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ABSTRACT. Meet the abstract. This is the abstract.

1. PROBLEM

Suppose R is a function that maps the open interval (x−,x+) into the set of
correlation matrices of order n.

The three examples are the regular simplex

(1a) ri j(x) = x|i− j|,

with −1 < x < +1, the equi-correlation structure

(1b) ri j(x) = (1− x)I + xee′,

where − 1
n−1 < x < +1, and the regular circumplex

(1c) ri j(x) = x f (i, j),

where f (i, j) = min(|i− j|,n−|i− j|) and −1 < x < +1.

The loss function we minimize over θ is

(2) f (θ) = logdet(R(θ))+ tr R−1(θ)S,

where S is a given positive matrix.
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1.1. Scaling the Problem. As a further elaboration, we will also look at
minimizing

(3) f (θ ,∆) = logdet(∆R(θ)∆)+ tr (∆R(θ)∆)−1S

over θ and ∆, where ∆ is either to be diagonal, or scalar, or equal to the
identity (in which case we recover the single-parameter problem (2)).

2. ALGORITHM

2.1. Block Relaxation.

2.2. Fitting. Using S(∆) = ∆−1S∆−1 this can also be written as

(4a) f (θ ,∆) = logdet(R(θ))+2
n

∑
i−1

logδi + tr R−1(θ)S(∆)

or as

(4b) f (θ ,∆) = logdet(R(θ))+2
n

∑
i−1

logδi +
n

∑
i=1

n

∑
j=1

ri j(θ)si j

δiδ j
.

2.3. Coordinate Relaxation for ∆. Replace ∆ by ∆i(ε), which is equal to
∆ except for element (i, i), which is equal to εδii. Then

(5) f (θ ,∆i(ε)) = 2logε +
1
ε2 sii(∆)+2

1
ε

n

∑
j 6=i

ri j(θ)si j(∆)+g(∆,θ),

where g does not depend on ε . Setting the derivative equal to zero gives the
quadratic equation

(6) ε
2− ε

n

∑
j 6=i

ri j(θ)si j(∆)− sii(∆) = 0.

There are two real roots, and the one we want is

ε̂ =
∑

n
j 6=i ri j(θ)si j(∆)+

√
[∑n

j 6=i ri j(θ)si j(∆)]2 +4sii(∆)
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APPENDIX A. CODE

1

2 simplex<-function(r,n) {

3 return(r^outer(1:n,1:n,ldist))

4 }

5

6 equiCor<-function(r,n) {

7 return((1-r)*diag(n)+r)

8 }

9

10 circumplex<-function(r,n) {

11 nn<-outer(1:n,1:n,function(i,j) abs(i-j))

12 return(r^pmin(nn,n-nn))

13 }

14

15

16 fitRegToeplitz<-function(s,func="S") {

17 n<-nrow(s)

18 if (func=="S") ffit<-simplex

19 if (func=="C") ffit<-circumplex

20 if (func=="E") ffit<-equiCor

21 ff<-function(r) {

22 cf<-ffit(r,n)

23 return(det(cf)+sum(diag((solve(cf,s)))))

24 }

25 fop<-optimize(ff,c(-1,1))

26 return(list(min=fop$minimum,obj=fop$objective,fit=

ffit(fop$minimum,n)))

27 }

28

29 scalRegToeplitz<-function(s,itmax=100,eps=1e-6,

scale="N",func="S",verbose=TRUE) {

30 itel<-1; n<-nrow(s); fmin<-log(det(s))+n; fold<-Inf
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31 if (scale=="D") sold<-rep(1,n)

32 else sold<-1

33 repeat {

34 if (scale=="D") ss<-s/outer(sold,sold)

35 else ss<-s/(sold^2)

36 rr<-fitRegToeplitz(ss,func)$fit

37 if (scale=="D") sfit<-rr*outer(sold,sold)

38 else sfit<-rr*(sold^2)

39 fone<-2*(log(det(sfit))+sum(diag(solve(sfit,s))

)-fmin)

40 if (scale=="N") {

41 snew<-sold

42 sfit<-rr

43 }

44 if (scale=="D") {

45 snew<-dScaleCycle(rr,s)

46 sfit<-rr*outer(snew,snew)

47 }

48 if (scale=="S") {

49 snew<-sqrt(sum(diag(solve(rr,s)))/n)

50 sfit<-rr*(snew^2)

51 }

52 fnew<-2*(log(det(sfit))+sum(diag(solve(sfit,s))

)-fmin)

53 if (verbose)

54 cat(formatC(fold,digits=6,width=10,format="

f"),formatC(fone,digits=6,width=10,

format="f"),formatC(fnew,digits=6,width

=10,format="f"),"\n")

55 if ((max(abs(snew-sold)) < eps) || (itel ==

itmax)) break()

56 itel<-itel+1; sold<-snew; fold<-fnew

57 }

58 return(list(sig=snew,rr=rr,sfit=sfit,fmin=fnew))
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59 }

60

61 dScaleCycle<-function(r,s) {

62 n<-nrow(r); d<-rep(1,n)

63 for (i in 1:n) {

64 cc<-s[i,i]

65 bc<-sum(r[i,]*s[i,])-cc

66 sg<-(bc+sqrt((bc^2)+(4*cc)))/2

67 s[i,]<-s[i,]/sg

68 s[,i]<-s[,i]/sg

69 d[i]<-sg*d[i]

70 }

71 return(d)

72 }
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