

hermite<-function (x,degree, norm=0) {
return(.C("hermiteC", x=as.double (x),degree=as.integer (degree),

norm=as.integer (norm), y=as.double (0)) [[4]])

tetrachoric<-function (x,degree) {
return (.C("tetrachoricC", x=as.double (x),degree=as.integer (

degree),y=as.double (0)) [[3]])

C.1.2. Code in C.

10
11
12
13

14

#include <math.h>

void hermiteC (double*, intx, intx, doublex);

void tetrachoricC(doublex , int=*, doublex);

void hermiteC (doublex x, int* degree, int *norm, doublex y) {

double ax = 1.0, bx = (*x), di, dg;
int i = 1, id = (xdegree);

switch (id)
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(xy) = bxj
break;
default:
while (1 < id) {
di = (double) 1i;
(xy) = (xx) x bx - di * ax;
ax = bx;
bx = (xy);
i++;
}
}
if ((xnorm) == 1)
(xy) = (*y) / sgrt(gamma(id + 1.0));
}
void tetrachoricC(double* x, intx degree, doublex* y)

double ax = 1.0, bx = (*x), di;

int i = 1, id = (xdegree), kd = (xdegree) - 1;

double dg = sqgrt (gamma ( (double) id + 1.0)),
de = exp (-bxxbx/2.0)/sqrt (2.0 = M_PI),

df = (erf (bx/M_SQRT2) + 1.0) / 2.0;
switch (kd)
{
case(-1):
(xy) = df;
break;
case(0):
(xy) = de * ax / dg;
break;
case (1)

(xy) = de x bx / dg;
break;
default:
while (1 < kd) {

di = (double) 1i;

(xy) = (xx) » bx - di * ax;
ax = bx;

bx = (xy);

{
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C.2. bivnorm.

10
11
12
13

14
15
16
17
18

19
20
21
22
23
24

25
26

dyn.load("~/Public/pearson/code/tvpack/tvpack.so")

bivNormGenz<-function (dh,dk,r) {

out <- .Fortran ("BVND_WRAPPER",dh=as.double (-dh),dk=as.double (-
dk), r=as.double (r),p=as.double (0))

return (outsSp)

}

bivProb<-function (h,k,r) {

out <- .Fortran ("BIVPRB_WRAPPER", h=as.double (h), k=as.double (k),
r=as.double (r),p=as.double(0)) [[4]]

return (out$p)

}

bivNormTetra<-function (x,y, r,nsuc=5,eps=1le-8,itmax=1000, verbose
=FALSE) {
sterm<-0; itel<-1; ifac<-1

hxa<-1; hxb<-x; hya<-1; hyb<-y; isuc<-0

sterm<-pnorm(x)*pnorm(y); dxy<-dnorm(x)xdnorm (y)

if (verbose)
cat ("itel ", formatC(0,width=4, format="d"),"term ", formatC(
sterm,width=20,digits=12, format="£f"),"sum ", formatC (sterm
,width=20,digits=12, format="£f"), "\n")
repeat {
term<-(r”"itel) xdxyxhxaxhya/ifac
if (abs(term) < eps) isuc <- isuc +1
sterm<-sterm+term
if (verbose)
cat ("itel ", formatC(itel,width=4, format="d"), "term ",
formatC (term,width=20,digits=12, format="£"), "sum ",
formatC (sterm,width=20,digits=12, format="£"),"\n")
if ((itel == itmax) || (isuc == nsuc)) return(sterm)

hx<-xxhxb-itelxhxa; hxa<-hxb; hxb<-hx
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hy<-yrxhyb-itelxhya; hya<-hyb; hyb<-hy
itel<-itel+1
ifac<-ifac*itel

}

bivNormTable<-function(x,y,r,eps=1le-6,ntel=10) {
n<-length(x); m<-length(y); f<-matrix(0,n+2,m+2)
nn<-n+1l; mm<-m+l; g<-matrix(0,nn,mm); f[nt2,m+2]<-1
for (i in 1:n) {
for (j in 1:m) {
fli+l, j+1]<-bivNormGenz (x[i],y[j], r)
}

m
0
R

G

in 1:m) f[n+2, j+1]<-pnorm(y[7j])

W
o}
R
=

in 1:n) f[i+l,m+2]<-pnorm(x[1i])

in l:nn) {

h
O
[}
&

or (j in l:mm) {
gli,Jl<=fli,3]+£[i+1, J+1])-(£[1, J+1]+£[1i+1,3])
}

return (g)

PhiRhoPlotter<-function (h, k,npt=1000, cvex=TRUE) {

eps<-1/npt; r<-seqg(-l+eps,l-eps,by=eps)
mn<-paste ("Phi-Rho Plot for h =", formatC (h,width=4,digits=2,

format="f"),"and k =", formatC(k,width=4,digits=2, format="f")

)
ph<-pnorm(h); pk<-pnorm(k); rp<-min(ph,pk); rm<-max(0,ph+pk-1)

p<-sapply (r, function(s) bivNormGenz (-h, -k, s))

plot(c(-1,r,1),c(rm,p, rp),xlab="Rho",ylab="Phi",xlim=c(-1,1),
ylim=c (rm, rp),main=mn, axes=FALSE, type="1",col="RED", lwd=3)

tcks<-seg(rm, rp, length=10)

labs<-formatC (tcks,width=4,digits=2, flag="#")

axis (2,pos=-1,at=tcks, labels=1labs)

axis(l,pos=rm)

if (cvex)

abline (v=convexCubic (h, k), col="BLUE")
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63 '}

64

65 dbNorm<-function (x,y,rho) {

66 return (exp (- (x"2+y"2-2xrhoxx*y)/ (2x (1-rho”2)))/(2xpixsgrt (1-rho
"2)))

67 }

C.3. tvpack.

1 dyn.load("tvpack.so")

2

3 DbivNorm<-function (dh,dk,r) {

4 out <- .Fortran ("BVND_WRAPPER",dh=as.double (dh),dk=as.double (dk
) ,r=as.double (r),p=as.double (0))

5 return (out$Sp)

6 '}

7

8 bivT<-function (nu,dh,dk,r) {

9 out <- .Fortran ("BVTL_WRAPPER",nu=as.integer (nu),dh=as.double (
dh) , dk=as.double (dk), r=as.double (r),p=as.double (0))

10 return (outs$p)

1}

12

13 triNorm<-function(nu,h,r,epsi=le-8) {

14 out <- .Fortran("TVIL_WRAPPER",nu=as.integer (nu),h=as.double (h)
, r=as.double (r),epsi=as.double (epsi),p=as.double (0))

15 return (outs$p)

16 }

17

18 gNorm<-function(z) {

19 out <- .Fortran ("PHID_WRAPPER", z=as.double(z),p=as.double(0))

20 return (outs$p)

21}

22

23 gT<-function(nu,t) {

24 out <- .Fortran ("STUDNT_WRAPPER",nu=as.integer (nu),t=as.double (
t),p=as.double(0))

25 return (out$p)

26

}
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C.4. cubic.
1 require("polynom")

3 convexCubic<-function (h,k) {
4 return (cubicR(c (hxk,-(h"2+k"2-1),hx*k,-1)))
5 }

7 plotCubic<-function (h, k,xmin=-1, xmax=1) {

8 mn<-paste("Cubic Plot for h =", formatC(h,width=4,digits=2,
format="£f"),"and k =", formatC (k,width=4,digits=2, format="£f")
)

9 p<-polynomial (c (hxk,-(h*"2+k"2-1),hxk,-1))

10 plot (p,xlim=c (xmin, xmax),main=mn, xlab="Rho",ylab="Cubic")

11 s<-solve(p); r<-Re(s)

12 abline (h=0,col="RED")

13 abline (v=r[r==s],col="BLUE")

14}

15

16 discriminant<-function(h,k) {

17 delta_0<--4xh"4xk"4+h"2xk"2x (h"2+k"2-1) "2-4x (h"2+k"2-1) *3+18=x (h
N"2+k"2-1) xh"2xk"2-27xh"2xk"2.

18 delta_1<-4xh"2xk"2-12x (h"2+k"2-1)

19 return(c(delta_0,delta_1))

20}

21

22 contourMe<-function (range=3,grid=200, fill1=TRUE) {

23 x<-y<-seqg(-range, range,length=grid)

24 aa<-outer (x"2,y"2)

25 cc<-outer(x"2,y"2,"+")-1

26 zc<--4xaa”2+aa*cc”2-4+cc”3+18*ccraa-27+aa
27 zg<-4xaa-1l2xcc

28 1<-0

29 plot (x,y,type="n",main="Two Discriminants")

30 if (fill)

31 for (i in 1:200) for (j in 1:200) {

32 if ((zcli,3] > 0) && (zqli,j] > 0)) text(x[i],y[3l,".",
col="green")

33 if ((zcl[i,3J] > 0) && (zqli,]j] < 0)) text(x[il,y[]I,".",

col="yellow")
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34 if ((zcli, 3] < 0) && (zqli,j] > 0)) text(x[il,y[3l,".",
col="magenta")

35 if ((zcl[i, 3] < 0) && (zqli, 3] < 0)) text(x[il,y[3l,".",
col="orange")

36 }

37 contour(x,y,zc,levels=1,col="red",lwd=3,vfont = c("sans serif",

"bold italic"),add=TRUE)
38 contour(x,y,zq,levels=1,col="blue",lwd=3,vfont = c("sans serif"
"bold italic"),add=TRUE)

39 abline(h=1); abline(h=-1)

40 abline(v=1); abline(v=-1)

41 )

42

43 cubicR<-function (cf) {

4 out<-.C("cubic",cf=as.double(cf), rr=as.double (rep(0,3)),num=

as.integer (0))

45 return((out$Srr) [1l: (out$Snum)])

46}

C.b5. tetra.

1 require("polynom")

2 dyn.load("/Users/deleeuw/Public/pearson/code/tetra/tetra.so")

3 source("~/Public/pearson/code/hermite/hermite.R")

4 source("~/Public/pearson/code/bivnorm/bivnorm.R")

5

6 tetraC<-function(table) {

7 a<-table[l,1]; b<-table[l,2]

8 c<-table[2,1]; d<-table[2,2]

9 out<-.Fortran("TETRA",

10 as.double (a),

11 as.double (b),

12 as.double (c),

13 as.double (d),

14 r=as.double (0),

15 sdr=as.double (0),

16 sdzero=as.double (0),

17 itype=as.integer (0),

18 ifault=as.integer (0), DUP=TRUE)
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return (list (r=out$r, sdr=out$sdr, sdzero=outSsdzero, itype=out

Sitype,ifault=outs$ifault))

JAN DE LEEUW

tetraR<-function(table,degree=12) {

ts<-sum(table); ps<-table[l,1]/ts

h<-gnorm((table[l,1]+table[1,2])/ts)

k<—gnorm( (table[1l,1]+table[2,1])/ts)

v<-table[l,1]1*table[2,2]-table[l,2]xtable[2,1]

u<-c(v/ (dnorm (h) *dnorm(k)),-1);
(d in 1: (degree-1)){
u<—c (u, ~hermite (h,d) rhermite (k,d) /£fd)

for

s<-solve (polynomial (u))
s<-Re (s [which (s==Re(s))])

return (list (h=h, k=k,r=s[which(sxs < 1)1))

}

rsolveRA<-function (table)

fd<-fdx (d+2)
}

{

fd<-2

ts<-sum(table); ps<-table[l,1]/ts

h<-gnorm((table[1l,1]+table[1l,2])/ts)

k<-gnorm ((table[1l,1]+table([2,1])/ts)

b<-function(r) bivNorm(h,k, r)-ps

r<-uniroot (b,c(-1,1)) Sroot

return (list (h=h, k=k, r=r))

}

rsolveRB<-function (table,eps=le-10,itmax=100, verbose=TRUE)

ts<-sum(table); ps<-table[l,1]/ts

h<-gnorm((table[l,1]+table[1l,2])/ts)

k<-gnorm((table[1l,1]+table([2,1])/ts)

f<-function(r) bivNorm(h,k, r)-ps
g<-function(r) dbNorm(h,k,r)

y<-sort (convexCubic (h, k))

print (y)

if

(length (y)==1)

return (newton (y, £f,g,eps, itmax, verbose))

(length (y)==3)

{

{
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z<-c (f(-1),sapply(y,f),£(1))
print (z)
k<-which (z>0) [1]
print (k)
if (k < 4) return(newton(yI[l],f,g,eps,itmax,verbose))

else return(newton(y[3],f,qg,eps,itmax,verbose))

newtonFD<-function(a,b, f,g,method="F",eps=1e-10, itmax=100,
verbose=TRUE) {
xold<-a; yold<-b; itel<-0
if (verbose)
cat ("itel", formatC (itel, format="d",width=4)," left",
formatC (xold, format="f",digits=8,width=15)," right",
formatC(yold, format="f",digits=8,width=15),"\n")
itel<-1
repeat {
gold<-g(xold); fold<-f(xold); hold<-f (yold)
xnew<-xold-fold/gold
if (method=="F") ynew<-yold-hold/gold

31

if (method=="D") ynew<-yold-holdx* (yold-xold)/ (hold-fold)
if (method=="S") ynew<-xold
if (verbose)
cat ("itel", formatC (itel, format="d",width=4)," left",
formatC (xnew, format="£f",digits=8,width=15)," right",
formatC (ynew, format="f",digits=8,width=15),"\n")
if ((abs(xnew-ynew) < eps) || (itel == itmax))

return (list (root=(xnew+ynew) /2, left=xnew, right=ynew,
itel=itel))
xold<-xnew; yold<-ynew; itel<-itel+l

}

newton<-function(x,f,g,eps=1e-10, itmax=100, verbose=TRUE) {
xo0ld<-x; itel<-0
if (verbose)

cat ("itel", formatC (itel, format="d",width=4)," root",

formatC (xold, format="f",digits=8,width=15),"\n")
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itel<-1
repeat{
gold<-g(xold); fold<-f(xold)
xnew<-xold-fold/gold
if (verbose)
cat ("itel", formatC (itel, format="d",width=4)," root",
formatC (xnew, format="f",digits=8,width=15),"\n")
if ((abs(xnew-xo0ld) < eps) || (itel == itmax))
return (list (root=xnew, itel=itel))
xold<-xnew; itel<-itel+l
}
}

smallpox<-matrix(c(1562,383,42,94),2,2); smallpox<-smallpox

/sum (smallpox)

diphteria<-matrix(c(319,177,143,289),2,2); diphteria<-diphteria
/sum (diphteria)

eyecolor<-matrix(c(254,156,136,193),2,2); eyecolor<-eyecolor

/sum (eyecolor)

hounds<-matrix(c(1766,842,842,722),2,2); hounds<-hounds/sum (

hounds)

horses<-matrix(c(631,147,125,147),2,2); horses<-horses/sum/(

horses)
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