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1. PROBLEM

In squared distance Euclidean multidimensional scaling we minimize a loss
function of the form

(1) σ(X) =
n

∑
i=1

n

∑
j=1

wi j(δi j−d2
i j(X))2.

over the n× r matrices X . The matrix X is the configuration or the map, r is
the dimensionality of the map. The wi j are known positive weights, the δi j

are known non-negative dissimilarities. The quantity d2
i j(X) is the squared

Euclidean distance between rows i and j of X .

Our first example are the railway distances in kilometers between four cities
in The Netherlands, taken from the EUrail website. They are given below
the diagonal in table 1.
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Amsterdam – 0.103 0.022 0.556
’s-Hertogenbosch 59 – 0.023 0.721
Utrecht 27 28 – 0.398
Groningen 137 156 116 –

TABLE 1. Rail Distances

For convenience we rescale the data such that the weighted sum of squares
of the squared railway distances is 1. With units weights this gives the
elements above the diagonal of table 1.

2. USE OF BASES

We can get rid of rotational and translational indeterminacy parametrizing
the configuration as

X =

A 0 0
H x1 x2

U x3 0
G x4 x5

Amsterdam is in the origin and the line Amsterdam-Utrecht is along the
horizontal axis.

We can write this new parametrization in the form

(2) X =
p

∑
s=1

xsUs.

In our railway example p = 5 and the Us are 4× 2 unit matrices with all
elements equal to zero and only a single element equal to one. In other
examples we can have other bases of n× p matrices for the space of con-
figurations, not necessarily binary or orthogonal. In fact using bases is an
effective way to impose linear constraints on the configuration.
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Now define matrices Ei j of order n which have elements (i, i) and ( j, j)
equal to +1, and elements (i, j) and ( j, i) equal to −1. All other elements
are zero. Thus d2

i j(X) = tr XEi jX ′. By using (2) we see that

d2
i j(X) =

p

∑
s=1

p

∑
t=1

xsxttr UsEi jU
′
t ,

and by defining Ai j as the p× p matrix with element (s, t) equal to

tr UsEi jU
′
t = tr Ei jU

′
t Us

we can write d2
i j(X) = x′Ai jx.

Using our normalizations see that we can fit a subset of K of all possible
distances by minimizing

(3) σ(x) = 1−2x′{
K

∑
k=1

wkδkAk}x+
K

∑
k=1

wk(x′Akx)2.

3. CHANGE OF VARIABLES

Suppose K are the eigenvectors and Λ2 is the corresponding diagonal matrix
of eigenvalues of B = ∑

K
k=1 wkδkAk.

Change the variables to y = ΛK′x. Then

σ(y) = 1−2y′y+
K

∑
k=1

wk(y′Hky)2,

where Hk = Λ−1K′AkKΛ−1, with Λ−1 the Moore-Penrose inverse. Note
that ∑

K
k=1 wkδkHk = I.

Now write y in the form y = β z, with z′z = 1. This additional change of
variables gives

σ(z,β ) = 1−2β
2 +β

4
K

∑
k=1

wk(z′Hkz)2,

and

min
β

σ(z,β ) = 1− 1

∑
K
k=1 wk(z′Hkz)2

,
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where the minimum is attained for

β̂
2 =

1

∑
K
k=1 wk(z′Hkz)2

.

This shows we can also solve our original problem by computing the mini-
mum of

τ(z) =
K

∑
k=1

wk(z′Hkz)2

over z′z = 1. Then scale the solution to find the optimal y, transform back
to find the optimal x, and use the basis to find the optimal X .

4. MAJORIZATION

Optimizing τ(z) over z′z = 1 is done in this paper by majorization [De
Leeuw, 1994; Heiser, 1995; Lange et al., 2000]. In De Leeuw and Groenen
[2011] a quadratic majorization method is developed which uses bounds on
the individual elements of the Hessian to arrive at an upper bound for its
spectral norm.

The gradient of τ is

g(z) = 4
K

∑
k=1

wk(z′Hkz)Hkz,

and the Hessian is

H(z) = 4
n

∑
k=1

wk{(z′Hkz)Hk +2Hkzz′Hk}.

This gives the elementwise bound

hst(z)≤ 4
K

∑
k=1

wk{λk|(Hk)st |+2(uku′k)st},

where element s of uk is the `2 norm of row s of Hk, and λk is the largest
eigenvalue of Hk. Thus

(4) ‖H(z)‖ ≤ 4max
s ∑

t

K

∑
k=1

wi{(z′Hkz)Hi +2Hkzz′Hk}.
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The algorithm is

(5) z(k+1) =
z(k)− 1

Lg(z(k))

‖z(k)− 1
Lg(z(k))‖

,

with L the bound from (4).

5. EXAMPLES

An implementation in R is given in the Appendix. It is written in a straight-
forward way, with small examples in mind. In actual applications we can
use the sparsity of the usual bases to greatly improve both storage require-
ments and computational efficiency.

5.1. Four Cities. Starting with a z(0) that has all elements equal to 1
5

√
5 we

need 282 iterations to arrive at a change in function value less than 1E−6.
The minimum loss function value is 0.003089.

6. DISCUSSION

Further research is needed to improve the bound of (4), to efficiently use the
sparsity of the bases, and to apply acceleration techniques such as the ones
in De Leeuw [2008a,b].
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APPENDIX A. CODE

1 data <- matrix(c

(1,1,1,2,2,3,2,3,4,3,4,4,1,1,1,1,1,1,59,27,137,28,156,116), 6, 4)

2 data [,4] <- data [, 4] ^ 2

3 data [,4] <- data [, 4] / sqrt (sum (data [, 3] * data [, 4] ^ 2))

4
5 base <- array (0, c(4, 2, 5))

6
7 base [2, 1, 1] <- 1

8 base [2, 2, 2] <- 1

9 base [3, 1, 3] <- 1

10 base [4, 1, 4] <- 1

11 base [4, 2, 5] <- 1

12
13 library(smacof)

14 data(stardist)

15 stardata <- matrix (0, 7140, 5)

16 stardata[,1] <- outer(1:120,rep(0,120),"+")[outer(1:120,1:120,">")]
17 stardata[,2] <- outer(rep(0,120),1:120,"+")[outer(1:120,1:120,">")]
18 stardata[,3] <- 1

19 stardata[,5] <- as.vector(stardist)

20 stardata[,4] <- (stardata[,5]^2)/sqrt(sum(stardata[,5]^4))

21
22 starbase <- array (0, c(120, 2, 240))

23 k <- 1

24 for (i in 1:120) {

25 for (j in 1:2) {

26 starbase [i, j, k] <- 1

27 k <- k + 1

28 }

29 }

30 starbase <- starbase[,,c(3,5:240)]

31
32 mkCC <- function (base) {

33 d <- dim (base)

34 m <- d [3]

35 n <- d [1]

36 cc <- array (0, c(m, m, n * (n - 1) / 2))

37 for (s in 1 : m) {

38 for (t in 1 : m) {

39 w <- tcrossprod (base [, , s],base [, , t])

40 k <- 1
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41 for (i in 1: (n - 1)) {

42 for (j in (i + 1) : n) {

43 cc [s, t, k] <- w[i, i] + w[j, j

] - w[i, j] - w[j, i]

44 k <- k + 1

45 }

46 }

47 }

48 }

49 return (cc)

50 }

51
52 mkBB <- function (data, cc) {

53 m <- dim (cc) [3]

54 n <- dim (cc) [1]

55 bb <- matrix (0, n, n)

56 for (i in 1:m) {

57 bb <- bb + data [i, 3] * data[i, 4] * cc[, , i]

58 }

59 return (bb)

60 }

61
62 mkSS <- function (bb) {

63 eb <- eigen (bb)

64 return (eb $ vectors %*% diag (1 / sqrt (eb $ values)))

65 }

66
67 mkHH <- function (ss, cc) {

68 m <- dim (cc) [3]

69 hh <- array (0, dim (cc))

70 for (i in 1:m) {

71 hh[, , i] <- t (ss) %*% cc[, , i] %*% ss

72 }

73 return (hh)

74 }

75
76 hessBound <- function (data, hh) {

77 m <- dim (hh) [3]

78 k <- dim (hh) [1]

79 hb <- matrix (0, k, k)

80 for (i in 1 : m) {

81 hi <- hh [, , i]

82 ha <- abs (hi)
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83 hs <- max (Mod (eigen (hi, only.values = TRUE) $ values)

)

84 print (hs)

85 hr <- sqrt (rowSums (hi ^ 2))

86 hb <- hb + data [i, 3] * (hs * ha + 2 * outer (hr, hr))

87 }

88 return (max (rowSums (hb)))

89 }

90
91 mds2 <- function (data, base, xold = rep(1, dim (base) [3]), itmax =

10000, eps = 1e-6, verbose = TRUE) {

92 cc <- mkCC (base)

93 ss <- mkSS (mkBB (data, cc))

94 hh <- mkHH (ss, cc)

95 K <- hessBound (data, hh)

96 xold <- xold / sqrt (sum (xold ^2))

97 fold <- Inf

98 itel <- 1

99 m <- dim (base) [3]

100 k <- dim (data) [1]

101 w <- data [, 3]

102 repeat {

103 dd <- rep (0,k)

104 tt <- matrix (0, m, m)

105 fnew <- 0

106 for (i in 1 : k) {

107 dd [i] <- xold %*% hh [, , i] %*% xold

108 fnew <- fnew + w [i] * dd [i] ^2

109 tt <- tt + w [i] * dd [i] * hh [, , i]

110 }

111 if (verbose) {

112 cat("Iteration: ",
113 formatC (itel, digits = 6, width = 6),

114 " f old : ",
115 formatC (fold, digits = 10, width = 15, format="f"),
116 " f new : ",
117 formatC (fnew, digits = 10, width = 15, format="f"),
118 " diff : ",
119 formatC (fold - fnew, digits = 10, width = 15, format="f

"),
120 "\n")
121 }

122 xnew <- xold - 2 * drop (tt %*% xold) / K
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123 xnew <- xnew / sqrt (sum (xnew ^ 2))

124 if (((fold - fnew) < eps) || (itel == itmax)) {

125 break

126 }

127 xold <- xnew

128 fold <- fnew

129 itel <- itel + 1

130 }

131 xnew <- xnew * sqrt (fnew)

132 stress <- 1 - 1 / fnew

133 xnew <- ss %*% xnew

134 xconf <- array (0, dim (base) [1:2])

135 for (i in 1 : m) {

136 xconf <- xconf + xnew [i] * base [, , i]

137 }

138 return (list (itel = itel, x = xconf, stress = stress))

139 }
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