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Homogeniteitsanalyse van latente -trek modellen

Het onderstaande is een nadere uitwerking van Gifi (1981, pag

253-254) . Het werd geschreven naar aanleiding van een recente notitie

van Dato de Gruyter.

Stel we hebben m binaire variabelen‘§1,...,§m, en een continue
latente variabele z.De regressie van §j op 2 is van de vorm n(ajz + gj),
met 7w een of andere cumilatieve verdelingsfunktie. De verdeling
van z behoort tot de schaal-familie met dichtheid e_l¢(2/s). We
veronderstellen, zonder verlies van algemeenheid, dat f ¢(z)dz = 1,

J z¢{z)dz = 0, en [ 22¢(z)dz = 1.

Veronderstel nu daf e klein is. De waarschijnlijkheid dat

§j gelijk aan &én is, is

Py = &Ly blz/e)wlagzes 854z = £ 9(2)uls; + cajz)dz.

We spreken af de notatie sz te gebruiken voor de s-de afgeleide

van 7 in het punt Bj' Dus ook "jO = w(sj). Dan geldt natuurlijk

p; = miy + kel

37 M50 ofmy, * ole®).

Lokale onafhankelijkheid impliceert

+ eujz)n(B2 + eaQZ)dz =

Py = BX X)) =/ q»(z}n(aj

= o L2420, 1..2,2 . 2, R
“30“20 + e anj2ﬂ20 + e uZWZZWJO + e aj“lnjlnzl

+ o(e?).
Wanneer we deze resultaten kombineren vinden we voor de
covariantie (j = g)

= = g2 2
C(gjgﬁ) P P.P efago mygm g * ofe}.

it~ Pt j
Voor de variantie hebben we natuurlijk

ViX.) = p. - p2 = q. [ 2
(53) By = P§ ﬂjo(l “]0) + Ofg<),

en dus geldt voor de korrelatie
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) 2
R(§j§l) € ejel + o(e”).
Of course j # %, and we have used

6, = Q.7 (o3
3 31/ 3

The next step is to determine the eigen-structure of R. We have, in

matrix notation,

R=1I+¢e2(88" - 0) + ole?),

with © = diag(60'). For the eigenvalues of R we Find T =T + €20 + o(e?),
with @ the eigenvalues of 60' - 0. For the eigenvectors we find K = 5 + o(l),
where 8 are the e;gen&ectors of 88' - 0. Tﬁus

(09" - 0)S = SQ.

If we norm § such that §'6 = u, a vector with all elements equal to one,
then

SO+ 08 = fu'.

1f s is any eigenvector of R, with eigenvalue 1 + ¢20 + ole?) then

n

S

, = 6./(82 .
5 ]/(J+w)+o(1)

Moreover w satisfies

m
7 o82/(8% + w) = 1.
j=1 33

The sum on the left of this equation is equal to m if w = 0, and decreases
to gero if w - «, Thus there is only one positive root, giving the largest
eigenvalue, say w . Because Gj is positive by definition, the matrix

66' -~ © is non-negative, and by the Perron-Frobenius theorem w, is also

the largest root in modulus.




-3—

We can use the previoﬁs results to prove that the elements of the dominant

eigenvector are asymptotically monotonic. with the ej. We have

" 2 - 2 = =i - -
51gn((9j/(6j + o)) (62/(91 +w,)) sign((w eje'z) (ej eﬁ)).

Now

= v LI
ejel ej(ee O)eg.
BY cauchy-+Schwartz

o
6.8 . ¢ (el(ee' - 0% € v
j e (J( )‘3 +

Thus if ¢ - 0 then

51gn(sj - sk) - smgn(ej - 92).

In homogeneity analysis we do hot use the elgenvectors of R as theibasic
1 1
description of the variables, but we divide this eigenvector first by
v
the standard deviation of the variable. This defines

-1
. = s, ) = 0,0, /102 |+ o(1).
t3 s]/V(gj) ]0] /1 j + w) o(1)

Now suppose, for a second approximation,vthat w, is large with respect
to the individual ej. This will happen 1f there are many variables,

all with nonvanishing discrimination. Then
-1 -1

-1 2 -1
6.0, 0% + = 0,0, W + o(w .
3% /( 3 w+) 3% % ( . )

For the two-parameter logistic we have “jl = o%. Thus ej = ajcj, and

B -1 -1
tj = ajw+ + ofw, )y + o(l).

Thue for £ =+ 0 and w, + » we have
sign(tj - tl) - sign(otj - ai).
Asymptotically the component loadings of homogeneity analysis measure
the discrimination of the variables. We conjecture that a simi;ar result
remains true if merely w, » . The proof of such a result will be more
complicated, however. Observe also that homogeneity analysis will behave

strangely for the Rasch model, which has all dj equal.
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We then have
- 2.2 '
tj o/ (o o5 * w) +oll),
which will tend to make t. monotonic with the cj. Very easy and very
difficult items will get high tj, average ltems will have low tj.

Ordinarily, under our assumptions, difficulty factors will appear

only for the smaller eigenvalues.
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