MULTIPLE CORRESPONDENCE ANALYSIS
OF COUPLED LANCASTER SEQUENCES

JAN DE LEEUW

ABSTRACT. Meet the abstract. This is the abstract.

1. A SEQUENCE OF STANDARD NORMALS
Suppose x and y are two standard normal random VariablesD with cor-
relation p.

The bivariate normal density is ¢, (e, ¢) and the univariate normal density
is ¢p(e). The function () is the standardized Hermite-Chebyshev polyno-

mial of order s, with s=0,1,---.

Mehler’s formula tells us that for all s

+00

(1a) f $px, Y hs(y)dy = p*Pp(x) A5 (x),
+00

(1b) Gp(y, ) hs(x)dy = p*P(y) hs(y),

or

(2a) E(hs(y) | X) = p*hs(0),

(2b) E(h(x) | y) = p*hs(y).

Equation (I) says that the hg(e) are the left and right singular functions of
the kernel ¢, (e, ), normalized by the marginals, which are both equal to

¢ (). The successive powers p* are the singular values.
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Equation (2) says that for all s the random variables hs(x) and hs(y) have

linear regressions, with the p* as the regression coefficients.

Now suppose x,, x,, - is a sequence of standard normal random vari-
ables, with E(x iX¢) = pje. Suppose a is an eigenvector of the matrix

RO = {pj. /b with corresponding eigenvalue A. Thus

(o]

S — .
Z Pipar =Aaj.
/=1

Now define ys/(e) = ayhg(e). Then

ZZZIE(.VS[(E) |£]) = {ZZZIP;[CZ(;) } hs(ﬁj) = Aysj(ﬁj)

2. THE BURT TABLE

Suppose x;, x,,- -, X isasequence of T discrete random variables which

only take a finite number ¢, 4>, -+, ¢ 1 of values.

Suppose I1; are the ¢ x ¢, bivariate marginals, and I1; are the univariate

marginals, in diagonal matrices of order ¢;.

Multiple Correspondence Analysis (MCA) is defined as solving the eigen-
value problem

T
(3a) Y Hisys = My

s=1
The T x T block-matrix with elements I1;; is known in the MCA literature
as the Burt Table.

Using the conditional bivariate distributions IT, ; = IT; 1, equation
can also be written as

T
(3b) Z ysys = Ay,

s=1

and if we think of the y; as functions of x, also as

T
(3¢) Y Elfs(xlx,] = Afi(x,).
s=1
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In this paper we extend the definition of MCA to an infinite sequence of

random variables, which possibly take an infinite number of values.

3. GAUSSIAN

Suppose x,,X,,*-, is a sequence of normally distributed random vari-

. . . A
ables with zero means and unit variances. Define ps; =E(x x,).

Suppose hy is the standardized Hermite-Chebyshev polynomial or order
k=0. Then

Elhe(x,) | x,] = p% he(x).

We also have E[hi(gs] = 1for all s and k, and E[h(x /)] = 0 for all s and
k>0.

Now suppose « is an eigenvector of I'® = {pft}, i.e.
Sk
4) Y Prs@s = Aay,
s=1
with Y%, a% = 1. Then
o0
Z E[ashk(ﬁs) |£l’] = /’l'athk(ﬁt);
s=1

in other words {a; hg, az hg, - - -} is an eigenvector of the linear operator

h CSX;IE[]CS(ES) |£1]
£l = | X2 Elfs(x) | x,]

Note that Y32, E[@5h (x )] =1 for all s and k.

4. MULTIPLE CORRESPONDENCE ANALYSIS

Suppose x,,X,, -, is a sequence of real valued random variables with
finite variances. Also .%},.%5, ... are closed subspaces of real-valued func-

tions with finite variance.
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Definition 4.1. In Multiple Correspondence Analysis (MCA) we look for
functions f; € .Z; such that

T
(5) Y wEfi(x,) | x) = Afi(x).
=1

In words: for all s the average regression of the f;(x,) on x, is linear.

There are many ways in which data analysts, starting with/Guttman [1941],
have arrived at the MCA equations, but in this paper we are merely inter-

ested in characterizing and describing the solutions. For reviews of the

data analysis background we refer to|Gifi [1990] or|Greenacre and Blasius

[2006].

4.1. Correlations and eigenvalues. From the definition of conditional

expectation we have

(6) E(f:(x,) —E(fo(x,) | x))h(x,) =0

for any function h [Whittle, 2000, Section 5.3]. By summing (6) over ¢,
using h = f;, and using (5), we find that at a solution

T
(7) Y E(fs(x) fe(x,)) = TAE(f2(x,)).
=1

Suppose y§, w1, 'W;t is an orthonormal basis for .%;. Thus we can write
fi=x" & ! In this new basis (7) becomes

u=0
O T ¥,
Y EAY Y ehe-TAE =0,
u=0 0

t=1v=

where ¢5!, 2E(yS (x Jwh(x,). This is the eigenvalue problem

T ¢
(8a) 2. 2 Gty =TAL,

t=1v=0
or, equivalently, the eigenvalue problem

T ¢

(8b) Yo Y ehéL=(TA-1)E,.

t#sv=0

4.2. On Infinity.
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4.3. Induced Correlation Matrices. Normalize the f; by writing them as
atﬂ, where E(ftz) = 1. Then (7) becomes

T ~ ~
9) Y E(fs(x) fi(x))a: = TAas

=1

Thus each normalized solution of (5) defines an induced correlation ma-
trix IT'( fl, e fT), and a vector a, which is an eigenvector of the correla-
tion matrix corresponding with the eigenvalue T'A. This implies A < 1,
with equality if and only if all T random variables f; (x ;) are perfectly cor-
related and the correlation matrix has rank one. One such solution, and
in most cases the only one possible, is f; = 1 for all ¢. Other solutions with

A =1 are only possible if the bivariate distributions are degenerate.

4.4. Additional solutions. If g;,---, gr is a second solution to (), with

eigenvalue w # A, then from (6)

T T

Y E(fs(x,)g1(x)) = TA ;E(ft(zt)gt(ztn,

s=1t=

T
E(gs(x)) fi(x)) = Tw ) E(fi(x,)8:(x,)),
1 =1

and thus ¥ E(f;(x,)g¢(x,)) =0.

In particular, if A < 1 we have ¥.7_, E(f;(x,)) = 0. This result can be strength-
ened somewhat. By definition E(f(x,)) = E(E(f(x,) | x,)). If we sum this
over t at a solution with A < 1 we find

T
S EB(fi(x,) = TAE(fi(x),
=1

and thus E(f;(x,)) =0 for all i.

Suppose f; is a normalized solution, with corresponding induced corre-
lation matrix I', and «a is the corresponding eigenvector of (9). Suppose 8
is another eigenvector of the same I'. It would be tempting to conclude
that g; = f8; f; is another solution to (5), especially because

T T
S E(filx)gi(x)) =Y @B, =0.
=1 t=1
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In general, however, these g; will not satisfy the MCA equations (3). In
the remainder of the paper we will study conditions that guarantee g;
constructed in this way do satisfy (5).

4.5. All solutions combined. If the random variables are discrete, or if
they are continuous and have densities, then we can write the MCA equa-

tions as the eigenvalue problem

T _ _
(10) Y| wsix Y f(dy =TAf (x).
=1

where we use the univariate and bivariate densities 7, and 75, to define

nst(x; J/)

Vs, (3)

Also ?t = V7 ft- Note thatif s = f then wg(x,y) =1if x = yand wg(x, y) =
0 otherwise.

wst(x»J’) é

Thus the eigenvalues are the eigenvalues of a block-operator, which has
the T x T (possibly infinite) blocks Qg; as its elements. We call this the
Burt operator, giving credit to |Burt [1950].

Because of the nature of the diagonal blocks, we can replace them by ze-

roes, and instead study the eigenvalue problem

T —_ —
Z wst(ny’)ft(J/)dyZ(Tﬂ—l)fs(x)
t#S

The vector with blocks /7, is an eigenvector with A = 1. We can deflate
by substracting the effect of this solution, which will leave the deflated
block-operator with blocks

e y)é st (X, y) —ms(X) ()
e VIO ()

For s # t define the Pearson Mean Square Contingency, the population

version of the Chi-Square for Independence, as

K?t:ffd)it(x,y)dxdy
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Under regularity conditions on the operator, which we shall not discuss
here, the sum of squares of the eigenvalues is the sum of squares of the
blocks, and thus

o0
(11 Y(ra, -1 = YN K,

v=1 1=ss#t=T
Formula was first given by De Leeuw [1973, section 3.7]. Regular-
ity conditions needed for these (and even more general) results are dis-
cussed in detail in|Dauxois and Pousse [1976].

5. STRAINED MULTINORMALS

Suppose x,,---, X, are jointly normal with mean zero and variances one.
The correlation between x and x, is ps;. For convenience we assume the

correlations are not equal to +1.

Also suppose n1,---,n 7 are real-valued differentiable strictly monotone
functions, with differentiable inverses, and define Xtént(ﬁt)' If the n;
are non-linear the y, areno longer normal, but they are strained normal
in the sense of|Yule [1912, page 612-613]. The major result in this section
is that multiple correspondence analysis unstrains the normals, i.e. finds
the inverses of the strains and transforms back to multivariate normality.
We can also describe the MCA solutions in complete detail.

Use ¢ for the density of the standard normal and ¢, for the bivariate

standard normal with correlation pg;. The marginal density of Y, is

() = oM 207 (y),

and the joint density of Y, and Y, is
5t (Vs ¥0) = Pt 05 ()7 () - D5 (9s) - I (o).
Thus
E(fiy)ly)=

n(+00)
= f ) G5 ) I ) - Dt ) fr(yody.
n

(—o0
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Now make the change of variables x; =1;(y;). Then

+00
E(ft(zt) |Xs) :f Pse (x| x5) f1 (M (x0)) d Xy

As a consequence the MCA problem for strained normals can be solved
by computing MCA solution for a sequence of standard normals. If the
solution for the standard normal sequence is f;, then the corresponding

solution for the strained problem is f;on;?.

5.1. Sequences of standard normals. The solution for a sequence of stan-
dard normals is well known. See, for example, De Leeuw [1973, Section
3.8] or|Gifi [1990, Section 11.3].

A complete set of solutions is of the form ggf) (x) = @\ hP) (x), where
h'P)(x) is the standardized Hermite polynomial of order p, and where «

is a normalized eigenvector of the T x T matrix I'”) with elements

+00 +00
Y(sl,pt) :f f G5t (6, YR ()P (y)dxdy = pfl.

Indices s and ¢ are used for variables, index v for eigenvectors, and index
p for polynomial powers. Note that the I'® are the Hadamard powers of

the correlation matrix I'.

Thus each polynomial order p corresponds with T solutions. For each

(p)

of these solutions the g,.,

are proportional to the standardized Hermite
polynomials or order p, with proportionality factors given by the eigen-
vectors of I'P), The values of the average regression coeficients A are the

corresponding eigenvalues, which we can index as /ﬂ,p ).

Note that straining the multivariate normal does not change the eigen-
values, only the functions. We could strain, for example, by x3 or (1+
exp(—x)) !, of by the cumulative normal ®. Straining all variable by ®,
for example, would give a multivariate distribution with marginals that
are rectangular on the unit interval. The solutions for these three strains
would be proportional to 2 (/%) or h*) (log ) or k(@71 (x)). Of course

different strains can be mixed.
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5.2. Ordering the eigenvalues. We can (partially) order the eigenvalues
by /1(1’9 > /I(Tp) for all p. But this clearly does not produce a complete
order. It is a simple consequence of Schur’s bounds for the eigenvalues of
Hadamard product that if p < g then for all v

(p) (q) (p)
(12) A=A =A

See, for example, Styan [1973} Corollary 3.1]. Thus the largest eigenval-
ues )Lgp ) form a non-increasing sequence, and the smallest eigenvalues
A(Tp) form a non-decreasing sequence. Both sequences converge to the
eigenvalues of the identity matrix, i.e. to one.

Unfortunately the ordinal information given by about the /li,p ) is still
rather incomplete. We know that /lgl) is the largest eigenvalue, but the
second largest one can be either )L;” or Af). If /151) > A(ZD > A?) then the
two dominant solutions for f are both linear in x. If )L(ID > /1(12) > )lél)
then the dominant solution is linear and the second solution is quadratic.
If we plot the two dominant solutions against each other in the plane,
the second case will produce the “horseshoe” familiar from many MCA
solutions [Hill, 1974; Schriever, 1985; Van Rijckevorsel, 1987].

5.3. An Example. There is a nice example in [Gifi, 1990, page 382-383].

Consider the matrix

O %W » ~
- O~ >
> o= 0O W
e e R )

The eigenvectors are the columns of

+1 +1 +1 +1
+1 +1 -1 -1
+1 -1 +1 -1
+1 -1 -1 +1
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and the eigenvalues are

AM=1+A+B+C,
Ao=1+A-B-C,
As=1-A+B-C,
Ays=1-A-B+C.

Of course T is a correlation matrix if and only if all four eigenvalues are
non-negative. This means that (A, B, C) must be a convex combination of
the four vectors

+1] |+1] |-1] |1
+1| (=-1] [+1] [-1
+1] |-1] |-1] |+1

At these four corners the correlation matrices are of rank one, which means
that one eigenvalue is four and the others are zero. The region can be par-
titioned further in 24 convex regions with different orderings of the four

eigenvalues.

The example is especially nice, because all Hadamard powers of I have
the same form, and thus the same eigenvectors. Just replace A, B, and C
by A”, BP and CP? to find the eigenvalues.

Gifi solves the problem of maximizing /1(1) - /1(2) The maximum is at-
tained at A = and B = C =0, for which the two largest eigenvalues of
P are 1+ (z)” and the two smallest ones are 1 — (3)P. Thus 13" - A =
1.5-1.25 = 0.25. The multinormal or strained multinormal analysis in

this case will not show a horseshoe.

5.4. All solutions combined. Note that ZT /l(p )= 1 for all p. It follows
that

YY (oL =Y Y (ol -T= 3 (AP 1)

1<s#t<T s=1t=1 v=1
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Summing both sides over p gives the multivariate normal version of (L),
first given by De Leeuw]|[1973, Section 3.8],

Sy (-1 = X 5 (oh) -

p=1lv=1 l=ss#t=np=1

Syy Pl yy e,

2
1<s#t<n 1- P 1<s#t<n

—

6. BIVARIATE DISTRIBUTIONS WITH POLYNOMIAL EXPANSIONS

The (strained) multinormal case has three characteristics which distin-
guish it from the general MCA case. The first is that the eigenvector are
build up from a system of orthogonal polynomials. The second that there
is a great deal of symmetry, in the sense that for all variables the orthog-
onal polynomials are the same. And third, the information in the mul-
tivariate distribution is concentrated in the bivariate marginals. These
three characteristics can be generalized far beyond the multivariate nor-
mal.

6.1. Markovian Processes. For a Markovian process we have
(13) E(f(x)lx)) =EE([(x)lx,_)lx)).
Equation can be applied recursively. If there exists a function f such
that
E(f(x)lx,_))=pr-1f(x,_1)

for all ¢, we find

-1
E(f(x)1x)) = prE(f(x,_y)Ix)) = (H ps) fx),
s=1

and thus
T -1

T
Y E(f(x)lx) = (Z I1 ,Os) - flxy).
t=1

t=1s=1
In order to satisfy the MCA equation (5) we have to assume, in addition,

that the chain is reversible.
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6.2. Sarmanov-Bratoeva Class. Suppose we have K standard multivari-
ate normals with correlation matrices I'y,---,['x. Mix them with proba-

bilities 7. Then the Hermite polynomials satisfy
K
E(h(P) (It) |£s) = (Z nkpftk) . h(P) (Es)’
k=1

and consequently they satisfy the MCA equations (5).
If we have two correlation matrices, for example, with pg; = —ps2 for all

S# tﬂand we choose 11 =75 = % then

p (p) ;
h'P’(x.) for piseven,
E(hP (x,)|x,) = Psrte! s . P < odd
or p is odd.

Thus all Hermite polynomials of odd order, including the ones of order
one, disappear from the analysis (or, more precisely, get relegated to the
zero eigenvalues). This approach [Sarmanov and Bratoeva, |1967| can be

extended to continuous mixtures.

7. COUPLED LANCASTER SEQUENCES

Suppose x,, X,,-*-, X is a vector of real valued random variables with fi-

nite variances, defined on the same probability space.

Definition 7.1. The sequence {x;} is a Coupled Lancaster Sequence if for

each i there is a (possible infinite) sequence of orthonormal functions
fio, fi1,-++, fir, such that

(14) E(fir(x) 1 x;) = Aijr fir(x;).

In words: for each r all bivariate regressions of the T random variables

Jir(x), for(x2), -+, frr(x7) are linear.

Equation implies, by the definition of conditional expectation,
(15a) E(fir(x) fir(x;)) = Aijir.

2Thus I'y =21—-T, which means all eigenvalues of I'; must be between 0 and 2.
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See, for example, Whittle| [2000, Section 5.3]. It follows that A;j, = A;;;
and A;;, = 1. Thus if A" is the (possibly infinite) matrix with the A;j,
then A" is a correlation matrix, i.e. it is symmetric, positive semi-definite,

and it has diagonal elements equal to one.
If r # s we conclude from that

Choosing all fjp = 1 satisfies with A;50 = 1. Thus for r = 1,2,--- we
have E(fl-r(ﬁ)) =0.

Suppose a'!’ is the eigenvector of A" corresponding with the v¢" largest

eigenvalue v\, Define g;,,, = ag,rv) fir. Then

ZE(girv(ﬁi) |£j) = Zagif)E(ﬁr(Ei) IE]') -
i i
= ZA”rCKE:/)f]r(EJ) = Yir)ayx),f]r(fj) = YE/r)g]rV(Ej)
i
8. DISCRETIZATION

The Burt Table.

9. APPLICATION TO TIME SERIES

Stationarity. 1 Trend.

10. NONLINEAR SINGULAR SPECTRUM ANALYSIS

Hankelizing.

Combine the linear-quadratic-... solutions with the oscillatory eigenvec-

tors of Toeplitz matrices.
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