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In this paper consistent and, in a well-defined sense, optimal moment-
estimators of the regression coefficient in a simple regression model with errors
in variables are derived. The asymptotic variance and other asymptotic proper-
ties of these estimators are given. As is known for a long time, serious estima-
tion problems exist in this model. There are two ways out of this problem: using
either additional assumptions or additional information in the data. A lot of
attention has been paid to the use of additional assumptions. However, quite
often this leads to rather unrealistic models. In this paper we use additional
information in the data. That means here that, besides first and second order
moments, third order moments are formulated as functions of the model
parameters. Besides theoretical derivations a small study with generated data is
discussed. This study shows that for samples larger than 50 the estimates we
consider behave nicely.
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1. INTRODUCTION

In this paper we discuss regression with errors in variables. This somewhat
peculiar terminology refers to the following problem. We deal with a number
of random variables, which we call observed. The basic notion in the models
discussed in this paper is that there exists, approximately, exactly one linear
relation between these observed variables. The notion of an approximate linear
relationship is modelled by assuming that the observed random variables are
error-perturbed versions of unobserved or /atent variables, between which there
exists one exact linear relationship. Thus relations between unobservable vari-
ables lead to inexact relationships between observables.

We shall treat in this paper the bivariate case only, although generalizations
to the multivariate case are obvious from our treatment. Related work is
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reported in BEKKER, WANSBEEK, and KAPTEYN (1985), and BEKKER and DE
Leeuw (1986).

First of all we shall, briefly, discuss the model and show the kind of prob-
lems that arise in this model. This model was discussed in the literature for the
first time by GINI (1921), but it did become well known from the work of
FriscH (1934). Thus we refer to it as the Frisch-model. This part of the paper
doesn’t give anything new, but merely serves as an introduction to error in
variable models. See for an overview of the theoretical properties of the Frisch
model MADANSKY (1959), MORAN (1971), AIGNER et al. (1984), T.W. ANDER-
SON (1984) and DEeISTLER (1986). For the multivariable case, not discussed in
this paper, we refer to SCHNEEWEISS (1976), KALMAN (1982) and KLEPPER and
LEaMER (1984).

2. THE FRISCH MODEL

Consider the following simple regression model. We have two observed ran-
dom variables x and y, which have a representation in terms of unobserved
random variables of the form

x= &£+96 (la)
y=a+ B+ e (1b)

Thus error is additive. The unobserved random variables 6 and e all have
expectation zero, and they are independent of each other and of the random
variable § We write p.,p, and A, for the expectations of x,y and § respec-
tively. Further, we write p, for the expectation E((x—p)(y—p)) if
s+t=2 A, for E(§—\)) if s=2,0, for E(§), and 6§; for E(¢). We assume
that all moments that occur in our formulas exist. For the moments around the
origin of order one we find

B = }\l (23-)

Clearly these equations do not suffice to identify the three unknowns. Thus we
must also look at higher order moments. The moments around the mean of
order two are

B0 =N T o (2¢)
B2 = BPA; + 6, (2d)
pn = B\ (Ze)

Now (2) defines 5 equations with 6 unknowns. Again there is no identification,
but because variances are nonnegative, we must have

O<wy<py (3a)

0 <02 <.Ll()2 (3b)
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and it also follows from (2) that admissible pairs (w,,6,) are in the intersection
of the rectangle defined by (3) and the hyperbola

(pa0 — w22 —02) = (uir ). 4
This is illustrated in figure 1, with py0 =.4,u5, =.6, and p;; = V.02.

B/w=2
(0,.55)
.24,.48)
6
© (.37,0)

FIGURE 1. Frisch hyperbola (4 —w)(.6 —§)=.02

Without additional information the only result we have about 8 so far is sim-
ply that

11/ 20| <|BI<|poa/ 101 |5 (5a)
sgnB = sgnp (5b)

(111 /1y is the classical regression coefficient for the regression of y on x and
po2/p) is the reciprocal of the regression coefficient for the regression of x on
y in the usual regression model without errors in variables.)

We can easily estimate the bounds on the left and the right by using sample
variances and covariances, but more precision than the inequality (5) is not
possible. In this paper we shall investigate if increased precision is possible by
using either additional assumptions or additional information in the data.
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3. ADDITIONAL ASSUMPTIONS AND PREJUDICES

There is no reason to choose any particular point in the hyperbola. KALMAN
(1982, 1983) discusses this in terms of prejudice. In our context a prejudice is
an additional assumption which makes it possible to select a point on the
hyperbola, but which is not forced on us by the nature of the problem. We
simply assume something in order to get rid of the uncertainty. This does not
imply that each additional assumption we make is an example of prejudice.
Some assumptions could be based on prior knowledge, or on physical con-
siderations of symmetry.

The best known of these additional assumptions is w; =0, i.e. X is measured
without error. This may be a good approximation in the context of designed
experiments. It follows from (2) that Ay =pag, B=p11/ a0, 62 = — )/ B’
A =p, and a=p, —(u1/p20)p.- Kalman calls this the Least squares prejudice.
Similarly we can also assume that 6,=0. Then w;=py — (01 )/ o2,
M=) /por, B=por/ M =pe and a=p, —(uga/py1 ). This is another
least squares prejudice, far less common than the first one.

Another common additional assumption is that the ratio 6;/w, is known.
The intersection of the line and the hyperbola in figure 1 then gives the desired
answer. We can also assume that the two error variances are equal. This
defines orthogonal regression, first described by Apcock (1878) and KUMMEL
(1879), but most well-known from the work of PEARSON (1901).

The important thing is, of course, that these methods are just prejudices if
they are only intended to force identification. If they incorporate true prior
knowledge, the situation is different.

4. ADDITIONAL INFORMATION IN THE DATA

Besides an additional assumption which often is some kind of prejudice, as dis-
cussed above, one can use additional information in the data. Two well-known
methods in the case of normally distributed variables are the method of instru-
mental variables and the grouping method.

Using the method of instrumental variables we need an instrumental variable
(IV). An 1V is a random vanable z, which is correlated with x and is not
correlated with v=€— 88 (y=pBx+v). The estimator B,y=(Su)"Szy, where S,
and S, are sample covariances, is called the IV-estimator of B8 and is con-
sistent under weak assumptions.

If z is uncorrelated with x the sampling variance of the IV-estimator is
infinity large. Even a small correlation between z and x causes a very large
sampling variance. So, the variable z has to be fairly strongly correlated with
X.

In practice, there is no means for checking whether IV’s are really uncorre-
lated with v. An instrumental variable, based on X's, is likely to be correlated
with &'s and v's also. The corresponding IV-estimator may not be safe even for
consistent estimation of parameters. Obtaining “good” IV’s is very difficult.
SARGAN (1958), PaL (1981) and BEKKER et al. (1985) pay more attention to
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instrumental variables.

The method of grouping divides the data into two groups - those with above
and those with below median observations on x - and then fits a line through
the group means. Sometimes the method of grouping divides the data into
three groups, throwing out the middle one, and fits a line between the means
in the upper and the lower groups. If the grouping of the observations on the
basis of x could be guaranteed to be the same as the grouping of the observa-
tions on the basis of £, this estimator is consistent for 8. This condition does
not hold under most plausible distributional assumptions, for instance under
normality of £ and 6.

PAKES (1982) concludes that under non-normality we can generaly do better
than grouping. Further he notes that under normality the inconsistencies of the
grouping estimator and the OLS-estimator are the same.

REIERSOL (1950) derives conditions for the identifiability of 8. He shows

that B is identifiable if there exists a nonzero (finite or infinite) cummulant kg
of the joint distribution function of x and y, with r=1,s>1, and either r or s
but not both equal to 1. So, we have the result that 8 is identifiable if £ is not
normally distributed. When £ is normally distributed, a necessary and sufficient
condition for the identifiability of 8 is that neither the distribution of € nor the
distribution of & is divisible by a normal distribution.
(If three variables a,b and d are such that for every teR c¢,(t1)=c,(t)*cs(t),
where ¢,(),c,(*) and ¢4(-) are the characteristic functions of a,b and d, we say
that the distribution of a is divisible by the distribution of b and divisible by
the distribution of d.)

BEKKER (1986a) formulates necessary and sufficient identification conditions
for the multiple regression model with errors in the variables. Assuming nor-
mality of the errors he shows that the p X1 vector B of regression coefficients is
identified if and only if there does exist a non-singular pXp matrix
A =(a,;A;) such that £a, is distributed normally and independently of §'4,
(¢ is here a p-dimensional random vector). So non-normality of § keeps
identification and so consistent estimators of 8 based on second and higher-
order moments, for example, can be constructed. The same argument was used
by MooUAART (1985) for finding a unique solution in factor analysis.

In the next part of this paper we assume £ to be not normally distributed
and we deal with the problem of estimating the regression coefficient 8. This
idea is closely related to the work of GEARY (1942) and PaL (1980). Their
approach yields consistent and reasonably efficient estimators of regression
coefficients based on uni- and bi-variate moments of third or higher order.

Using third order sample moments we derive in the next section a consistent
estimator 8 of B. B has asymptotically minimal variance in the class of con-
sistent B-estimators which are functions of the sample moments of x and y up
to order three.

After that we assume the errors § and e to be symmetrically distributed. In
that special case we also derive an “optimal” third-order-estimator %' of 8.
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5. THE USE OF THIRD ORDER MOMENTS

We shal now take third order moments into account. Thus we have the five
equations (2a) - (2¢) and in addition

oy = BA; + 65 (6a)
pa = B (6b)
P = BA; (6¢)
P = A3 Tt ows (6d)

(If ¢ is symmetrically distributed then A; =0. In that case instead of system (6)
we use equations of fourth order moments.)
Now (2) and (6) are nine equations in nine unknowns, and they can be solved
uniquely for the parameters. The solution is

B = ma/pa (7a)
N = by (7b)
a =, pfhia/ pig) (7o)
Ay = () 2 (7d)
A = (mnpn)/ B (7e)
w3 = p3o — (p21 ) /p2 (7)
Wy = oo — (k21 / 2 (7g)
0y = o3 —(wi2)*/pn (Th)
b2 = po2 —(B11m2)/ 121 (7)

Recall that up to now we have assumed nothing about the distribution of the
variables, except that it is assumed that the means of the error variables are
zero, while £ is not normally distributed and §,¢ and & are independent of each
other. These assumptions are enough to estimate the parameter B, the parame-
ter of our main interest, and the other parameters. These estimates are given
simply by substituting the sample moments m,, for the p, in (7). Note that it
is no longer guaranteed that the estimates of A;,w, and 6, are non-negative.

It follows from these considerations that B=m,;/my, is optimal in the sense
of minimum variance, in the class of all consistent estimators which are func-
tions of the moments up to order three. A proof can be found in Appendix 2.

6. THE CASE OF SYMMETRIC ERRORS

We now assume, with PAL (1980), that the error variables are symmetrically
distributed. This ‘prejudice’ makes the junction of system (2) and (6)
overidentified, which means that we can look more closely into the problem of
optimal estimates. Use of additional assumptions also makes it possible to
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improve our previous ‘best’ estimate of .
If w3 =6; =0 then (6a) - (6d) is equivalent to

B = pos/mi2 = /e = P21/ biso- (8)
Expression (8) gives us three estimators of 8

B = mg/m, (9a)

ﬁz = myy/ny, (9b)

By = my /my, (9¢)

where m,; is a consistent estimator of p,(0<r+s<3). Observe that (9b) is the
same as the estimator from (7a) and is consequently our earlier optimal estima-
tor. Further (9a), (9b) and (S¢) are three estimators of PAL (1980).

It is shown in Appendix 2 that an optimal estimator in the class of con-
sistent estimators which are functions of the moments up to order three, is

B = WV 'V ), (10)

where t'=(B,,8,,83),u’ = (1, 1, 1) and V the asymptotic covariance matrix of
t. Because V is unknown, in expression (10) we replace ¥ by a consistent esti-
mator V of V. The resulting estimator is no longer a function of moments up
to order three only, but is asymptotically equivalent to [ia given by (10).

ReEMARK 1. If £ is also symmetrically distributed then psg =g =py; = g3 =0.
In that special case consistent third-order-estimators of 8 do not exist. Then
we could instead of deriving an optimal third-order-estimator of B8, deduce an
optimal fourth-order-estimator of B. This estimator has asymptotically minimal
variance in the class of consistent S-estimators which are functions of the
moments up to order four. In this paper we do not pay attention to this sym-
metrical case.

REMARK 2. In this paper we assume the errors € and & to be independent of
each other. However, we can relax this assumption. See Appendix 1.

20pt
7. THE ASYMPTOTIC VARIANCE OF B7

The asymptotic variance of 8% has the form (u'V ~'u)~". If we have expres-
sions for the asymptotic covariances and variances of B,,8, and B; then we
are able to compute the asymptotic variance of B ‘. These variances and
covariances can be derived by using the delta-method. See also e.g. KENDALL
and STUART, vol I, chapter 10 (1963) for a derivation of variances and covari-
ances of ratio’s of random variables. Below we give the asymptotic variance of
B; and the asymptotic covariance of 8; and B,. The other asymptotic vari-
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ances and covariances are analogous.
var (By) = (1/psha)(var (mgs) — 2Beov(mes,my) + Bvar(my))
cov(Bi,Ba) = —(1/pdi)cov (moz,myy) + (B/pd)eov (myy,my))
= (B/papa)var (my2) + (1/p1pz)cov (o3, m ).

We can estimate the variances and covariances of myg,my;,m;; and my; in
the sample consistently with formulas given in Kendall and Stuart, Vol. 1. So
we have consistent estimators of the asymptotic covariances and variances of
Bl,Bz and B3, and we can estimate the asymptotic variance of B consmtently

Instead of using sample statistics for estimating the asymptotic variances
and covariances of the three f's, we also can express them in terms-of the
model parameters. This makes it more easy to investigate special cases. For a
detailed discussion and (awkward) formulas we refer to VAN MONTFORT
(1986). Some of his asymptotic results will be given here:

If 8=0 or $=0 then fiop " and B; are identical.
If €=0 or f=o0 then fioﬁ " and B, are identical.
8. EXAMPLE WITH GENERATED DATA

In this example scores on ¢,8 and § are drawn independently from a standard
normal distribution for € and § and from a chi-square distribution with one
degree of freedom for £ B is set equal to 1. From the x and y scores the
parameter S is estimated by the method discussed before. The number of repli-
cations in this study is set equal to 1000. We give the results for two different
sample sizes: N =50 and N=200. In table 1 the estimates pﬁo (the ordinary
least squares estimate, i.e. assuming w;=0), Bth 33, and the Pal-
estimates By =(mg3/myg)' /3, Bs=(mo3/my)'/? and Bs=(m;3/my)'/? are
given.
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TABLE 1.
Different estimates of 8

para-  Value Theor. Asympt. Means Stand.dev. Means Stand.dev.
meter Stand.Dev. (50 (50) (200) (200)
(200)
Bo 67 076 639 151 656 077
Bi | .106 1.004 570 .998 114
B 1 098 1.116 1.426 1.002 108
Bs 1 .106 1.323 4.775 1.009 125
ixe 1 097 996 .294 .995 .106
Ba 1 097 1.064 383 1.002 103
Bs 1 099 1.043 481 0.999 104
Bs 1 099 1.123 .594 1.009 110
20 3 .566 2.941 1.123 2.979 565
B 2 552 1.966 1.099 1.980 .558
Ho3 8 4.186 7.482 10.197 7.705 5.864
B2 8 4.124 7.439 9.810 7.710 5.784
B2 8 4.143 7.385 9.675 7.739 5.800
| #30 8 4.675 7374 9778  7.791 5.909
DiscussioN

From Table 1 we see that the estimates of B behave reasonably well, even for a
sample size of 50. We se¢ that B is biased, as it should be. Further we see that
the six estimates B],B) ﬁ3,B4,B5 and 136 are dlﬂ'erem with different standard
deviations. For a sample size of 50 the estimate B”" is better than the other six
estimates, because it has smaller standard deviation.

For the sample size of 200 we see that all the third-order-estimates behave
very well. Their standard deylauons are near to 0.100. Further the standard
deviation of the estimate B”' is smaller than the standard deviations of the
estimates B,,Bz iB; and B(,, and bigger than the standard deviations of the esti-
mates B4 and Bs. From the second and the sixth column of Table 1 follows
that for N =200 our third-order-estimates behave not asymptotically yet.

The same study was done for a sample size of 25. In this case our third-
order-estimates were very bad: negative estimates of 8 were frequently found
ana the standard deviations of the estimates were extremely large, e.g. larger
than 20. Often the estimates Bs and B¢ were not defined because the sample-
estimates of pg3/p; and pyp/p3 had negative values.

Also we estimated B by an V-estimator, with instrumental variable z: =cosé.
For the sample sizes of 25, 50 and 200 the means of the estimates of B were
1.108, 1.035 and 1.006, and the corresponding standard deviations were 0.876,
0.245 and 0.106. However, in practice there is no obvious procedure to find
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instrumental variables.
The conclusion from this small study is that our procedure of estimating S
behaves very well, in particular for samples with size larger than 50.
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APPENDIX 1

In this paper we assume the errors € and & to be independent of each other.
However, we can relax this assumption. We can postulate:

€=M + o, (Al)

where A is a scalar, 8 and « are independent and w is symmetrically distri-
buted. A=0 corresponds with the case that € and 8 are independent.

Replacing the independence of € and & by (Al), B”' is still optimal for all
consistent estimators of B which are functions of the moments up to order
three. Further the asymptotic properties of B”' don’t change.
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APPENDIX 2

In this Appendix we derive some general results on best asymptotic normal (or
BAN) estimation from which the specific results in the text are easy conse-
quences. We deal with the situation in which we have a sequence x, of random
m-dimensional vectors, which are asymptotically normal in the sense that there

exist a vector gy and a positive semidefinite matrix 2, such that n* (x, — o)
converges in law to N(0,2;). In general gy and 2, are unknown. The problem
that interests us is the optimal estimation pg.

The problem becomes interesting if we have prior information of the form
Loef, with © a differentiable manifold of dimension p. In fact we shall assume
that @ is an open submanifold of R?. This means that 2=7(®), with © an
open subset of some R?, and with 7 differentiable (1 is defined on R?). We
suppose there is a unique 6y in © such that py=n(6y). We study estimators of
the form ®(x), mapping R™ into ©, where ® is differentiable, and Fisher-
consistent for 8, which means that ®(n(8))=4 for all 8,€0. Under these condi-
tions it follows immediately from the general delta method type of argument

(Rao, 1973, section 6a.2) that n * (P(x,)—8y) is asymptotically N (0,Go'ZyGy),
where Gy is §0/6x evaluated at . But, more importantly, it also follows that
Go20Go'=(Hy'25 ' Ho)™', where Hy is the matrix of partial derivatives 81/80
at . This is a general result on BAN-estimation, given for example by Wus-
MAN (1959a, 1959b). Estimates for which the above inequality is satisfied as an
equality are called BAN. If 5 is one-to-one, then Fisher-consistency already
implies that Go=Hg ', and all Fisher-consistent estimates are automatically
BAN.

Now let us transform x, by the one-to-one differentiable transformation I
to y, =I'(x,). Consider estimates of the form ¥(y), which are Fisher-consistent
for § in the sense that ¥(I'(n(8)))=0 for all # in ©. Suppose To=8I/dx,

evaluated in pg. It follows that n * (¥(y,)—6p) is asymptotically N (0, W), with
Wo=(Ho'To'(ToZ0To) ' ToHo) ' =(Hy'Sq 'Hg)™'. The lower bound on the
variance thus remains the same. A BAN estimate ¥(y,), for the model I'(n(®)),
is at the same time a BAN estimate ®(x,), with ®="¥(T"), for the model 7(®).

Let us now apply the general results discussed above to the example treated
in this paper. Take p equal to the nine moments of order less than or equal to
three, x, equal to the corresponding nine sample moments m, #;, equal to the
vector with nine parameters, and define n by equations (2) and (6). It follows
that 7~ '(m) is BAN for 6, and these are exactly the estimates computed by
using sample moments in (7). This implies that m;;/my, is BAN for 8.

The second result again uses the one-to-one transformation n~'. We have
seen that the model is that the two coordinates (7f) and (7h) of 77 '(u),
corresponding with w3 and 85, are zero. This result can be used quite simply to
derive BAN estimates of the remaining parameters. Suppose y, estimates the
seven nonzero parameters of the system, and y, estimates the two parameters
(7f) and (7h) which are supposed to be zero. Partition the dispersion matrix
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Wy of n7'(m), and its inverse, correspondingly. Then y, +(W;;)~'Wpy,,
where W estimates Wy consistently, is BAN for the remaining seven parame-
ters. This follows from the general minimum chi square theory for computing
BAN estimates discussed by FERGUSON (1958), CHIANG (1952), and WusMaN
(1959).

A third method in the symmetric error case transforms (6) to A3=ps
together with the three determinations of 8 in (8). This defines the one-to-one
transformation I', and now we require that three coordinates of I' are equal.
As in VAN peER PoL and DEe Leeuw (1987) it follows that the linear combina-
tion, with coefficients that add up to one, of the three estimates of 8 given by
(9), which has the smallest possible variance among such combinations, gives
the BAN estimate of 8. This is (10). In general the two BAN estimates we dis-
cussed for the symmetric error case will be different, because the one-one
transformations I and 7! are not related linearly.
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