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Abstract. Meet the abstract. This is the abstract.

1. Introduction

Suppose Y is an n ×m matrix with matrix-variate normal distribution.

We suppose the means have reduced-rank structure, i.e. there exists and

n× p matrix A and and m× p matrix B such that

(1a) E(Y) = AB′,

From the definition of the matrix-variate normal we suppose the dis-

persions have direct product structure, i.e. there exist positive definite

matrices Θ and Ω of orders n and m such that

(1b) C(yij , yk`) = θikωj`.

People who are so inclined often write C(vec(Y)) = Θ ⊗Ω, but we shall

refrain from using this notation.

The deviance, i.e. minus two times the log-likelihood, is

(2)

D(A, B,Θ,Ω) =m log |Θ| +n log |Ω| + tr {Θ−1(Y −AB′)Ω−1(Y −AB′)′},

except for irrelevant constants.

Now set αi = yi1 and βj = 1. All other βj are zero. Also set ω2
1 = ε2,

while all other ωj and all θi are equal to one. For this solution we have

D = n log ε2 +
∑n
i=1

∑m
j=2y

2
ij , and thus D → −∞ if ε2 → 0. The deviance

is unbounded below, and maximum likelihood estimates do not exist.
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If (yij −αiβj)2 > 0 for all i, j we have

(3) D1(α,β) =min
θ,ω
D(α,β, θ,ω) > −∞

and the minimum is attained at θ and ω that are unique, up to a scale

constant. This is the Sinkhorn theorem, familiar from iterative propor-

tional fitting theory.

Also define

(4) D0(α,β,σ) =
n∑
i=1

m∑
j=1

logσ2
ij +

n∑
i=1

m∑
j=1

(
yij −αiβj
σij

)2

.

If (yij −αiβj)2 > 0 for all i, j we have

(5) D0(α,β) =min
σ
D(α,β,σ) =

n∑
i=1

m∑
j=1

log(yij −αiβj)2 +nm

Clearly D0(α,β) ≤ D1(α,β), so

(6) D10(α,β) = D1(α,β)−D0(α,β) ≥ 0.

Our proposal is to estimate α and β by minimizing D10(α,β), i.e. by

minimizing the non-negative function

(7) ∆(α,β, θ,ω) =m n∑
i=1

logθ2
i +n

m∑
j=1

logω2
j+

+
n∑
i=1

m∑
j=1


(
yij −αiβj
θiωj

)2

− log(yij −αiβj)2 − 1

 .
over α,β, θ,ω. One interesting problem is to find out how well this

estimate behaves compared with the OLS estimate, i.e. the first left and

right singular vectors.

In the special case that Θ = I, i.e. the rows are i.i.d., we find that

(8) D1(α,β) =minΩ D(α,β, I,Ω) = n m∑
j=1

log
1
n

n∑
i=1

(yij −αiβj)2 +nm

and thus

(9) D10(α,β) = n
m∑
j=1

log
1
n

n∑
i=1

(yij −αiβj)2 −
n∑
i=1

m∑
j=1

log(yij −αiβj)2.
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Compare this McDonald’s maximum likelihood ratio method for fixed

effect factor analysis. For this we go back to the more general

(10) D(α,β,Θ,Ω) =m log |Θ|+n log |Ω|+trΘ−1(Y−αβ′)Ω−1(Y−αβ′)′,

which becomes for Θ = I
(11) D(α,β, I,Ω) =m+n log |Ω| + tr (Y −αβ′)Ω−1(Y −αβ′)′.

Now

(12)

DM(α,β) =minΩ D(α,β, I,Ω) =m+n log |(Y −αβ′)′(Y −αβ′)| +nm,

and thus

(13) D1(α,β)−DM(α,β) = log |Γ(Y −αβ′)|,
where Γ(Y −αβ′) is the correlation matrix of the residuals Y −αβ′.
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